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Preface 


The ever-increasing scope of electrical engineering courses imposes 
additional requirements on the basic courses. This textbook has been 
written with the immediate aim of preparing electrical engineering 
students for courses in alternating-current circuits, engineering elec¬ 
tronics, and electrical machinery. 

Since the amount of time devoted to first courses varies to some 
extent in the different schools, the most essential features of a first 
course aie contained in the first ten chapters of the text. It is hoped that 
the sequence of topics is such that an orderly three-, four-, or five- 
semester-hour course is presented. 

The text mateiial is written at a mathematical level which is con¬ 
sistent with concurrent registration in calculus. Emphasis is placed upon 
the physical significance of the fmv integral forms which are used to 
define properly electrical potential, time-averaged currents and voltages, 
and space-averaged flux densities. Throughout the treatment of electric 
and magnetic fields, empliasis is placed upon the vector properties of 
electric field intensity and magnetic flux density. Field theory generally 
is so framed that in later courses it can be readily extended to include 
Laplace’s, Poisson’s, and Maxwell’s equations. 

Magnetic field theory, tlie enigma of first courses generally, is based 
ipon the magnetic properties of a current-cariying loop. The magnetic 
jropertfes of a current loop are first established by demonstrating the 
equivalen(*e of a current loop and a magnetic pole. After the magnetic 
properties of a current loop are established, magnetically developed 
forces and magnetically generated voltages follow as natural conse- 
(luences of the dimensional properties of the magnetic field. 

Rationalized inks units have been used almost exclusively in this text 
since field tlieoiy cloaked in this system of units appears much simpler 
and more straightforward to beginning students than it does in other 
systems of units. Moreover, the rationalized mks system of units is 
steadily gaining prominence in the literature and may eventually be¬ 
come the accepted system of units in electrical engineering literature. 
One of the advantages of the rationalized mks system of units is that 
the ampereAurn is the jirimary unit of magnetomotive force, and this 
fact alone justifies the use of the system in a basic course. 
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PREFACE 


Secondary units like ampere-tums per inch and ohms per circidar-m ’ 
foot, which are widely used in engineering practice, have, of course, be< 
employed at appropriate places throughout the text. Wherever second¬ 
ary units of this kind are encountered, however, the methods of con¬ 
version together with»the actual conversion factors are given. 

It is a pleasure to acknowledge the invaluable assistance and criticism 
which I have received from my associates, particularly from Dr. H. R. 
Reed, Professor T. T. Witkowski, Mr. Henry W. Price, Jr., and Mr. 
Walter R. Beam, Jr. 

G. F. C. 

College Park, Maryland 
January i, 194S 
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CHAPTER I 


Classification of Physical Quantities 


“I often say that when you can measure w^hat you are speaking about, and express 
it in numbers, you know som(‘thing about it; but when you cannot measure it, 
when you cannot cx})ress it in numbers, your knowledge is of a meagre and unsatis¬ 
factory kind; it may be the beginning of knowledge, but you have scarcely, in your 
thoughts, advanced to the stage of science, whatever the matter may be/' 

Lord Kelvin, 1883 

The purpose of this eliapter is to review some of the physical quantities 
with which the reader is already familiar. A few of the more basic 
mechanical quantities will be considered both from a conceptual point 
of view and from an algebraic point of view; not with the intent of 
reviewing the subject of meclianics but with the intent of showing how 
physical (luantities are classified and defined. 

1. Defined and Undefined Quantities. In the study of electricity and 
magnetism, a wide variety of physical (piantitics is encountered. An 
orderly classification of these physical quantities requires that we select 
a minimum number oj fundamental quaniiiics to be used in defining all 
other ])hysical quantities. Just which quantities are taken fundamental 
is not so important as hoiv many (or how few) are taken. 

If elementary mechanical concepts only are involved, three funda¬ 
mental physical quantities are sufficient for the purposes of defining all 
other mechanical cjuantities. If thermal concepts are involved, w^e must 
add a fourth (luantity to oui* list of fundamental (or undefined) quanti¬ 
ties; and if electrical concepts are invailved, we must add still another 
physical quantity to this list. 

The fundamental physical (piantities usually selected are 

length, time, 7nass, temi)eraturc, electrical charge 

Although these quantities may be described, they cannot be defined in 
the same sense that all other physical quantities are defined. This dis¬ 
tinction between fundamental or undefined quantities and defined quanti¬ 
ties follow^s as a natural consequence of the limitations of language. 
When something is defined, it is necessarily defined in terms of some- 

1 
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CLASSIFICATION OF PHYSICAL QUANTITIES 


thing else, so ultimately there is a group of quantities that remains un¬ 
defined. Some measure of confusion may be avoided if, at the outset, 
the five physical quantities listed above are accepted as fundamental 
quantities which can be discussed and described possibly at great length 
but not defined. 


FUNDAMENTAL MECHANICAL QUANTITIES 

2. Length or Displacement. Although we cannot even describe one¬ 
dimensional space in terms of something else, we know' intuitively what 
is meant by length or displacement. We know, moreover, that where a 
specified length is stated simply as a number of units the direction along 



(Length being measured) 


• L • 

I (Unit length) • 

Fic. 1. Ix^ngtli. 


which this length (or displacement) is to be taken is tacitly or otherwise 
implied; in other w^ords, we know’ that length considered as a physical 
quantity must, in general, be treated as a vector quantity. 

In a particular case, as for example in Fig. 1, w^e say algebraically that 


I (length) = 


(magnitude being measured) 
L (magnitude of unit measure) 


= Nui 


( 1 ) 


where iV is a pure number (ecpial to L'IL) and Ui is unit length wdiich, 
to be complete, must somehow’ convey to the reader the direction along 
which L' is being reckoned. In many cases, as for example in a roll of 
wire 500 ft in length, we are not concerned witli the direction of Ui. 

It should be noted that equation (1) tells us nothing about the 
physical quantity w’e call length aside from telling us how^ to specify the 
magnitude of L' in terms of an accepted unit of length; something we 
undoubtedly knew at the outset. 

3. Time. Time or duration is a second fundamental physical quantity 
which is difficult to describe but which can be measured in terms of some 
arbitrarily selected unit, say T. Algebraically, 


t (time) = 

T' (magnitude of duration between two events) 

T (magnitude of duration between two events which 
mark the beginning and end of unit time measure) 


(2) 




MASS 
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where N is the ratio T'/T and ut specifies the units in which T' is 
expressed. 

Thus we express time as a ratio without attempting in any way to 
describe the physical quantity itself. Where ordinary or non-relativistic 
concepts are involved we know intuitively what is meant by time, and 
because units of time are comparatively easy to reproduce we employ 
time / as a fundamental physical quantity. Time is a scalar quantity 
since it possesses no directional properties. 

4. Mass. Another fundamental physical quantity (in addition to 
length and time) is required in Newtonian mechanics because many 
physical quantities involving matter cannot be defined in terms of 
length and time alone. Neither the density of a stationary body nor the 
momentum of a moving body, for example, can be adequately defined in 
terms of length and time. The reader is undoubtedly familiar with the 
fact that the mass of a body is ordinarily specified in terms of the earth’s 
gravitational pull upon the body. The greater this pull (or weight) 
the greater the mass of the body. More specifically, 


m (mass) 


weight of body acted upon ^ unbalanced force acting 
acceleration due to gravity acceleration produced 

(in a gravitational system) (in a general inertial system) 


m 


W ^ f 
g a 


(3) 


In the above equation, weight w is the force of attraction between the 
body, the mass of which is being specified, and the earth. As such the 
numerical value of w which is a force is dependent upon the position of 
the body with respect to the center of mass of the earth. Since mass is 
to be employed as an invariant quantity, the ratio w/g must remain 
invariant. 

In a general system of mechanics, m = w/g is simply a special case 
of m = //a, and any system of mechanics which attempts to eliminate 
the concept of mass by employing w/g for mass is altogether too re- 
stricted for our purposes. Electrically charged particles, for example^ 
may be acted upon by forces of either attraction or repulsion which are 
so great as to make ordinary gravitational forces negligibly small. Our 
purposes will best be served by considering that mass is an invariant 
fundamental property of matter.^ 

1 The understanding here is that the chemical structure of the matter remains 
unchanged and that velocities less than about 20 per cent the velocity of light are 
involved. 
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DERIVED MECHANICAL QUANTITIES 

6. Defining Equations and Dimensional Forms. Throughout the study 
of electricity and magnetism, various physical quantities are defined in 
terms of the four fundamental quantities: 

lengthy timCy masSy electric charge 

One of the prime objectives of a ‘fundamentals’^ course is that of ac¬ 
quainting the reader with the interrelationships which exist between the 
various electric and magnetic quantities. The general method of attack 
is to learn the defining equation for the new physi(^al quantity in terms of 
other more familiar quantities and then proceed to examine the di¬ 
mensions of the new quantity to see wherein the new quantity differs or 
is similar to other physical quantities which have physical significance 
to the reader. 

Dimensional quality or simply the word dimensiony as used here, refers 
to the classification or category of the physical quantity and does not 



TABLE I 


Derived 


Customary 

Fundamental 

Physical Quantity 

Symbol 

Defining lOquation 

Dimensions 

1. Velocity 

V 

1 

V — 

t- = IH-^ 

2. Acceleration 

a 

1 

A = Zi/2 

a = 

3. Area 

A 

A 

4. Force 

J 

/ = ma 

f = mVr^ 

5. Gravitational 
acceleration 

9 

w f 

g = - = - 

m rn 

g = IH-^ 

6. Momentum 

M 

M = mv 

M = mHH-'- 

7. Energy (mechanical) 

W 

w = fi cos e]‘f 

W = mHH-^ 

8. Potential energy 

Wp 

Wp = mgti = mgh 

Wp = mHH-^ 

9. Kinetic energy 

Wj, 

Wk — \rmr 

Wk = mVr'^ 

10. Power 

p 

t 

P = 


refer to the numerical magnitude of a measurement of that quantity. 
A study of the right-hand column of Table I will illustrate what is meant 
by the dimensions of a derived quantity in terms of the fundamental 
quantities mass, length, and time. The presence of the exponents in the 
right-hand member of a dimensional equation distinguishes this type 
of equation from an ordinary algebraic equation. Since a dimensional 
equation is not employed in obtaining numerical values, no numerical 
coefficients are included in this type of equation. In line 9 of Table I, 



UNITS 


for example, the numerical factor Yi which appears in the defining equar 
tion of kinetic energy is not carried into the dimensions column since 
this factor is a numeric and as such is dimensionless. 

In line 5 of Table \yW refers to the weight (or force) with which the 
earth attracts the body of mass m; and, in line 8, Zi = A refers to the 
height (or displacement) that mass m is above the zero potential energy 
datum plane which in a particular instance might be taken as the earth^s 
surface. 

The dimensions of a physical quantity when reduced to funda¬ 
mental quantities are often helpful in appreciating the similarity of, or 
the difference between, physical quantities. Consider, for example, the 
three defining ecjuations for IT, ITp, and ITat in lines 7, 8, and 9 of Table I. 
Whereas the three defining equations appear to have distinctly different 
forms, the dimensions of the three quantities are identical as, of course, 
they must be if they are correctly named. 

Dimensional equations are used chiefly in this text in the interpretation 
of the defining equations which are given for electric and magnetic 
quantities. In general, the defining ecjuations are similar to those given 
in Table I. Dimensional interpretations of these defining equations 
provide a direct and lpgi(;al metluxl of learning precisely what is meant 
by electric potential, electric flux, and the like. 

Example. Let it be required to show that W, Wp, and TIT in lines 7, 8, and 
9 of Table I are all dimensionally equivalent to force times length, fH^. 

(a) Since cos 6 in line 7 is the ratio of two lengths, it is dimensionless, 
and hence 

TF= 

(b) Since mg in line 8 is dimensionally the same as ma = /, it is plain that 

Wp = rnW = 

(c) Since Wk — and since / = 77iVt~^ 

ITT = 

This example illustrates how dimensional equality may be established in 
terms of a well-known derived physical quantity like force. 

UNITS 

6. Primary Units. If only mechanical quantities are involved, the 
matter of units may be settled simply and straightforw^ardly. One 
suitable unit of each of three fundamental quantities is first selected. The 
three units selected may be the centimeter, gram (mass), and second; 
the foot, pound (force), and second; or any other three units which have 



TABLE II 

System of Units. cgs mks (American) fps 
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• Aasuming that the body is in a locality where g = 981 cm/sec/seo 

t Where*-981 m sec/sec t Whereg - 3219 ft/eec/sec. 
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been classed, however arbitrarily, as fundamental units. In this con¬ 
nection it should be noted that, in the American foot-pound-second 
(fps) system of units, the pound (a unit of force) is considered a funda¬ 
mental unit as shown in Table II. 

The three units selected as fundamental are three of the primary units 
of the system, and all other primary units are derived from these three 
fundamental units, employing defining equations similar to those which 
have been discussed in this chapter. The primary units of several physical 
quantities in each of three systems of units are listed in Table II. It will 
be observed that only a few of the derived units have been given special 
names. Generally speaking, the primary units of the derived quantities 
in a given system of units are reckoned in terms of the units of the three 
quantities which have been selected as fundamental quantities. 

In the study of electricity and magnetism, the student will progress 
more surely and more rapidly if he learns how to form the primary units 
of the derived quantities directly from the fundamental units than if he 
attempts to memorize a large number of specially named units. 

For any set of fundamental units, there exists one complete set of 
primary units, and with respect to this system all other units are either 
secondary or hybrid units. Little or no attention need^ be given the 
matter of units in theoretical analyses which are wholly general in 
character because any set of primary units is applicable. Many analyses, 
however, cannot be carried to a successful conclusion without introducing 
one or more numerical coefficients into the expressions at some stage of 
the development; and it is precisely at this point that the expression (or 
expressions) lose generality and become restricted to the one set of units 
to which the numerical coefficients apply. 

The International Electrotechnical Commission in 1935 unanimously 
approved the adoption of the meter, kilogram, and second as the funda¬ 
mental units of length, mass, and time. From what has been said about 
the arbitrary selection of fundamental units, it should be plain that, as 
applied to mechanics at least, the mks system possesses no particular 
points of superiority over any other metric system that employs units 
of reasonable size. The mks system of units, however, possesses certain 
points of superiority over other systems of units in the field of electricity 
and magnetism. This system will be used almost exclusively in this text 
and will be discussed in greater detail at appropriate places throughout 
the text. 

7. Secondary Units. The engineering profession employs a large num¬ 
ber of secondary units in order to avoid specifying a particular magnitude 
as a very small fraction of a primary unit or as a very large number of 
these primary units. Secondary units are usually indicated by prefixes 
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m 

which specify^ the magnitudes as decimal fractions of or decimal multi¬ 
pliers of the primary unit. Some of these prefixes are shown below where’ 
the term (meter) is employed simply for purposes of illustration and it 
is understood that (meter) might be replaced with any otlier primary 
unit. 

‘^One-millionth part of^' ( ) is abbreviated micro(jaieter). 

“One-thousandth part of” ( ) is abbreviated milli(meter). 

“One-hundredth part of” ( ) is abbreviated (meter). 

“One thousand” ( ) is abbreviated fct7o(meter). 

“One.million” ( ) is abbreviated (meter). 

This list is far from complete, and various combinations of the prefixes 
are employed. For example “one-millionth-millionth (lO""^^) part of” 
is specified as micromicro or as mm, and “one-thousandth-millionth 
(10“^) part of” is sometimes abbreviated millimicro. The latter abbrevi¬ 
ation appears on one type of impedance bridge which is widely used in 
practice. 

Although secondary units are employed in practice to specify the 
magnitudes of particular quantities, these secondary units are seldom 
used directly in derived equations to obtain a result. In general, con¬ 
version to primary units must be made before the quantity is entered 
numerically into a derived equation if the result is desired in primary 
units. 

8. Transformation or Conversion of Units. Although the mks system 
of units will be used almost exclusively in this text, it should be plain 
that the adoption of one set of units can never obviate the necessity for 
transformation of units until all measuring devices are changed to read 
directly in the primary units of the adopted system. Since this ideal state 
of affairs will never exist, some transformations or conversions of units 
are inevitable, and a few of the problems in this text are designed 
specifically to test the reader’s ability to make transformations of the 
kind normally encountered in practice. 

The reader is undoubtedly familiar with the fact that the relative sizes 
of units are stated in a variety of different ways in various handbooks. 
The following expressions might, for example, be found, and they are 
all simply different ways of stating the same physical fact, namely, that 
the meter (m) is a larger unit of length than the foot by the factor 3.281. 

ft 

— = 3.281 or — = 0.3048 (as algebraic ratios) 
m ft * 

1 m s 3.281 ft or 1 ft = 0.3048 m (as identities) 
where the symbol ^ means “identically equal to.” ' , 
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The symbol = is employed to distinguish the statement ‘‘1 ft is 
identically equal to 0.3048 m’^ from the somewhat different statement 
that implies ^^the number of meters per foot is equal to 0.3048.” In order 
to appreciate the distinction between the two statements one should 
test,out certain types of transformations of units which are relatively 
unfamiliar so that common sense will not automatically dictate the 
correct procedure. 

As an example of the type of transformation which is often encountered 
in the study of electricity and magnetism, consider the working equation 
for magnetomotive force (7) which, in the unrationalized ab-cgs system 
of units,^ reads 

y = 47rA/ab gilberts (4) 


where N is the number of turns in the current-carrying coil (which sets 
up 7) and /ab is the magnitude of this current expressed in abamperes, 
a unit of current which is larger than the practical (or mks) unit of 
current, the ampere, by the factor 10. That is, 


or 


abamp 

amp 


10 


(as a ratio) 


1 abamp = 10 amp (as an identity) 


Let the problem be that of writing equation (4) in such a manner that 
I ah is replaced by /ai„p while holding the units of 7 constant. If it is 
recognized that I^h in equation (4) implies ^^number of abamperes 
carried by the turns of wire,” then it is convenient to write out the 
required transformation as 

y = 47riV = 0.47riV/^p gilberts (5) 

since the number of abamperes (/ab) = Ko X number of amperes (/amp)- 
In other w^ords, the required transformation is obtained simply by 
direct algebraic substitution for I^h by its equivalent /amp/10 as obtained 
from the specified ratio. The fact that the required transformation is 
here accomplished by the ratio method does not imply that it cannot be 
done equally well starting with the statement 

1 abamp = 10 amp 

But in order to arrive at the correct result when this identity is used, a 
person is likely to do somewhat more detailed thinking than if he employs 

*The difference between rationalized and unrationalized magnetic units will be 
considered later. • 
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the ratio method because /ab in equation (4) refers to the ^^number of 
abamperes^^ and an inversion of the factor 10 as it appears in the above 
identity must be made before a direct substitution can be made. Never¬ 
theless, many engineers prefer the identity method of stating the* 
relative sizes of units because it gives them a clear conception of the 
relative sizes. 

In the final analysis, the best check that can be made on a transfor¬ 
mation of units is to visualize clearly the relative sizes of the units in¬ 
volved and then proceed to exercise caution and common sense in 
making the transformation. If, however, the units involved are not 
well-known units or if they are compound units, some reliable algebraic 
method should be adopted. 

Example. For the sake of further illustration, consider the defining equation 
for mechanical energy (or work) in a simple case where f and 1 (as vectors) 
are directed along the same line. Then cos d\\ = cos 0® = 1, and 

W =fl 

where / is constant at a specified value of 48 ounces (48 oz) 

I is a fixed distance or displacement of 2 meters (2 m). 

The problem is simply that of specifying W in pound-feet and in newton- 
meters, the primary units of energy in the fps and mks systems of units 
respectively. Plainly 

IF = 48 X 2 = 96 oz-m (of energy or work) 


but the ounce-meter is a hybrid unit of energy which is not acceptable here. 
The necessary data which are readily obtainable are 


= 3.281 


newtons 


4.45 (as ratios) 


1 oz = tV lb 1 ft ^ 0.3048 m 1 new ton — 0.225 lb (as identities) 


The newton is the primary unit of force in the mks system, and as showm above 
it is smaller than the pound by the factor 0.225. More precisely 1 new^ton = 10^ 
dynes, but ordinarily three-significant-figure accuracy is employed here. 

1. The Ratio Method. As applied to the transformation of/, 

. . . , /oz = 48 oz 

transforms into 

U = = 3 lb 

by multiplyingby the ratio Ib/oz = 1/16. Thus 

^“■-WxQ-(48)x(i)-31b 
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and the cancellation marks indicate clearly that the result is in pounds because 
the (48) is dimensionally ounces and the Me is dimensionally Ib/oz. Similarly, 


transforms into 


fra — 2 m 


Z,t = 2 X 3.28 = 6.56 ft 
by multiplying fm by the ratio ft/m. That is, 


The desired result is obtained as 


Zft — (fj/) X 


W = fih X Itt — 3.0 X 6.56 = 19.68 Ib-ft (of energy) 
or 

W = /newton X Zn. = (/// X X Ir. 

= (48 X A X 4.45) X 2 = 26.7 newton-m 


The newton-meter is the primary unit of energy in the mks system and is often 
called a joule. 

As a further illustration of the ratio method of transformation and as a check 
on the above arithmetic, one might observe that 


^ / lb \ ^ 

W’newton-m Vnewtoil/ \m/ 
and hence 


(0.225) X (3.28) = 0.738 


X ^26.7) X (0.738) = 19.68 Ib-ft 


2. The Identity Method. This method arrives at the same result as the 
ratio method but' does so by disregarding the dimensional features of the 
ratio. Instead, each of the units to be transformed is changed directly into the 
desired unit by considering it to be a certain multiple of the desired unit. For 
example, each of the 48 oz of force of the present problem is transformed into 
Ke lb by the identity 1 oz = Ke lb as shown below. 

= (48 X A lb) X (2.0 X 3.28ft) = 19.68 Ib-ft 
or 

14^ newtoD-m “ (48 X 0.278newton) X 2ni ~ 26.7 ncwtou-m 


3. Comparison of the Two Methods. Unless the reader has had occasion to 
make some of the more subtle types of unit transformations encountered in 
the engineering profession, he is likely to think that the present subject is 
‘^rnuch ado about nothing.’’ But after he has encountered such physical 
quantities as thermal conductivity expressed in “g-cal per sec per sq cm per 
deg cent per cm” he will appreciate the importance of the subject. Experience 



MATHEMATICAL MANIPULATIONS 


13 


has shown that students invariably have trouble with unit transformations, 
and undoubtedly much of the confusion stems from the fact that the two 
methods of transformation are identical numerically but somewhat different 
in concept. 

It is impossible to say that one method is better than the other because 
with a slightly different type of maneuvering either method arrives at the 
same place. The ratio method seems to be somewhat better adapted to a first 
course because, with the aid of the cancellation marks, the writer can show 
the reader precisely what has been done where a succession of transforma¬ 
tions like 

are written. 

The details of all future transformations of a simple nature will be neglected, 
and the reader may make these transformations by either method if he cares 
to check the results which are given. In a few places where the reader may 
experience difficulty with the transformations, the details will be given con¬ 
sistently in terms of the ratio method in order to avoid confusion between the 
two methods. 


MATHEMATICAL MANIPULATIONS 

9. Vector Addition. A vector quantity (like length, area, velocity, or 
force) is not completely specified unless its magnitude, which is a scalar 



Fig. 2. Illustrating the addition of length ab and be. 


quantity, and its direction with respect to some reference direction (or 
axis) are stated.^ Length ab in Fig. 2, for example, is not completely 
specified unless both the magnitude and direction of the length are 
stated. One method of writing coplanar vectors with respect to a given 

® Hold-face type is used here to designate vector quantities where the directional 
properties of these quantities are of importance. 
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reference axis (ax) is suggested in Fig. 2. That is 

ab (as a vector) = ab^d^ (6) 

where the right side of the equation indicates that the magnitude of the 
vector ab is ah unit lengths, and the associated angle, indicates 

that the vector ab is displaced (in a counterclockwise direction) from 
the reference axis (ax) by 6 degrees. 

Like vectors which are added or subtracted (in accordance with the 
rules of vector algebra) yield vector quantities of the same species as 
the original vectors. If, for example, length be in Fig. 2 is added to 
ab, the result is length ac, and the manipulations involved in effecting 
this vector addition are shown below. 

Example. In Fig. 2, let 

ab = 10 /^ and be = 8^60^ unit lengths 
The X axis component of the vector ac is plainly 

2x == 10 cos 30® + 8 cos 60® = 12.66 unit lengths along x axis 
The y axis component of the vector ac is 

2)2/ = 10 sin 30® + 8 sin 60® = 11.93 unit lengths along y axis 
The magnitude of the vector ac is then 

ac = V 12 . 66 ^ -f 1 1.93^ = 17.4 unit lengths 
and the direction of the vector ac with respect to the ax direction is 

= tan-' ^ = 43.3° 

12.66 

Hence 

ac = 17.4 /43.3® unit lengths 

In general, two or more vectors may be added together in terms of 
the summation of the x axis and y axis components. If the three forces 
fl, and fa of Fig. 3 are considered as acting at point 0, then 

^X = 0/i cos ai + 0/2 cos a 2 + O /3 COS aa 

2 t/ = 0/1 sin Oil + 0/2 sin a 2 + O /3 sin aa 

The resultant force acting at point 0 is the sum of O/i, O/ 2 , and O/ 3 , or 

Of« = V(2z)^+ (Zyf / tan-* ^ ( 7 ) 



DOT COR SCALAR) PRODUCT OF TWO VECTORS 15 



Fig. 3. Illu&trating three forces fi, £ 2 , and £3 acting at point 0. 

10. Dot (or Scalar) Product of Two Vectors. Vector quantities may 
be multiplied in two distinctly different ways. The reader may accept 
the rules for the multiplication of vectors which are given here on the 
basis that, if the rules are followed, the result obtained will be a physical 
quantity which is useful in explaining electric and magnetic phenomena. 
It will become more apparent later that some of the basic laws and con¬ 
cepts of electricity and magnetism can be written in general form much 
more concisely if vector notation is employed than if ordinary scalar 
notation is employed. 

The product of two vectors may be taken in such a manner that the 
result is a scalar (fuantity. Probably the most common example of this 
type of multiplication is the product of a vector force and the vector 
length (or displacement) through which the force acts. If this product 
is to represent work, we realize that only the component of force f which 
is directed along the 1 path is to be included in the calculations. In order 
to signify this fact in abbreviated style, we write 

work = f • 1 = (/ cos 0j) (1) = fl cos (8) 

where f • 1 is called the dot or scalar product of f and 1. 

The rules for evaluating the dot product are clearly indicated by the 
right-hand member of equation (8) where the symbols / and I refer only 
to the magnitudes of the vectors f and 1. 

Example. In Fig. 4, an outside agent exerts a force of 500 dynes on a physical 
body which is constrained in some manner to move along the ol direction 
rather than directly along the direction of the applied force. The work done 
by the outside agent in moving the body 10 cm along the ol direction is 


work = (500 cos 30®) (10) — 4330 dyne-cm or ergs 
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Or, reduced to mks units, 

work = ( 500 ^//,^^ X X cos 30“)(l0/5t X^) 

= (600 X 10-® X cos 30°) (10 X 10-^) 

= 4330 X 10~’ newton-m or joules 



f= 500 dynes 




0]J= 30* 


_direc2io^ of 
motion 


I = 10 cm- 


Fig. 4. Vector f directed at 30° from vector 1. 


11. Cross (or Vector) Product of Two Vectors. The product of two 
vectors may be taken in such a manner that a vector quantity results 
from the indicated multiplication. This type of vector product is seldom 
used as such in elementary courses but it is widely used in advanced 
courses. The only aspect of the vector product which is of immediate 
concern to us here is that of representing an area (A) as a physical vector 
quantity in such a way that the direction of the vector area is clear to 
the reader. (It will be remembered that, for any vector quantity to be 
completely identified, both the magnitude and direction of the vector 
must be specified.) 

The cross or vector product provides us with a convenient and clear-cut 
method of specifying both the magnitude and direction of an area. 
As applied to the two vector lengths ab and be of Fig. 5, the cross product 
of the two vector lengths is hy definition 

ab X be = A = {(ab)(bc) sin (9) 

where the magnitude of vector A = (ab) (be) sin ^ 

the direction of vector A is normal to the face of the scalar area A, 
or normal to the plane in which vectors ab and be lie. 

The rules for actually evaluating the magnitude of the cross product 
in terms of the scalar magnitudes of the two vectors are shown clearly 
by the right-hand member of equation (9), but so far as we are con¬ 
cerned here this magnitude might have been evaluated by any other 
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method which would yield the correct value of, the scalar area. The 
advantage to be gained by the cross product notation is that we have a 
rule for specifying the direction of this area. 

The sense or direction of the vector area is hy definitiorh at right angles 
to the plane in which vectors ab and be are located and is customarily 
taken as the direction in which a right-hand screw would travel if a line 
(or slot) on the head of the screw yj 
coinciding initially with vector 
ab [the first term in equation 
(9)] were turned to coincide with 
the direction of the be vector. 

This rule as applied to Fig. 
implies that the right-hand screw 
would be turned through the 
smaller angle, and hence 1 / . 

the screw would travel out of the 
page. The direction of the vector 
area A is by definition normal to 
the xy plane and pointing toward 
the reader in this case. 

Without the aid of cross- 
product notation, the visualization or the specification of an area as a 
vector quantity is rather awkward. The advantage of using this notation 
will become more apparent when the concept of magnetic or electric 
flux threading through a vector area at various angles is considered. 




0 ^ 


et 

1 / 


yb 


be 


Fig. 5. Illustrating v^ector area as deter¬ 
mined by the cross product ab X be. 


Example. A concept which will be repeatedly encountered in the study of 
magnetism is 

magnetic flux <!> — B • A = BA cos units of flux 

where B (a vector quantity) is equal to the magnetic flux density 
A (a vector quantity) is equal to, say, ab x ac in Fig. 6. 

If the above equation is in agreement with the physical facts (and it is), the 
fact that 0 is equal to the dot product of B and A makes magnetic flux a scalar 
quantity in accordance with the rules of vector algebra. But in the evaluation 
of this dot product it becomes necessary to know the angle between the 
vector B and the vector A. This angle is indicated in Fig. 6 as the angle 6, 

If the proper interpretation of the cross product is made of ab x ac in 
Fig. 6, we note that the magnitude of A is simply (ab){ac) since the angle 
between the two sides (ab and ac) of the rectangle is 90®. [See equation (9).] 
The direction of the vector area A (for use in 0 = B • A) is normal to the face 
of the area, that is, normal to the plane in which the sides ab and ac are located. 
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In a case where the magnetic flux density vector (B) is also normal to the 
face of the area, the 6 angle shown in Fig. 6 is zero, and 

<t> == BA cos 6 — BA (maximum flux threading through area A) 

If, however, the B vector lies in the same plane as do the sides ab and ac, 
the 6 angle in Fig 6 will be 90°, and 

0 = BA cos 90° = 0 (zero flux threading through area A) 

In a more general case, the 6 angle might have any specified value, and the 
result would be evaluated accordingly. A little thought will show that witliout 

the aid of cross-product notation 
for the vector A, a great many 
words and diagrams might be re¬ 
quired to bring out the full gener¬ 
ality of the statement (j) — B • A. 

12. Work (or Energy) Ex¬ 
pressed as a Line Integral. A 

concept which is of fundamen¬ 
tal importance in the study of 
electricity and magnetism is that 
of the line integral in a vector 
field. If it were possible to do so, 
w^e would defer until later tlie 
concept of the line integral. 
Some of the basic notions of elec¬ 
tric potential and energy levels, 
however, require at least that the physical meaning of the line integral 
be clearly understood. Formal evaluations of these integrals are of rela¬ 
tively little importance since approximate results can alw ays be obtained 
by simple arithmetical methods if the physical meaning of these inte¬ 
grals is appreciated. 

The line integral which is of immediate importance to us is that which 
represents the work done in moving a body (or possibly an electrical 
charge) from one point to another point in a field of force. The under¬ 
standing here is that the body (or possibly the electrical charge) ex¬ 
periences a force of some specified description at each point in the field 
or the region containing the two points. We begin by joining the two 
points (say A and -S) by some arbitrary curve. This curve or path will 
be regarded as being composed of individual line elements or segments 
each of length dl. 

The infinitesimal amount of work done on a body in moving it an 
infinitesimal distance dl along the specified path is 

dW = td\= (/cos03,)(dO 



Fig. 6. Illustrating a vector area A pierced 
by a vector B. 


( 10 ) 
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where (/ cos djidi) is the component of the applied force which is in the 
direction of the vector dl. If / is a function of I (that is, varies along the 
path of motion) or if cos 6 is not constant, the total work done in moving 
a body from A to B can be evaluated precisely as 

/ B 

f cos ejadl ( 11 ) 

The above integral is one form of line integral, and it is the formal way 
of summing up all the individual dTF’s that are encountered as the body 
moves from point A to point B along the path or line of motion. In this 
connection A and B are physical distances (or lengths) measured from 
a common reference point. (See Fig. 7.) 


Seat 

of 

force 


/ 

/ 

/ 

/ ^ 

/ 




k 

I->- + Direction of force,f » ^,along AB 

A__It_ 


1=0 \ l=A 




(Moving charge) 

+ Direction of lin going from A to B (9=0) 


l=B 


Fig. 7. Illustrating direction of force and direction of motion. 


In Fig. 7, the seat of force might be an electrical charge which exerts 
a force / on a like charge which moves from I = A to I = B under the 
influence of force /. Throughout the journey from A to fi, the moving 
charge has a force exerted on it which is a function of f, that is, / = k/l^y 
where k is some constant. In other words, the force varies inversely as 
the square of the distance from the seat of force. 

Even though the detailed mechanism of obtaining a result from the 
operations indicated on the right-hand side of equation (il) is not fully 
appreciated at this stage, the reader can undoubtedly appreciate the 
physical significance of 

(1) calculating / cos center of each of several equal and 

finite sections of the path of motion, assuming that the total 
length of the path is broken up into several A^s. 

(2) multiplying/i cos by Ah to obtain the approximate value of 

Wt = (/iCosOl,.)(Ai,); 

(3) repeating (2) for each of the AVs into which the path of motion 
has been divided; 

(4) summing up the results of (2) and (3) to obtain an approximate 
value of the total work W Y, AW, 



20 


CLASSIFICATION OF PHYSICAL QUANTITIES 


The larger the number of AVs chosen, the smaller will be the value of 
each Al and the more nearly accurate will be the result. In using equation 
(11), we divide the path up into an infinite number of infinitesimally 
short segments each dl in length, and it is by this process that an accurate 
result is obtained. The physical meaning of a line integral in a vector 
field is of fundamental importance to the whole of mathematical physics 
including the study of electricity and magnetism. 


Example. Evaluation of Line Integral, If, in Fig. 7, Z = A = 0.75 m and 
I = B = 4.75 m, the work done on the moving charge by the seat of force 
might be evaluated with the aid of equation (11) as 


W = 


r^/k \ r i 7=4.75 r . i “] 

/ (-cosO)d/ = A: == k - = 1.122k 

Ja V" / . L/=o.75 .0.75 4.75_ 


For the conditions which have been specified, \,122k is the correct result. 

Approximate Solution. A fairly good approximation to the correct result 
may be obtained if we divide the path of motion up into 8 equal segments, 
evaluate the incremental amount of work done in moving over each of these 
segments, and sum the 8 incremental values of work done to obtain the total 
work W. For Z = A = 0.75 m and for I = B = 4.75 m, the total length of 
path is 4.0 m, and each of the segments is 0.5 m in length. 

The segment (or Al) nearest the seat of force has its center at I = 1.0 m, 
and the force which acts at this point is A*//^ = l.OA:. The incremental amount 
of work done in moving over the first 0.5-m segment is then ai)proximately 
equal to (1.0A:)(0.5) = 0.50A: units of work. The details of the eight sets of 
calculations are shown in tabular form below. 


Interval or 

Value of / at 

Value of 

Value of aW 

Segment from 1 = A 

Segment Center 

/ = k/f 

(0.5/) 

1 

1.00 

l.OOOA; 

0.500A; 

2 

1.50 

0.444A: 

0.222A: 

3 

2.00 

0.250ik 

0.125A: 

4 

2.50 

0.160A; 

0.080A- 

5 

3.00 

O.lllA; 

0.055A: 

6 

3.50 

0.082A; 

0.041A: 

7 

4.00 

0.062A; 

0.031A: 

8 

4.50 

0.049A; 

0.025A: 

W = 1.079A: 


In this particular case, the approximate value obtained for IF(1.079A;) is 
about 4 per cent in error. Greater accuracy may be obtained by choosing 
smaller incremental lengths than 0.5 m. (See Prob. 15 at the close of the 
chapter.) 

PROBLEMS 

1. (a) What is the primary unit of power in the mks system of units expressed in 
terms of the fundamental units of this system? 

(6) What other names are sometimes used to designate this unit of power? 
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2. A physical body, the mass of which is 200 g, possesses an instantaneous velocity 
of 60 mph. What are the instantaneous values of (a) velocity, (6) momentum, and 
(c) kinetic energy of this body, all expressed in mks units? 

3. Express a length of 0.015 cm in millimicrometers. 



4. Consider the case of a mass m oscillating between limiting positions as shown 
in Fig. 8. If I is reckoned as zero when the mass is in position 1, the algebraic expres¬ 
sion for Z as a function of time is 


I = 10 


1 



cm 


where 2ir/4 is the angular velocity of oscillation in radians per second provided t is 
expressed in seconds. 

(a) What is the value of I 1 sec after t = 0; 2 sec after t = 0? 

{}}) What is the instantaneous velocity at < = 0, < = 0.5 sec, and t = \ sec? 

(c) What is the time-averaged value of velocity over the 1-sec interval which 
starts at / = 0 and ends at < = 1 sec? 


5. The algebraic expression for the velocity of a moving body (expressed as a 
function of time i) is 


V = 4- 20) m/sec 0 < « < 3 sec 


(а) What is the instantaneous velocity at ( » 2 sec? 

(б) What is the time averaged value of velocity over the 1-sec interval which 
starts at < = 1 sec and ends at < = 2 sec? 

(c) What is the distance traversed by the body from t ^ 0 to t — 2 sec? 
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6. Find the number of gram-calories (of heat energy) per British thermal unit, 
employing the ratio method of conversion; 

g“cal ^ g X*^C ^ _g 25 
Btu lb X ‘^F “ lb ‘’F 

It is known that 1 lb = 453.6 g, or that g/lb = 453.6, and that 1®C s 1.8®F. Which 
is the larger unit of heat energy, the gram-calorie or the Btu? 

7. It is known from experimental evidence that in transformations between 
mechanical energy and heat energy, 1 Btu = 778 Ib-ft. Find the number of newton- 
meters per Btu or the number of joules per Btu using the ratios 



Fig. 9. See Prob. 13. 


By the ratio method, one may readily visualize the transformation in the form 
newton-m newtons m 

Btu “ Btu ^ ^ ^ 

Which is the larger unit of energy, the newton-meter or the Btu? 

8. Two forces (Fi = 30 newtons and F 2 = 40 newtons) acting at a point are dis¬ 
placed from one another by 120°. What is the magnitude and direction of the resultant 
force Fij = Fi + F 2 ? Specify the direction of F^j relative to the direction of Fi. 

9. Given two vectors (B = 100 /30° webers/sq m and A = 0.20 /O^sq m) where 
the associated angles are specified with respect to an arbitrary reference axis. Find 
the dot product B • A in accordance with the rules of vector algebra and specify the 
units of the product thus formed. iSTofe: Even though the name of the unit of the 
product be meaningless to the reader at this stage, he should be able to name the 
unit from the specified data. 


10. Construct a parallelogram which has two connecting sides equal respectively 
to 


oa = 5 /02 cm and ob ~ 2 /60° cm 


Find the vector areas which are defined by 

oa X ob Ai and ob X oa == A2 


In what respect is Ai different from A 2 ? 
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11. How much work does a man accomplish (in a scientific sense) by holding 
a 5-lb weight at arm’s length for a period of 2 min? 

12. Show that (mass X acceleration) is dimensionally equivalent to WH~^, 

_^ Vbi 

rn^ 

(a) MOMENTUM ALONG DIRECTION OF V 5 , BEFORE IMPACT 
• + m, V,, 




^wZ * V52 


(b) MOMENTUM ALONG DIRECTION OF V^, AFTER IMPACT 
-(m^ -F m^,) 

Fig. 10. Illustrating the conservation of linear momentum. See Prob. 16. 


0.2H 


12 

I OH 


Afy 


Path 


A- 


0.1 


02 

Fig. 11. 


0.4 

See Prob. 17. 


0.3 

Meters 


0.5 


13. In Fig. 9 are shown three different disjilacemcnts of a mass (m = 2 kg) in the 
earth’s gravitational field. Reniembering that 

force of gravity on a mass m = mg 
where g is 9.81 m/sec/sec in mks units, find the work done in 

(a) moving m from A to B through the distance /i == 5 m 

(b) moving m from A to B through the distance = 5 m 

(c) moving m from A to B through the distance Iah == 7.07 m if 0 = 45®. 

14. A body travels 1 m in going from point A to point B. Along the direction of 

travel, the force varies uniformly from = 0 at point A to //# = 0.10 newton at 
point B. What amount of work is done upon the body in going from A to B if it is 
assumed that the direction of the force and the direction of motion coincide at all 
points along the path of motion? 

15. Refer to the approximate evaluation of the line integral in the example on 
page 20. Make the same type of evaluation employing 20 segments (rather than 8) 
and compare the accuracy of this 20-segment evaluation with that obtained by the 
8-segment evaluation shown at the close of Section 12. 







24 


CLASSIFICATION OF PHYSICAL QUANTITIES. 


16. The wooden block in Fig. 10-a has a mass of 1 kg and an initial velocity 
which is equal to zero. The mass of the bullet, mb, is 0.02 kg, and the velocity of 
{mw + mb) just after impact in Fig. 10-b is observed to be 9.8 m/sec. 

What is the velocity of the bullet just before impact? 

17. In Fig. 11 is shown a field of force which, for x expressed in meters, is defined by 

iy = lOOx newtons (directed along the y axis direction) 

It is assumed that ty is the force acting upon a hypothetical particle which is moved 
by an outside agent from a: = 0 to a; = 0.5 m along the path indicated. It is further 
assumed that iy is the only force acting upon the particle along the path of motion. 

Find the net positive work done hy the outside agent in moving the particle from 
a; = 0 to a; = 0.5 m. 



CHAPTER II 


Versatility of Electrical Charge 


In order to acquaint the reader with the versatility of electricity, 
several aspects of electricity or of electrical charge are reviewed rather 
briefly in this chapter, and experimental evidence is the only justifica¬ 
tion given for the various electrical effects which are described. Beginning 
with Chapter III, a more theoretical and systematic study of electricity 
is presented. 

Electricity (or electrical charge) is, in a broad sense, a physical agent 
used by engineers to transform and convert energy from one form to 
another. Electrical charge, of and by itself, is not energy in the accepted 
sense. As will be shown later, the separation of electrical charge into its 
positive and negative constituents results in potential energy of a form 
that can be readily converted into other forms of energy. 

1. Electrical Charge as a Source of Potential Energy. Electrical charge 
is a fundamental property of matter and is here classified as a funda¬ 
mental physical quantity. Electrically neutral bodies are composed of 
equal amounts of positive and negative charge; and bodies which are 
electrically neutral obey the ordinary laws of mechanics. It is well known, 
however, that “electrified^’ bodies do not obey these laws. 

Two hard rubber rods, for example, which have been mbbed briskly 
with flannel or fur wdll repel each other in a noticeable manner because 
each of the rods has acquired an excess of negative charge. Two glass 
rods which have been rubbed with silk will also repel each other, but 
in this case each of the rods has acquired an excess of positive charge as 
a result of the rubbing process. One of the hard rubber rods and one of 
the glass rods (which have been electrified by rubbing) will exhibit a 
force of attraction for one another which is millions of times greater than 
the gravitational force of attraction which’ exists between the two rods 
when they are electrically neutral. In order to account for these phe¬ 
nomena, matter was endowed with the property of being charged posi¬ 
tively and negatively even before individual positive and negative 
charges were identified experimentally. 

25 
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Coulomb, about 1785, measured the forces of attraction and repulsion 
between charged bodies accurately enough to generalize the results of 
his measurements. (See Fig. 1.) For two bodies which were small in 
diameter (as compared with their distance of separation) he found that 



Center Center 

of charge of charge 

Fig. 1. Centers of charge, centers of mass practically coincident. 



Fig. 2. Centers of charge, centers of mass not coincident. 


(1) The force varied directly as the product of the two charges. 

(2) The force varied inversely as the square of the distance of separa¬ 
tion, provided this distance was great compared with the physical dimen¬ 
sions of the bodies.^ 

(3) The force depended upon the medium or dielectric in which the 
bodies were immersed, being less for material media than for free space. 

The above results led directly to the formulation of Coulomb's inverse 

^ The fact that like charges repel (jach other (and unlike charges attract) is re¬ 
sponsible for this qualification. If the small metallic spheres shown in Fig. 1 are 
sufficiently widely separated, th(^ mutual force of repulsion does not appreciably 
disturb the positive charge that is uniformly distribuUid over the surfaces of the 
spheres. The ‘‘centers of charge” are, therefore, practically coincident with the centers 
of mass so r is w'ell defined. 

Under the conditions shown in Fig. 2, however, the distance r is relatively small 
and does not represent accurately the distance between the centers of charge. The 
mutual forces of repulsion of the positive charges cause tbese charges to drift apart 
somewhat as shown in Fig. 2. In a case of this kind, the distancje between the centers 
of charge can be determined only by advanced methods. 
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square law which, in equation form and in rationalized units, reads as 
follows: 

/ = (for free space or air) (1) 

47r€or^ 

where / represents the mutual force of repulsion or attraction 

Qi and Q 2 are the magnitudes of the two charges in question 
r is the distance of separation between the two “centers of charge'' 
€0 is the permittivity of free space being equal to 1 /(SGtt X 10®) in 
rationalized mks units and equal to l/47r in rationalized cgs units. 

The permittivity of free space is that property of free space which 
permits the mutual forces of attraction or repulsion to exist and as such 
is a physical quantity being dimensionally equivalent to 

The distinction between rationalized units and unrationalized units is 
that €0 in rationalized units is only I/Ttt times as large numerically as is 
the € 0 ' of unrationalized units. In other words, 47r€o = €o^ Since we 
propose to use rationalized units throughout this text, we are forced to 
use 4:T€q in equation (1) ratlier than the unrationalized value eo' which 
is often used in connection with Coulomb’s inverse square law. The use 
of 47r€() in this little-used equation will eliminate the presence of 4^ in 
many of the widely used w orking equations which will be encountered 
later. Various other reasons might be cited for employing rationalized 
units. (See Preface.) 

If other than free space (or air) is employed as a dielectric medium. 
Coulomb's inverse square law' takes the form 

f ^ QiQ^ ^ Q1Q2 

47r€o€rr^ 4w€r^ 

where €r is the relative permittivity (or dielectric constant) of the di¬ 
electric medium in wdiich the charges are immersed. 

The numerical values of tr for several of the more common dielectrics 
are given in Table I. €r expresses only the ratio of/in free space to the 
corresponding value of / w here a material dielectric is employed, and 
as such is a numeric or dimensionless quantity. The product €o€r is 
commonly wTitten as simply « in general equations as indicated in 
equation (2). 

The fact that unlike charges attract each other with appreciable force 
and are ever ready to recombine (if given an opportunity) is of basic 
importance to the electrical engineer. If by some means he can separate 
+ charge from -- charge he has a source of potential energy which may 
be so controlled that (during the recombination of the + and charges) 
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the potential energy initially present is converted into useful forms of 
energy. With suitable circuits and other devices, this potential energy 
may, during the recombination period, be transformed into mechanical 
energy, heat energy, radiant energy like light, or even into chemical 
energy. 

2. Units of Charge. The three most commonly used units of electrical 
charge are the coulomb, the statcoulomb, and the electronic charge or, 
simply, the electron. 

The coulomb is defined as that unit of charge which, if placed 1 m from 
a similar charge in free space, is repelled with a force of 9 X 10'^ newtons. 
It is the primary unit of charge in the mks system of units and is of 
convenient size for all ordinary circuit calculations. That the coulomb 
is a ridiculously large unit of charge for use in Coulomb's inverse square 
law is of minor importance. This will become more apparent after we 
have considered the fact that 1 coulomb of charge falling through 1 volt 
of electric potential difference develops 1 joule (or newton-m) of energy. 


TABLE I 


Substance 
Air (atm. pr., 0°C) 
Paraffin wax 
Dry pai)er 
Rosin 
Shellac 

Wood (many varieties) 

Impregnated paper 

Mica 

Glass 

Porcelain 

Quartz 

Water (distilled) 


Ri^lative Permittivity 
(Dielectric Constant) 
1.00058 
1.9 to 2.3 
2.0 to 3.5 
2.5 

2.7 to 3.7 
3.0 

3 to 4 

4 to 8 
4 to 10 
4 to 9 

4.6 to 4.7 
80 to 81.5 


The student of electrical engineering either has encountered or will 
encounter in other textbooks the statcoulomb as a unit of charge. The 
statcoulomb is defined as that unit of charge which, if placed 1 cm from a 
similar charge in free space, is repelled with a force of 1 dyne (the primary 
unit of force in cgs units). This unit of charge is widely used by physicists 
and is often employed by engineers in theoretical derivations which in 
one way or another involve the application of Coulomb's inverse square 
law. 

The electron is the ultimate or indivisible unit of negative electrical 
charge because pertinent experimental evidence supports the view that 
all negative charges in the universe consist simply of integral or whole 
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numbers of electronic charges. The magnitude of the electronic charge 
has been found experimentally to be —1.6 X 10“^® coulomb or —4.8 
X 10""^^ statcoulomb. Hence 


(No. of) electrons 
coulomb 
or 

(No. of) electrons 
statcoulomb 




Example. Let it be required to find the relative size of the statcoulomb 
and the coulomb from the force definitions which have been given. Reference 
to equation (1) will show that in any rationalized system of units 


Q = V47reo7^ 


In stat-cgs units: 

Qstatcoulombs 

In mks units: 

Ocoulombs 

As a ratio: 

statcoulombs 

coulombs 


= ^ Utt — X cm^ X dynes 
\ 4t 

\ 367r >< 


X 109 


X m^ X newtons 




^ cm^ dynes 

9 X 109 X --r X 


m^ newton 


= V9 X 10“ X 10^ X 10° = 3 X 10® 


The above ratio carries with it the understanding that we are evaluating the 
number of statcoulombs per coulomb, and the result obtained indicates that 
the coulomb is a much larger unit of charge than the statcoulomb since there 
are 3 X 109 statcoulombs per coulomb. 

Had the experimental specifications of the number of electrons per coulomb 
and per statcoulomb been used, we would have arrived at the same result, 
namely, 


statcoulombs 

coulomb 


statcoulombs 

coulomb 

= 6.25 X 10'» X 


1 

2.08 X 109 


= 3 X 10® 


3. Law of Superposition as Applied to Coulomb Forces. Assuming 
that there are more than two charges in a locality, the resultant force 
on any one charge may be calculated as the vector sum of the forces 
caused by the other charged bodies taken one at a time. This is simply 
an application of a general principle called the law of superposition 
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which states that if, under all conditions, effects (forces in this case) 
remain directly proportional to causes (charges in this case), then the 
resultant effect may be determined as the resultant of the effects cal¬ 
culated one at a time. 


Example. Three concentrated charges Qi, Q 2 , and Q 3 are located at the 
vertices of an equilateral triangle as shown in Fig. 3. In this connection it is 
convenient to think of the charges as residing on small mass particles which, 
except for the assigned positive charges, are electrically neutral. Let it be 
required to find the resultant force on the charge Q-a, 


4 >. 

>o-X 03= .. . 
/ \ Coulomb 


/ \ 

/ \ 

/ \ 


I' 


Free space 
€r=l 


N'g. 

\% 

\ 


/__^ 

Qi=2xlO"® coulomb Q2=2xlO~®coulomb 


Fig. 3. Illustrat ing the superposition principle. 


The component of the resultant force which is caused by the mutual repul¬ 
sion of Qi and Qs is, by equation ( 1 ), 


/i = 


(2 X 10-°) (4 X 10-") 


47r X 


36 IT X lO** 


X0.22 


(9 X 10'-*) (8 X 10-*’^) 
0.04 


= 1.8 


newtons 


Since, in this case, the magnitude of f 2 is numerically the same as the magni¬ 
tude of fi, the resultant force on Qs may be found as 

fga = fi + f 2 = (2 /i cos 30°)= 3 . 12 / 90 ^ newtons 

where the /90° specifies the direction of fgg relative to the direction of the 
line which joins Qi and Q 2 . 


4. The Role of Electricity in a Country’s Greatness. Power is the 
time rate of doing work or of expending energy and has been defined in 
Chapter I as p = TF/L Industrially speaking, a country is powerful if it 
possesses the ability to do a large amount of work in a short period of 
time. The United States is a powerful nation because it produces more 
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than 300 billion kilowatt-hours^ of energy annually. Practically all the 
energy used industrially comes from the work done by falling water or 
from the combustion of fuels. About 70 per cent of this energy is ob¬ 
tained from fuel-driven generators and 30 per cent from hydro plants. 

In electrical form, the energy may be transmitted over great distances 
and then reconverted into the desired form of energy at the receiving 
station. The desired form might, for example, be light, heat, mechanical 
energy, or chemical energy. 

The most important type of electrical generator from an industrial 
point of view is the one in which a prime mover (like a steam turbine or 
a water wheel) drives copper conductors through a strong magnetic 
field. When a conductor sweeps across a magnetic field, some of the 
electrons within the conductor are forced to one end, thus charging this 
end of the wire (or conductor) negatively. When electrons are forced 
to one end of the conductor (negative terminal), the other end of the 
conductor becomes positively charged because some of the electrons 
have been forced to leave what becomes the positive terminal of the 
generator. The desired energy transformation or conversion then 
takes place when the electrons recombine (through suitable circuits) 
with the positive charge that is present at the positive terminal.^ This 
brief description of the electrical generator will, of course, have more 
meaning to the reader after he has considered the electrical structure of 
matter.and has studied the laws of magnetism. 

An illustration of the manner in w^hich large amounts of work can 
be accomplished with the aid of electrical motors is given in Fig. 4. The 
detailed w^ork (!ycle of this washing and crushing establishment is un¬ 
important here; the fact that w ork of this kind can be controlled by push 
buttons at a central station is of interest. About 85 per cent of our 
industrial machinery is driven electrically. 

Example. A strong man might, conceivably, lift w’ith a force of 100 lb 
through a distance of 4 ft once each minute throughout a 10-hr day; in which 
case he would perform 240,000 ll>ft of work in the course of the 10 hr day. 

Let it he required to express this amount of energy in kilow^att-hours and 
to determine its cost in terms of electrical energy which can be purchased 
for 2 cents per kilowatt-hour. 

2 The abbreviation for kilowatt-hour is kwhr; it is the unit in which electrical 
energy is normally sold by public utility companies, the price ranging from about 
0.7 to 7 cents per kilowatt-hour; 300 billion kilowatt-hours is the equivalent of 
10.8 X 10^^ joules or 8.0 X 10^^ Ib-ft of energy. 

® The reader is reminded here of the principle of conservation of energy, namely, 
that energy can neither be created nor destroyed but only altered in form. This law 
was enunciated in the nineteenth century and has been the plague of inventors of 
perpetual-motion machines ever since. 
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The 240,000 Ib-ft of energy will first be changed into newton-meters of 
energy because this transformation is presumably straightforward in light 
of the transformations of units which have been made in Chapter I. (See 
page 12.) 



I 


Fig. 4. Transformation of electrical energy into mechanical cn(*rgy. (1) Motor 
driving rotary car dump. (2) Motor driving feed(n\ (3) Motor driving elevating 
conveyer. (4) Conveyer and washer motors. (5) C'onveyer and crusher motors. 
(6) Conveyer motor. (7) Central push button control station. (8)‘Lighting panel 

board. 


The newton-meter, the primary unit of energy in the inks system, is also 
known as the joule, or as the watt-second. The particular name applied to 
this unit of energy depends somewhat on tlic type or form of energy involved; 
for example, the newton-meter applies more specifically to mechanical energy 
or work whereas the watt-second is most frequently used in sf)ecifying amounts 
of electrical energy. 


and 


326,000 newton-m = 326,000 watt-sec 


At 2 cents per kwhr: 


cost of energy = 0.0905 X 2 = 0.181 cent 


If the man’s work could have been done with electrical motors, a considerable 
monetary saving could obviously have been effected. 
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6. The Role of Electricity in Communications. Telegraphy, telephony, 
radio, and television are all forms of communication in which the in¬ 
telligence being communicated is transmitted electrically from a sending 
station to a receiving station. 

In voice transmission, for example, the mechanical energy possessed 
by the voice or sound waves is first converted into electrical form at the 
sending end by means of a telephone transmitter or radio microphone. 
These devices serve the same general purpose as the electrical generator 
described in the preceding section; but in the present case, the power 
involved is in the order of milliwatts, whereas the generator's power 
capacity would likely be in the hundreds or thousands of kilowatts. 



Fig. 5. Illustrating the operating principle of the velocity microphone. 


The velocity (or ribbon) microphone in fact operates on the same 
general principle as the large electrical generator in that the movement 
of a conductor (say a duralumin ribbon) is made to cut across the 
magnetic field of a permanent magnet.'* (See Fig. 5.) In this manner the 
sound wave is transformed into a corresponding electrical variation and 
transmitted as such over wires (in the case of the ordinary telephone) 
or through the atmosphere (in the case of radio). At the receiving station, 
the transmitted electrical variations are transformed back into sound 
waves when the electrical variations are passed through the telephone 
receiver or the radio loudspeaker. 

A relatively new form of communication which gained prominence 
during World War II and which is now finding several commercial uses 
is radar. In radar, a succession of signals of very great power and of very 
short duration is sent out as a pulsed radio wave, reflected from the 

^Various other types of transmitters are in common use as, for example, the 
ordinary carbon granule telephone transmitter where the voice wave causes the 
carbon granules to exhibit lower and higher electrical resistance in accordance with 
the condensations and rarefactions of this w^ave. Other types of microphones com¬ 
monly used are the condenser and crystal microphones but the detailed operation of 
these devices will not be considered at this point. 
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target back to the sending station, and there received as a succession of 
signals which are much reduced in power but which can be interpreted 
to give the shape and location of the target relative to the sending 
position. Its principal commercial uses at the present time are in the 
navigation of ships and in ground landing approaches for airplanes. 

That the field of communications is “big business’^ may be judged 
from the following figures which were roughly correct as of 1948 with 
every indication then that appreciable increases were inevitable. 

5,000 regular broadcast stations in the world 35% in U.S.A. 

58,000,000 telephones in the world 60% in U.S.A. 

135,000,000 radio receivers in the world 50% in U.S.A. 

THE ROLE OF ELECTRICITY IN CHEMISTRY AND PHYSICS 

6. Elementary Particles. A reasonably clear mental picture of the 
structure of matter is essential in many phases of electrical engineering 
because elementary particles (usually sub-atomic in form) are the charge 
carriers which arc employed to accomplish the desired energy trans¬ 
formations previously referred to in this chapter. In the few pages that 
are here devoted to the electrical structure of matter, only a few of the 
basic notions can be given, and these mostly in qualitative form. It is 
not essential at this point tliat the reader appreciate the full significance 
of the quantitative examples which are given, but a perusal of these 
examples may help to strengthen his mental picture of the electrical 
structure of matter. 

There is a vast acHnimulation of experimental evidence which indicates 
that all matter is (or can be) built up from a few elementary building 
blocks. The three most imi)ortant building l)locks are the electron, the 
proton, and the neutron. 

7. The Electron. The electron as previously stated is considered to 
be the ultimate or indivisible unit of negative electrical charge. For 
most engineering purposes, the electron may be considered as an elec¬ 
trically charged mass particle, the mass and charge of which are 

nte = 9.1 X kg or 9.1 X 10”g 

Qe ='- 1.6 X 10“^-^ coulomb or — 4.8 X 10~^^ statcoulomb 

In striving for a theory which is consistent with observed radiation 
effects (spectrum lines and the like), physicists have endowed the 
electron with wavelike properties which can be understood only through 
the medium of quantum or wave mechanics, a subject which is well 
beyond the scope of this text. Fortunately, the wavelike properties of 
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the electron are of little immediate importance in l^e field of electrical 
engineering. 

8. The Atom. All atoms are about 10“^^ m in diameter and consist 
of a central positively charged nucleus, about 10“^^ m in diameter, 
surrounded by enough electrons to make the atom electrically neutral. 
The chief constituents of an atom are shown in Table II. As a result 


TABLE II 


Name of Atomic 
Constituent 

Electron 

Proton 

Neutron 


Electrical 

Charge in Coulombs 
(to 2 significant 
figures) 

-1.6 X 10-^9 
-f 1.6 X 10-19 
0 


Mass 

(kg) 

9.1 X 10-31 
1.6729 X 10-27 
1.6751 X 10-27 


Mass Units 
(as used by nuclear 
physicists) (equivalent to 
1.6603 X 10-27 kg) 
about 0.000547 
1.00758 
1.00893 


of experimental information obtained during nuclear physics experi¬ 
ments throughout World War II, the masses of the proton and the 
neutron are now known accurately to about five or six significant 
figures.^ 

The Proton. The proton is a constituent particle of an atomic nucleus, 
having a positive charge whicli is numerically equal to an electronic 
charge and a mass which is about 1840 times that of an electron. The 
proton itself is the nucleus of an ordinary hydrogen atom (H) as pic¬ 
tured irrFig. 0. In general, however, the nucleus of an atom contains 
one or more neutrons in addition to one or more protons. 

The Neutron. The neutron is a basic constituent particle of atomic 
nuclei having no electrical charge. It possesses a mass which is slightly 
greater than the mass of the proton. (See Table II.) Whether the neutron 
is a close union of an electron and proton or a totally distinct particle 
is not precisely known at the present time. 

Mass Number. The mass number of an atom (written for a hydrogen 
atom, He^ for a helium atom, Li^ for a lithium atom, on up to for 
a heavy uranium atom) refers to the 7iumber of massive particles^ protons 
and neutrons^ in the nucleus of the atom. Atomic nuclei which are heavier 
than have been produced artificially. Examples of these heavier 
nuclei are neptunium, Np^^^, and plutonium, Pu^^^. These two new 
chemical elements differ from one another in that neptunium has 93 
orbital electrons whereas plutonium has 94. 

3 The mass units of the proton and neutron as they appear in Table II are taken 
from ‘*A General Account of the Development of Methods of Using Atomic Energy 
for Military Purposes under the Auspices of the United States Government,” written 
by H. D. Smyth in 1945 and obtainable from the Superintendent of Documents, 
Washington 25, D.C. 
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Atomic Number, The atomic number is an integer characteristic of 
each chemical element which tells how many protons there are in the 
atomic nucleus and also how many electrons there are in the atom, out¬ 
side the nucleus. For example, the atomic number of the helium atom 
is 2 since the nucleus contains two protons and there are two orbital 
electrons outside the nucleus. The atomic numbers of several of the 



\ 

\ 
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Orbital /O) 
electron 
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Fig. 6. Schematic representation of a hydrogen atom. 


more common chemical elements are shown in Appendices B and C. 
Atomic number is not to be confused with mass number. 

9. Atomic Structure. It is now generally accepted that the atoms of 
the 92 chemical elements found in nature (hydrogen, helium, lithium, 
• • •, uranium) differ from one another by reason of the number and 
arrangement of protons, neutrons, and orbital electrons that make up 
the atom. The common conception is that one or more electrons move 
about a positively charged nucleus, and that under normal conditions 
the nucleus constitutes practically the entire mass of the atom. The 
nucleus possesses a positive charge which is equal in magnitude and 
opposite in sign to the combined charge of the orbital electrons. Thus 
the normal atom is so constituted that it appears to be electrically neutral 
to outside bodies even though forces of electrical attraction and repulsion 
are operative within the confines of the atom itself. 

The orbital electrons may be thought of as revolving about the nucleus 
in an orbit which is approximately m in diameter. Since the nucleus 
is about lO^^^m in diameter (or smaller) and since the electrons are also 
very small in comparison with the orbit, whose diameter is m, 

the atom is relatively speaking a very open type of structure. In this 
respect the atom is something like the solar system. 
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Schematic representations of four common atomic structures are 
shown in Fig. 7. An orbital electron possesses a definite potential energy 
by virtue of its position with respect to the positively charged nucleus. 
The electron possesses kinetic energy of rotation by reason of its motion 



Helium atom 

(Atomic number 2,mass number 4) 


Lithium atom 

(Atomic number 5,moss number 7) 


( 0 ) 


(b) 





Corbon atom Oxygen atom 

(Atomic number 6,mass number 12) (Atomic number 8, moss number 16) 

(C) (d) 

Fig. 7. Schematic representation of some common atoms. 

about the nucleus. It is not difficult to visualize a normal atom as one 
in which the electric force of attraction (between nucleus and electron) 
is balanced by the centrifugal (jnv^/r) force to form a state of mechanical 
equilibrium. (See Fig. 6.) This picture is, however, oversimplified 
because it fails to indicate why the orbital electrons are confined to 
specified orbits and only those orbits. (The discreteness of the orbits is 



38 


VERSATILITY OF ELECTRICAL CHARGE 


usually explained in more advanced courses than this one in terms of 
Planck's ‘^quantum of action.") 

Example. Energy Levels of Orbital Electrons, As applied to a single proton 
(+Qe) and a single electron (—Qe), the potential energy of the electron may 
be defined as the work done by an outside agent in moving the electron from an 
infinitely great distance (where its potential energy is zero) to a distance r 
from the proton. 

The force that will have to be exerted (by the outside agent) at any dis¬ 
tance X from the proton is /' = Qe^f4:W€oX-. This force is equal in magnitude 
but opposite in direction to the inverse-square-law force of attraction between 
-{-Qe and —Qc. As indicated in Fig. 8, the direction of motion is in the minus-a; 



Fig. 8. Determination of poUmtial energy of -Qe* 


direction since the origin of x is taken at the proton position. The angle between 
f' and the incremental displacement { — dx) is 180°. The incremental amount 
of work done by the outside agent in moving —Qe through an incremental 


distance is 


dW„,, - f{-dx) cos ejf = /' dx 


in accordance with the definition of work. 


The potential energy of the electron at a; = r can be found by summing up 
all of the dWmfs between x — ^ and x = r. The most satisfactory way of 
performing this summation is by means of integral calculus. (See page 19.) 
Let Wp represent the potential energy. Then 



If the electron fell into the field of the proton without the outside agent's 
guidance and revolved in a circular path, its kinetic energy of rotation would be 

Wk — 0.57neV^ ( 4 ) 


where v is the linear velocity in the circular path which has been assumed. 

Balance between the centrifugal {mv^/r) and the inverse-square-law attrac¬ 
tion demands that „ ^ „ 

nieV^ __ Qe^ 

r 47r6or^ 


(5) 
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If the above equation is multiplied through by r/2 and the result compared 
with equation (4), it is found that 


rrieV^ __ Qe^ 

2 SttcoT 


( 6 ) 


The energy possessed by the electron traveling in an orbit of r radius is the 
sum of its potential and kinetic energy, or 


W = Wp+ w, = - 

4x6or STreor 


Sireor 


(7) 


The negative sign implies that positive energy will have to be imparted to 
the electron to remove it from the orbit of r radius. 


Zero energy level 


The elementary analysis given above shows what is meant by an 
orbital electron possessing energy and why a definite amount of energy 
(Qe^/Swear units) would have to be sup¬ 
plied (say by an outside agent in the 
form of a high-speed particle) to strip 
the hydrogen atom of its orbital elec¬ 
tron. The analysis, however, does not 
show why only discrete values of r in 
equation (7) actually occur in nature. 

For our purposes, it will be sufficient 
to accept the fact that only particular 
values of r and hence of IT, in equation 
(7), can actually exist in nature and 
that these values of W are called energy 
levels. The primary energy levels that 
exist in atomic structure are called the 
K, L, M, A', 0, P, and Q levels. The 
Kj L, Mj and N levels are diagrammed 
qualitatively in Fig. 9. In accordance with our zero-energy reference, the 
K level is the “greatest negative^^ level and is usually referred to as the 
“lowest’’ level. The L level is the next higher level, and so on. An electron 
originally in the K level must receive some positive or additional energy 
from an outside source to be moved to the L level, and still more positive 
energy to be moved to the M level. 

The number of electrons in the various energy levels of the first 38 
chemical elements is shown in Appendix C. The chemical properties of 
all elements depend upon the number of orbital electrons and the arrange¬ 
ment of these electrons in the various energy levels. Valence, stability, 
and tendency to combine with other atoms are the properties which can 
be predicted from the orbital arrangements shown in Appendix C. 



Fig. 0 . Representation of A, L, 
M, and N energy levels. 
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These topics, however, will not be considered at this time. The brief 
discussion of atoms which has been given in this section will have served 
its purpose if it has provided the reader with a qualitative picture or 
representation of the electrical structure of matter; 

10. Ionized Atoms. An atom may lose one or more of its electrons in 
any one of several different ways. 

(1) A fast-moving electron or other particle may collide with a 
normal atom and completely dislodge one or more electrons from the 
outer orbit of the atom. In this case the energy required to dislodge the 
orbital electrons comes from the kinetic energy of the moving particle. 

(2) The neutral atoms of an acid, base, or salt molecule may dis¬ 
sociate in the presence of water in such a way as to become either posi¬ 
tively or negatively charged. If upon dissociation an atom loses an 
electron it becomes positively charged, and if it gains an electron during 
the dissociation process it becomes negatively charged. 

An atom which has either lost or gained one or more electrons is said 
to be in an ionized state. If an atom loses or gains one electron it possesses 
a net charge of 1.6 X coulomb and is called a singly charged ion. 

If two electrons are lost or gained the net charge is 3.2 X 10“^^ coulomb, 
and the atom is referred to as a doubly charged ion. Under the influence 
of electric forces, ionized atoms can be made to move through liquid and 
gaseous conductors, thus transporting electrical charge through these 
media. 

11. Excited Atoms as a Source of Radiant Energy. An atom which 
has all its orbital electrons (as specified in Appendix C) but with one 
or more of these electrons in a ‘^higher-than-normar’ energy level is 
said to be in an excited state. An orbital electron in a ^‘higher-than- 
normal” energy level usually returns very quickly (in much less than a 
microsecond) to its normal state. In returning to the lower energy 
level, the electron releases energy, and this released energy takes the 
form of radiant energy which may be within the visible spectrum.® The 
range of the visible spectrum is shown in Fig. 10. 

An example of an excited atom is illustrated in Fig. 11 where e^ is the 
orbital electron which is momentarily raised to a ^‘higher-than-normar’ 
level by the kinetic energy of electron e. In returning to its normal level, 
electron e releases energy which is in the ultra-violet portion of the 
spectrum. This ultra-violet radiant energy may be employed in fluo¬ 
rescent lamps to energize the fluorescent coating of these lamps which 

® Radiant energy having frequencies ranging from 4 X 10^^ to 7.5 X 10‘^ cycles/sec 
(or wave lengths ranging from 0.75 X 10~® to 0.4 X 10’ ® rn in free space) is capable of 
affecting our eyes. Radiant energy outside this narrow band of frequencies (or wave 
lengths) cannot be ‘‘seen.” 
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in turn emits radiant energy that is distributed throughout the visible 
spectrum. . 

The propagation of radiant energy may be visualized as a wave 
motion in space; much the same as the propagation of a disturbance on 
the surface of still water. The chief characteristic of radiant energy is 


Ultra¬ 

violet 


Wave length 
Frequency 


Violet Blue Green 

4xio“7 jsTio^ 

_ \ _L_ 

7.5 xIO'^ cycles/sec 

Fig. 10. 


Yellow Oronge 


,6x10-7 

I _L 


The visible spectrum. 


Red 


Inf roared 
(heat) 


,7x I0’7 meter 


4xl0'^cycles/8ec 


that it is propagated rectilinearly through space at a constant velocity. 
In free space (or air) this velocity is very nearly 3 X 10® m/sec. 

The peculiarity of an excited atom is that it can emit radiant energy 
of only discrete frequencies since the electrons can occupy only discrete 
energy levels within the atomic structure. When an electron of an 



Fig. 11. An excited mercury atom emits ultra-violet radiation. 


excited atom returns to its normal energy level, it releases a quantized 
amount of radiant or electromagnetic energy. This energy is released in 
only definite quantities because the electrons can occupy only definite 
energy levels within the atomic structure. The fundamental relationship 
which governs this type of radiation is 

W, = Wi -Wf = hf (8) 

where Wq is the change in energy 
Wi is the initial energy and 
Wf the final energy 

h is Planck^s constant, 6.542 X 10~^^ erg-sec or 6.542 X 
joule-sec 

/ is the frequency of the electromagnetic energy radiated. 





42 


VERSATILITY OF ELECTRICAL CHARGE 


Since the wave length of all radiant energy is related to the frequency 
by the velocity of light, equation (8) indirectly defines the wave length 
of the radiated energy in terms of the change of energy which produces 
the radiation. That is, 

X/ = c or X = ^ (9) 


where X is the wave length, / the frequency, and c the velocity of light. 
This relationship applies to all electromagnetic wave propagation in¬ 
cluding radio waves, heat, light, X-rays, and cosmic rays, provided the 
propagation occurs in free space (or air) and is not confined to restricted 
channels like wave guides. 


Example. Reference to Appendix C will show that a sodium atom has 
1 electron in the M energy level. In an excited condition this electron is 
permitted by nature (and by wave-mechanic equations) to occujiy momen¬ 
tarily an energy level which is 2.09 electron-volts (oi’ 8.844 X 10~^^ joule) 
higher than normal. This excited electron returns to its normal M energy 
level in perhaps a hundredth of a microsecond and in so doing releases 2.09 
electron-volts or 3.344 X 10""^^ joule of energy. 


The electron-volt is a unit of energy wliich is widely used in specifying 
energy levels of electrons and in specifying other small (piantities of energy. 
It is smaller than the joule (the primary unit of energy in the mks system) 
by the same factor that an electronic charge is smaller than the coulomb. 
As a ratio, 


electron-volts 

joule 


1 

1.6 X 10 


= 6.25 X 10'« 


The significance of this ratio will become more apparent later. For the present, 
an electron-volt may be considered simply as a unit of energy which is 
6.25 X 10'® times smaller than the joule. 

From the fundamental relationship stated in equation (8), it follows that 

^ 3.344X10 ** = 511 X 1014 cycles/sec 
6.542X10-"* 

From equation (9): 

X = - - = 5.87 X 10-’ m 

5.11 X 10'* 


The reciprocal of the wave length, X, gives the number of waves per unit 
length. In this case the number of waves per meter of the radiated energy is 
1,700,000. The wave length represented by 5.87 X 10"^ m is within the visible 
spectrum and is the characteristic sodium yellow. (See Fig. 10.) 

The example given above, although based on experimental data, is 
rather oversimplified in the way in which the data are presented. The 
actual behavior of an excited atom is a complex and fascinating subject 
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which has been considered briefly here because it shows how even the 
color of light can be traced to an electrical origih. ? 

12. Combination of Atoms as a Source of Heat Energy. A large per¬ 
centage of our industrial energy comes from the combustion of coal, a 
process in which the carbon atoms of the coal combine with diatomic 
molecules of oxygen to release heat energy. The process may be written 
in the form of a chemical equation as 

C + O 2 CO 2 + heat energy (10) 

where the CO 2 appears in the flue gas. 

The reaction stated in ecjuation (10) occurs only if the temperature 
of the molecules is sufficiently great, but when the reaction does occur 
some energy in the form of heat is released. This released energy is 
explained on the basis that the sum of the internal binding energies of 
the carbon atom (C) and of the diatomic molecule of oxygen (O 2 ) 
taken separately is greater than the internal binding energy of the CO 2 
molecule. Hence, by the law of conservation of energy, some energy is 
released, and this released energy takes the form of heat energy. 

An important point to observe in connection with equation (10) is 
that the carbon and oxygen atoms have not changed in form; they have 
merely combined to form a mole(*ule of CO 2 . The amount of heat energy 
per molecule actually released is relatively very small compared with 
that which is released during an atomic nuclear transformation wherein 
completely different atomic structures are produced during the reaction. 
But the fact that the C ()2 chemical reaction is self-sustaining makes the 
conversion from chemical (or binding) energy to heat energy a simple 
one; and one upon which a large part of our national economy depends. 

One pound of coal (which possesses a calorific value of 13,650 Btu/lb) 
will develop 4 kwhr of heat energy. In the ordinary conversion process 
to steam, then to mechanical energy, and finally to energy in electrical 
form, about 3 kwhr (of the intrinsic calorific value of 4 kwhr) is lost, 
leaving 1 kwhr of electrical energy generated per pound of coal burned. 

13. The Equivalence of Mass and Energy. In 1905, Einstein stated 
that mass and energy were equivalent because his study of relativity 
clearly indicated that the inertial mass of a body increased as its velocity 
increased.^ He concluded that the amount of energy W which w’ould 
transform into an equivalent mass m (or vice versa) was given by the 
equation 

W = mc^ (11) 

^ This increase in mass is not significantly large for velocities which are equal to 
or less than one-fifth the velocity of light, since at one-fifth the velocity of light the 
increase in mass is only about 2 per cent. 
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where c is the velocity of light and all units are expressed in primary 
units of the adopted system. 

Reference to page 4, will show that energy is dimensionally equal 
to mHH~^ which is, of course, equal to but one could not infer from 
this dimensional equivalence that the actual physical transformation 
postulated by Einstein would occur in nature. It does, however, occur, 
and the law of the conservation of energy now implies that energy plus 
mass can neither he created nor destroyed but only altered in form. 

Example. Let it be required to find the amount of energy theoretically 
generated by the complete disintegration or annihilation of 1 kg of mass. 

Employing mks units, say, in connection with equation (11) one finds 
that the energy equivalent of 1 kg of mass is 

TV = 1 X (3 X 10^)^ = 9 X 10^® joule or watt-sec 
or 

Q V 10^® 

Wkwhr = = 25 X 10^ or 25 billion kwhr 

3.6 X 10® 

Since our national consumption is about 300 billion kwhr annually, the 
fantastic result obtained (25 billion kwhr) represents about Yvz of our annual 
consumption of electrical energy. No one has figured out as yet just how to 
get 25 billion kwhr from 1 kg (2.2 lb) of coal, however. 

The equivalence of mass and energy appeared quite largely as a mathe¬ 
matical fiction until recently when certain nuclear reactions demonstrated 
forcibly that slight changes in atomic structures (wliic^h were accomi)anied 
by a loss of mass) could unleash great quantities of heat and radiant energy. 

PROBLEMS 

1. Given the three electrical charges located at vertices of the right triangle shown 
in Fig. 12. Check the-value of the resultant force, fu = 278 newtons, and find the 
value of the angle 6 in degrees. 

2. Find the resultant force on charge Q 2 of Fig. 3, page 30. Work in rationalized 
mks units, specifying the direction of the resultant force relative to the direction of 
the line joining Qi and Q 2 . 

3. What is the gravitational force of attraction (in dynes) between two electrically 
neutral particles having masses of 9.1 X g and 1.67 X 10“^^ g respectively if tht; 
distance of separation between their centers of mass is 10~'* cm? 

Note', Newton’s law of gravitational attraction reads 

^ miW2 

where A;o, the gravitational permittivity, is equal to 1.5 X 10^ in cgs units. 

4. What is the electrical force of attraction between the two particles described in 
Prob. 3 if each possesses a charge of 1.6 X 10“^^ coulomb, one positive and the other 
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negative? A free-space medium is assumed. Compare this force with that obtained in 
Prob. 3. . ’ 

Note'. Work in unrationalized stat-cgs units where Coulomb’s inverse square law 
reads 


/ = 


Q 1 Q 2 

€qT^ 


The value of eo' in unrationalized stat-cgs units is equal to 1. 

5. What is the magnitude of fn in Fig. 12 if the entire system of charges is im¬ 
mersed in distilled water, the relative permittivity of which is 80? 



6. Two small bodies, one possessing twice as many net electrons as the other, are 
separated from one another in air by a distance of 2 m, and they experience mutual 
forces of repulsion of 0.0002 newton. What is the number of net electronic charges on 
each of the bodies? 

7. A man loading a conveyor belt lifts 100-lb loads 4 ft (against the force of gravity) 

at the average rate of 2 loads per minute, ilow many kilowatt-hours of energy 
(or work) does he accomplish in an 8-hr day? Ans. 0.1446 kwhr. 

8. If the job described in Prob. 7 can be done electrically with electrical energy 
which costs 4 cents per kilowatt--hour, what would be the cost of the electrical energy 
assuming that the electrical system has an efficiency of 0.8? 

Note: 

_ ^ „ ustiful energy output. 

efficiency = 0.8 =-- 

total energy input 

9. What number of kilowatt-hours can theoretically be generated by 1,000,000 
cu ft of water falling through a distance of 100 ft? The weight of a cubic foot of water 
is about 62.5 lb. 
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10. Assume that the energy expended under a particular set of conditions (as, for 
example, the operation of a 200-watt incandescent lamp) can be written as a function 
of time in equational form: 

IV = 200i joules or watl^sec 

where t is time expressed in seconds. What is the amount of energy expended over a 
1-hr period in kilowatt-hours? 

11. The force on an electrical charge of 0.1 coulomb (due presumably to other 
charged bodies in the vicinity) may be written equationally in mks units as 

/ = lOOO^m newtons 

where Im is the linear displacement along the j)ath of motion expressed in meters. 
How many joules (or newton-meters) of energy are expended by an outside agent 
(or worker) in moving the charge from 1 = 2 cm to / = 5 cm? It is assumed that tluj 
worker opposes directly the electrical force at all points along the path of motion. 

12. W^hat is the electrical charge of (a) the nucleus of a magnesium atom, (b) the 
nucleus of an iron atom, expressed in coulombs? (Refer to Appimdix C.) 

13. After referring to Appendix C, draw a schematic representation of a beryllium 
atom. The mass number of beryllium is 9. 

14. What is the frequency of a radio wave if its wave length is 200 m? 

15. One of the wave lengths of light radiated by an exeitcxl neon atom is the result/ 
of an electron changing from an energy level of 18.90 electron volts (30.24 X 10“^*^ 
joule) to an energy level of 16.80 electron volts (26.88 X 10“joule). Wdiat is the 
frequency of the radiated light waves in cycles pc^r se(;ond? W'hat is the wave length? 

16. What is the color of light if its frtHiuency is 4.25 X 10^^ cyclcs/sec? 

17. An ultra-violet radiation results from an electron (of an excited atom) chang¬ 
ing from an energy level of 16.8 electron-volts (above normal) to its normal energy 
level. What is the number of waves per centimeter of the radiated energy? 

18. What is the number of electron volts (of energy) per gram-calorie (of energy)? 

19. The heat energy released in the formation of CO 2 is 94,000 g-cal per 6.03 X 10^'^ 
molecules of CO 2 . What is the heat energy released per molecule expressed in electron 
volts? 


20. A small generating station burns 2720 lb of crude oil to generate 2710 kwhr of 
useful electrical energy. If each p^mnd of oil releases 17,000 Btu of heat energy, what 
is the overall efficiency of operation? 

Note: As a ratio 


therefore 


kwhr 

"Bur 


= 2.93 X 10“^ 


(No. of) Btu X (2.93 X 10 '*) = kwhr 


Overall efficiency is defined as 

useful energy output 


total energy input 
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21. If the mass of a helium nucleus could be transformed entirely into energy, 
what number of joules of energy would be obtained from this transformation? (Two- 
significant-figure accuracy is sufficient here.) 

22. If, in a wholly hypothetical case, an electron should collide with a proton in 
such a manner that both masses were completely annihilated, what number of joules 
of energy would be generated? (Two-significant-figure accuracy is sufficient here.) 

23. A classical nuclear reaction is shown schematically in Fig. 13. The problem is 
to calculate (from the specified data) the kinetic energy and the velocity of each of 
the helium nuclei, He'*, employing the law of conservation of mass and energy. The 


0 - 

h'+w(h') 


Fig. 13. Collision of hydrogen nucleus (H*) and lithium nucleus (Li^) produces two 
helium nuclei (He'*). 1F(H*) and IF(He"*) represent kinetic energies. 



precise mass data arc taken from the reference cited on page 35, and the super- 
scripts-cinployed refer only to the number of massive particles in the nuclei. 

(a) H* (a hydrogen nudeus) initially possesses a kinetic energy of IF(H^) = 
1.6 X 10“*'* joule. 

(b) The initial mass (Li^ + H*) = 13.322 X 10“27 kg. 

(c) The final mass (2Hc'*) = 13.292 X 10“^^ kg. 


Note: The nuclear reaction may be written as a mass equation: 


Li^ -h H* + 


IF(Hi) 


= 2He^ + 2 


IF(He^) 

_95 


where IF (He'*) is the kinetic energy of each helium nucleus. It will be assumed here 
that the mass of each helium nucleus, He, remains constant at its specified value 
irrespective of the velocity of the particle. 
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An agency like electricity which is used principally to change energy 
from one form to another must be capable of possessing energy. In 
measuring the potential energy of a unit cliarge, the concept of potential 
is employed. Electrical potential may, at first, appear to be an abstract 



concept, and for this reason a brief discussion of gravitational potential 
will be given in order that the reader may later appreciate the analogy 
which exists between gravitational potential and electrical potential. 

1. Gravitational Potential. If the datum plane shown in Fig. 1 is the 
earth^s surface, we might define the gravitational potential of any point 
above the plane as 

_ potential energy of mass m at any point W 


In so doing, F^, the gravitational potential, is defined in such a manner 
that it is potential energy per unit mass; dimensionally equal to l^r~^, 
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Moreover, we have defined the zero potential plane as being at the 
earth^s surface. 

The gravitational potential of a point characterizes that point in so 
far as it tells precisely the potential energy that a unit mass would 
possess if it occupied that position. For the simple case shown in Fig. 1, 
the concept of gravitational potential is somewhat elaborate because 
height h above the datum plane tells essentially the same thing as does 


V,. 

As applied to position 1 of Fig. 1, the potential above the zero potential 
datum plane is 



mg hi 


m 


= fffii 


^l-a) 


where g is the gravitational acceleration, 9.81m/sec/sec in mks units. 

By means of a simple extension of the definition given in equation 
(1), the potential difference between points 1 and 2 is 

- ]Y 

Vi 2 = V,t - V „2 = - g(hi - h 2 ) (1-b) 

If for some reason we should choose by definition the gh 2 potential 
level as our reference level and it is understood by all concerned that the 
gh 2 level is the reference level, we could speak of positive potentials and 
of negative potentials and the meanings would be clear. Potential 
differences l)etween any two points could also be determined. The 
potential difference between position 1 and the datum plane, for example, 
might be determined as 

Vio = g(lii - ho) - g{-h 2 ) = ghi 

gh 2 being employed as the reference level. 

2. Zero Electrical Potential. An electrical charge in the vicinity of 
other charges is capable of doing work in much the same manner that 
mass m of Fig. 1 is capable of doing work by virtue of being in the 
vicinity of the earth's mass. In the case of gravitational potential, the 
zero potential plane is ordinarily taken to correspond to the earth's 
surface because a mass m at this level has ordinarily lost its ability to 
do work. With this choice of zero potential plane, one can readily 
visualize levels below the earth's surface as negative potential regions. 
But again it is pointed out that the reference level we arbitrarily choose as 
zero is a matter of definition like that given in equation (1). 

^ If, for example, we had defined the gravitational potential of the points above 
the earth's surface as the work done (by an outside agent) upon a unit mass in bringing 
this mass from an infinitely great distance away from the earth to points above the earth*s 
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In a strict manner of speaking, we define a zero electrical potential 
region as a region where an electrical test charge (or exploring charge) 
is incapable of doing any work. This region might be 

(a) Any region which is so far removed from other electrified bodies 
that the test charge experiences zero electrical force. 

(h) A region in the vicinity of a set of electrical charges where, due 
to forces of both attraction and repulsion, the resultant force on the test 
charge is zero. 

(c) Moist earth, since the earth is electrically neutral and so large 
that any man-made charge will not appreciably affect this neutrality. 

(d) A large metal plate or screen which serves as a ground (to the 
minute distributions of charge employed in radio and ultra-high- 
frequency systems) in much the same manner that moist earth serves 
as a ground to larger man-made charge distributions. 

Potentials measured from true zero 'potential levels are called absolute 
potentials. 

We may, however, select any absolute potential level as the zero or 
reference level from which to measure electrical potential. In general, 
we are concerned only with potential differences and, where this is the 
case, the selection of the zero or reference level is wholly a matter of 
choice. The selection is usually made with a view toward simplifying 
the complete specifications as, for example, in a non-grounded circuit 
where we arbitrarily select one wire or bus as the zero potential region 
and reckon all other potentials relative to this bus. By so doing, a single 
number (of units of potential) placed alongside any point in the circuit 
specifies the potential difference between the potential of this point and 
that of the arbitrarily selected zero potential bus. 

3. Electrical Potential. We define the electrical potential of a point 
in space (or in a circuit) as 

7:7 /_ xrx potential energy of charge Q at the point W 
E (or V) = - = - (2) 

where it is understood that the potential energy may be measured from 
any arbitrarily selected reference level, as was the gravitational potential 
energy in equation ( 1 ). 

Although electrical potential is defined in such a manner that it is 
numerically equal to energy per unit charge it is not energy. Whereas 

surface, the zero potential region or level would have been at ^ = « in Fig. 1. In this 
case all the potentials involved in the example considered would have been negative 
values, with the greatfist negative value appearing at the earth’s surface. Since this 
definition leads to unnecessary complications, it is avoided simply by selecting (by 
definition) a more suitable zero potential plane from which to measure potential. 
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energy is dimensionally electrical potential is dimensionally 

If, in connection with equation (2), we choose a zero potential energy 
plane as reference, then 

^ ^ potential energy of Q relative to zero energy TTabs \ 

E = £rabs — 

The potential difference between two points in space (or in a circuit), 
say points 1 and 2, is 

Tn _ TP T? _ ^^absl l^abs2 /o\ 

— -C'absl ““ -^abs2 = q - 

and it is plain from this equation that, in so far as the value of E 12 is 
concerned, E 12 might just as well have been calculated from 


Q 




Ei2 


(^abal + Wc) - (TFabs2 + Wg) 

Q 


(3-a) 


where Wc is any arbitrary value of potential energy we choose to select. 
If, for example, we choose to have the potential of point 2 as our reference 
level, we simply write 


Ei2 — 


Wi-0 


Q 


(3-b) 


which is numerically the same as equation (3-a) if we set Wc = — WabB 2 i 
thereby making Wi = TVabsi "" l^abs 2 j the potential energy difference 
between points 1 and 2. 

The term electrical potential is usually abbreviated to simply potential, 
and the terms potential and voltage are used synonymously in engineering 
literature. 

Units. From equation (2), it is plain that the number of mks units of 
potential (or voltage) would be found from the ratio joules/coulomb; 
and in like manner any ratio expressing (units of energy)/(unit charge) 
would yield units of potential. 

For convenience, joules/coulomb are called volts. The volt is the 
primary unit of potential or voltage in the mks system, and it is the 
unit ordinarily employed in engineering practice.^ 

4. Voltage Rise and Voltage Drop. If a positive charge is moved 
from one point to another in a circuit (or in space), it necessarily follows 

2 Two other units of potential are sometimes encountered in theoretical work, the 
statvolt and the abvolt. The statvolt is a unit which is larger than the volt by the 
factor 300; whereas the abvolt is a unit which is smaller than the volt by the factor 10®. 
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that the starting point is less positive and the terminating point is more 
positive than before the transfer of charge took place. To move a positive 
charge from one point to another in a region which is initially electrically 
neutral, for example, will render the starting point negative and the 
terminating point positive. The charge is said to move in the — to + 
direction. A transfer of this kind, of course, requires energy from some 
outside source, because work has to be done to move the charge against 
the force of attraction which the positive charge has for the negative 
region it created. Since the positive charge in its new position is capable 
of doing work (in returning to its starting place) it is said to have been 
raised in potential as it moved in the — to + direction. 

More specifically, if 1 positive coulomb of charge (in moving in the ~ 
to + direction) absorbs 1 joule of energy (from some outside source) it 
has experienced a rise of 1 volt in potential.^ 

It follows from the law of the conservation of energy that a charge 
which has been raised in potential can in turn deliver or release energy 
upon returning to its starting point. The precise form in which this 
release energy will appear depends upon the nature of the return circuit. 
This return circuit may be so fashioned that the delivered energy will 
appear as heat, light, mechanical or chemical energy. 

If 1 positive coulomb of charge releases 1 joule of energy (in moving in 
the + to — direction) it falls 1 volt in potential. 

With proper rearrangement and interpretation of ecpiation (2), we 
obtain two of the most fundamental equations of electrical engineering, 
namely. 

Generated energy = EQ (where Q acquires energy) (4) 

Released energy = VQ (where Q releases energy) (5) 

In this connection, E is the generated voltage rise between two points as, 
for example, between the — terminal and the + terminal of an electrical 
generator. (See Fig. 2.) F is the dissipated voltage drop between two 
points as, for example, the terminals of the device which receives 
electrical energy and converts this energy into the desired form. 

* It will be shown later that in metallic circuits only electrons or (negative charges) 
actually move, whereas in electrolytic circuits and in gas tubes both positive and 
negative charges move. In order to avoid confusion, we normally deal only with the 
positive charge equivalent of all the charge movements that are present in a given 
situation. It should be plain that negative charge in going from — to -h will do 
precisely what a positive charge dcxjs in going from + to — .If, then, by convention, 
we employ only the positive charge equivalent of all charge movements, we can indi¬ 
cate polarities on a circuit diagram without the uncertainties which would inevitably 
follow if both types of charge movements were depicted on the same diagram. 
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Example. An electric motor is a. device for transforming electrical energy 
into mechanical energy. For the case shown in fig. 2, the motor delivers 
14,752 Ib-ft of mechanical work as a result of +100 coulombs passing in the 
+ to — direction through the motor windings. 

Let it be required to find the potential difference between the terminals of 
the motor. 

In order to use equation (5) in mks units, we convert the pound-feet of 
released electrical energy to joules: 


(No. of) joules = (No. of) X 
Then 


joules 

w 


joules 

coulombs 


20,000 

100 


= 200 volts 


14,752 X 1.356 = 20,000 


(potential difference) 


In saying that the energy released by the electrical charge all appears at the 
shaft of the motor, we have neglected certain small energy losses within the 


+ Q=IOO coulombs 



Fig. 2. Elementary example of energy transformation. 


motor like the heat energy which appears in both the copper windings and 
in the bearings. These heat losses are relatively small in a good motor and 
are incidental to the transformation of energy which is desired, namely, the 
transformation from electrical energy to mechanical energy. 

5. Sources of Voltage Rise. Until practical sources of potential 
difference like batteries, generators and thermocouples have been de¬ 
scribed, the reader is asked to accept the fact that these devices function 
in a manner to maintain potential differences across their terminals. 
As such they function like electric pumps which circulate positive charge 
in a direction from — to + through the pump when the terminals are 
closed through an external dissipative circuit which permits the cir¬ 
culation of charge. 

Sources of this kind are called sources of electromotive force, abbrevi¬ 
ated emf. 

6. Current (/). The time rate of change of electrical charge across 
a specified cross-sectional area is called the electrical current througji 
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this area. As applied to an ordinary circuit, the movement of charge is 
confined to well-defined paths by the conductors used to make up the 
circuit, and we speak of the current in the circuit. Unless the current 
density within the conductors themselves is of importance, the actual 
cross-sectional area of the conductors is of little theoretical importance. 

The current in a circuit is defined as 


I = 


9 

t 


or 


dq 

dt 


( 6 ) 


where the lower-case letters indicate that, in general, q (and hence i) 
may vary from instant to instant, in which case instantaneous values 
of charge and current must be considered. 

For the present, it will be assumed that the charge passes a specified 
point (or cross-sectional area) of the (iircuit in one direction at a uniform 
rate. In this case, equation (6) becomes 


^ _ Q 
AT~ T 


( 7 ) 


where the same increment of charge (AQ) passes a specified point (at 
which the current is defined) during each increment of time, AT. Thus 
the symbol / represents a steady current (one which does not vary with 
time) and as such is called a direct current. The symbol i is usually 
employed to denote a time-varying current. 

! Units. The customary unit of current employed in practice is the 
coulomb per second which for convenience is called an ampere."^ The 
ampere is the primary unit of current in the mks system. 

Where small values of current are involved, secondary units like the 
milliampere and the microampere are sometimes employed in specifying 
the magnitude of a particular current. A milliampere is Kooo of an ampere, 
and a microampere is 1/10^ of an ampere. (See page 9.) It should be 
recognized that in general secondary units of this kind cannot be used 
in theoretically derived equations unless appropriate numerical co¬ 
efficients are included to account for the secondary units. 

Example. If the 100 coulombs referred to in P"ig. 2 pass any point in the 
series circuit during a 5-sec interval, the current in the series circuit is 100/5 
or 20 amp. 

* Another unit of current which is sometimes encountered in theoretical derivations 
is the abampere. The abampere is a unit of current which is ten times larger than 
the ampere. 
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7. Power (P). Since the power involved in any energy transformation 
is the time rate of energy transformation, electric power is simply 


P 


W 

T 


dw 




( 8 ) 


where the lower-case letters indicate that, in general, w (and hence p) 
might vary from instant to instant, in which case instantaneous values 
of energy transformation and power would have to be considered. 

For the present, it will be assumed that the same increment of energy 
transformation (ATF)^ takes place during each increment of time (AT) 
which is being considered. In this case the power is simply 


AW W 
AT ~ T 


( 9 ) 


where W is the energy transformed in time T. It follows from equations 
(4) and (5) that 


Pgen. = generated power = 


E AQ 
AT 


= El 


Prei. = released power = 


( 10 ) 

( 11 ) 


where, if E (or V) is in volts and I is in amperes, P is given in watts. 
For Pgen. to be positive, +/ must flow in the +E direction (— to + 
direction). 

For Prei. to be positive, +/ must flow in the +V direction (+ to — 
direction). 

Units. The watt represents a time rate of energy transformation of 
1 joule/sec. It is the primary unit of power in the inks system of units. 
A secondary unit of power which is widely used in practice is the kilo¬ 
watt, abbreviated kw. The prefix kilo indicates that the kilowatt is 
equivalent to 1000 watts. 

One watt of power developed over a period of 1 sec represents 1 joule 
of energy. For this reason a joule is sometimes referred to as a watt- 
second. One killowatt of power developed over a period of 1 hr represents 
1 kwhr of energy. 

Example. The energy transformation indicated in Fig. 2 amounts to 20,000 
joules. If this transformation takes place in 5 sec, the rate of energy trans¬ 
formation or power is 20,000/5 joules/sec or 4000 watts. This same result 
might have been determined from the product of the voltage (200 v) and 
the current (20 amp) in accordance with equation (11). 
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8 . Energy and Power in Electrical Circuits. In the circuit arrangement 
shown in Fig. 3, several important relationships are deducible from 
equations (4) and (5). The voltage rise from e to a through the generator 
(the source of emf) is symbolized as Eea, and the voltage drops across 
the various dissipative elements are symbolized by F’s with appro¬ 
priate subscripts. The -f- and — symbols used in connection with the 
circuit elements of Fig. 3 indicate the higher and lower potential termi¬ 
nals respectively of the circuit elements. 

If the generator raises Qea coulombs from — to -f in time T, it supplies 
the electrical circuit with EeaQea joules of energy (in time T) or with 
Eealea watts of powcr throughout this period. At least EeaQea joules 



Fig. 3. Electrical network. 

of energy must be used to drive the generator, and this is represented 
by the EeaQea arrow entering the generator, presumably from some 
prime mover. 

Since Qea (= ^eaT) coulombs of charge drop through a potential 
difference of Vah in passing through dissipative element 1, VahQea joules 
of energy are converted from electrical form to some other form, and 
hence this amount of energy is shown as leaving the electrical circuit by 
the VahQea arrow. {Qah = Qea-) The energy leaving the circuit at element 
1 would, for example, take the form of heat and light if element 1 is an 
ordinary incandescent lamp; take the form of mechanical energy if the 
element is an electric motor; or take the form of chemical energy if the 
element is a storage battery undergoing a charging process. 

Similar explanations might be given for the other arrows pointing out 
from the electrical network. 
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Applying the principle of the conservation of energy to the netwwk ^ 
shown in Fig. 3, one may write 

(Vab + Vde)Qea + V bdQbd + (V be + Vcd)Qbc = EgaQea (12) 

(energy transformed by dissipative elements) = (energy supplied) 

A corresponding power equation may be obtained by dividing equation 
(12) through by time T. Thus 

{Vab + Vde)Iea + VbdHd + (F^c + Vcd)Ibc = Eeaha (13) 

(power transformed by dissipative elements) = (power supplied) 

The potential difference between any two points is the same regardless 
of the path traversed in going from one point to the other. Hence the 
voltage drop across element 2 (of Fig. 3) is the same as the voltage drop 
across the series combination of elements 3 and 4. We may write this 
physical fact in the form of an equation as 

V bd = Fbc + V cd (14) 

where the subscripts which are employed indicate the points in the 
circuit which are being considered. 

Since electric charge docs not accumulate at a point (or cross-sectional 
area) as a result of current flow, the current leaving junction h in Fig. 3 
must equal the current coming into this junction. Thus 

Ibd + Ihc = lea (15) 

With the aid of the relationships stated in equations (14) and (15), 
equation (13) may be written in the form 

(Fa6 + Vbd + Fdc)^ca = Eea^ea (16) 

Equation (16) indicates that the sum of the voltage drops around the 
closed loop abdea in Fig, 3, {Vab + Ffcd + Fdc), is equal to the voltage 
rise in this loop, Eca] a fact which will be elaborated upon in the following 
section. 

9. Kirchhoff’s Laws. The two guiding principles of circuit analysis 
are 

(1) Kirchhoffs Current Law. The sum of the currents directed away 
from a junction is equal to the sum of the currents directed toward the 
junction. 

(2) Kirchhoffs Emf Law. The sum of the voltage drops around any 
closed loop of a network equals the sum of the voltage rises around this 
loop. 

The current law follows directly from the fact that electric charge 
does not accumulate at a point (or cross-sectional area) as a result of 
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cujfent flow. An example of the application of this law to a circuit 
junction is given in equation (15). 

The emf or voltage law follows directly from the fact that the po¬ 
tential of any point in the circuit is a fixed or single-valued quantity at 
any instant of^ time. In tracing completely around any closed loop 
(starting at any point and ending at this same point) as much potential 
drop will be encountered as potential rise] otherwise the starting side 
of the point would be at a difference of potential with respect to the ter¬ 
minating side. A potential or voltage drop is encountered in going from 
+ to —, and a voltage rise^ is encountered in going from — to +. 

The voltage law as applied to any particular loop in a network may 
be written in equational form in several diffei‘ent ways, all of which are 
equivalent. In the interest of systematizing the simultaneous voltage 
equations which will be encountered later, it is suggested that voltage 
equations be written in the following manner: 

(1) Select the — to + direction through the emf source as the positive 
tracing direction around the loop. (If more than one emf source is 
present in the loop, use the one having the greatest voltage rise in 
deciding upon the positive tracing direction.) 

(2) Write down the algebraic sum of the potential differences which 
exist across the dissipative elements of the loop; these potential differ¬ 
ences being classed as positive if the positive tracing direction traces 
them in the + to — direction, negative if the positive tracing direction 
traces them in the — to + direction. 

(3) Equate the algebraic sum of the above dissipative voltages to the 
algebraic sum of the emf^s which are encountered in tracing the loop; 
an emf being classed as positive if the positive tracing direction traces 
the emf from — 40 +, negative if the positive tracing direction traces 
the emf from + to —. 

Application of the voltage law to loop eahde of Fig. 3 yields 

yab + Vbd -y Vde = Eea . (17) 

since voltage drops (+ to —) are encountered in going from a to b, from 
b to dj and from d to e. A voltage rise (— to +) is encountered in going 
from e to a. 

Application of the voltage law to loop bcdb yields 

Vbc -y Vcd — Vdb = 0 (18) 

In this case the right-hand side of the equation is zero since no emf 
source exists in the bcdb loop. The potential difference across element 
2 (Vdb) is classed as negative on the left-hand side of equation (18) since 
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the positive tracing direction traces this potential difference in the — to 
+ direction. / 

Application of the voltage law to loop abcdea of Fig. 3 yields 

Vab + Vtc + Vcd + Vde = Eea (19) 

m 

Example. The networl^ shown in Fig. 4 contains two generators, A and R, 
and dissipative elements 1, 2, and 3. The information known about the net¬ 
work is shown on the diagram and it is required to find 

Ea Eea Ib — leb Vbr 
Application of the current law to junction b indicates that 

lab + leb = h( fiom wluch /eft = 6 — 2 = 4 amp 



Iab=2amp e Ibc=6amp 


I Vce* 100 volts 


Fig. 4. See Example. 


Application of the voltage law to loop eahe yields 

Vab = Ea -- Eb from which F i = 5 + 220 = 225 volts 
If the voltage law is applied to loop c6ce, it is found that 

Vbc + Vce = Eb from which Vhc = 220 — 100 = 120 volts 


10. Circuit Directions. Problems like the one given above occur 
frequently in engineering practice. They can be solved very simply if 
the proper distinction is made between voltage rises and voltage drops. 
After a little practice, the double subscript notation used in Figs. 3 and 
4 may be dispensed with, and singly subscripted currents with an assigned 
arrow direction can be used in most cases advantageously. The arrow 
direction of the current then defines the polarity of the voltage drop 
through dissipative elements in the arrow direction as being from + to —. 

The polarities of the generators must be known and, if the current 
flows from — to + through a generator, the generator is delivering EQ 
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eiiprgy or El power to the electrical system. In case the current is 
actually flowing from + to — through a generator (or battery), the 
device is actually receiving power from the electrical system to the 
extent of EL This power must of course come from some other generator 
in the system. 

Example 1. In the case shown in Fig. 4, let 7a6 = I a and = I b- The 
power delivered to the system by generators A and B are 

Pa — EaIa = 225 X 2 = 450 watts 

Pb = EbIb = 220 X 4 = 880 watts 

The total dissipative power is 

ViIa + V2{Ia + Jb) + V^{1a + 7a) = (5X2) + (120 X 6) 

+ (100 X 6) = 1330 watts 

If a 1-hr period of time is considered, the energy delivered to the system by 
both generators is 

{Pa + Pb)T = 1330 X 3600 = 4,788,000 watt-sec or joules 

= 1.33 kwhr 

Example 2. In the circuit shown in Fig. 5 Ea is S volts and is 6 volts 
with polarities of the voltage rises as specified by the — and + signs. Obvi¬ 
ously, there is a single branch current, 7, in this case if switch S is open and 
this current flows in the indicated arrow direction since Ea > Eb- It is there¬ 
fore natural to choose the clockwise (or +7) direction around the current- 
carrying loop as the positive tracing direction when equations (10) and (11) 
are used to find the power distribution of the system. 

Applying equation (10) to generator A, we find 

Pgen. = P>i7.= 8 X 10 = 80 watts (power delivered to the system) 

It will be observed that both Ea and 7 are entered into the above equation as 
positive quantities because the +F (or — to +) direction and the +7 direc¬ 
tion both agree with our arbitrarily selected clockwise tracing direction. 
Applying Kirchhoff's emf law to the loop, w^e find 

Vab = Ea — Eb or = 8 — 6 = 2 volts 

Applying equation (11) to the dissipative element a6, we find 

Prei. = VabI = 2 X 10 = 20 watts (power absorbed by element ah) 

Since both the positive direction of Vab{+ to —) and the direction of +7 
coincide with the positive tracing direction, they are entered into the equation 
as positive quantities, and the result is positive released power as, of course, 
it must be if element ah is not a generator. 
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Applying equation (10) to generator B, we find 
Pgen. = —EbI = ~6 X 10 = —60 watts (power generated by generator B) 

Since the positive tracing direction (clockwise in this case) is opposed to the 
positive direction of voltage rise, a minus sign is used in connection with Eb 
and the result is a negative generated power. This negative generated power 



Fig. 5. See Example 2. 


represents electrical power which is absorbed by generator B since generator B 
is functioning as a negative generator. If B is an electromagnetic generator it is 
necessarily connected mechanically to a prime mover and the power absorbed 
by generator B is delivered to this prime mover in the form of mechanical 
power. If R is a storage battery, it undergoes a charging process in which 
the power absorbed by B effects chemical changes at the plates of the battery. 

The power distribution of the system may be written as 

Pgen. — Pa gen. “I” gen. ~ P rel. 

= 80 + (-60) = 20 watts 

11. Electrical System of an Automobile. The electrical system of an 
automobile, considerably simplified for our purposes, is shown in Fig. 6. 
The diagram is more or less self-explanatory, G being the generator, B 
the storage battery, S the starter, L the lights, and 1) the distributor. 
The necessary make-and-break mechanism for the low-voltage winding 
of the ignition coil is not shown. 

The reason for groundmg the positive terminal of the battery (and 
hence of the generator) is that the positive terminal corrodes the con¬ 
necting wire somewhat more than does the negative terminal. Since 
the ground strap is shorter and easier to replace than the cable con¬ 
nection to the starter, the replacement cost of the ground strap is less. 
It will be observed that all the points of the low-voltajge system are 
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either at chassis potential or lower (that is, negative relative to the 
chassis) if the + terminal of the battery is connected to the chassis as 
shown in Fig. 6. The potential difference distributed to the spark plugs 
is relatively great in magnitude (in the order of 10,000 volts) and is 
of an oscillatory nature. This potential difference is of no importance 
to the present discussion, which is concerned only with the low-voltage 
d-c system of the automobile. 

The starter S is an electrical motor which, when the starter switch is 
closed, takes a relatively large current from the battery. The connecting 
cables from the battery to the starter must be of large cross-sectional 
area in order to reduce to practical limits the heat losses that occur in 



Chassis of automobile 

Fig. 6. Electrical system of an automobile (simplified). 


all current-carrying wires. As the following example will show, the 
magnitude of the starter current is in the order of 100 amp on the average 
but it may in certain cases be as great as 400 or 500 amp. 

It will be observed from the diagram shown in Fig. 6 that the starter 
current does not flow through the ammeter, which is employed pri¬ 
marily to inform the operator whether the battery is charging or dis¬ 
charging during normal operation. If current (+/) flows in the -\-Eb 
direction (that is, from - to -f through the battery) the battery is 
supplying energy to the system and the ammeter reads discharge. If, 
however, Eq is greater in magnitude than Eb the battery receives -\-I 
in the -Eb direction (that is, from -|- to -) and the ammeter reads 
charge. A reverse-current relay is placed in the generator-battery circuit 
so that the battery cannot deliver current to the generator for obvious 
reasons. Although the details of this relay are not shown in Fig. 6, the 
operation of the relay is such that it functions as a switch to keep the 
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generator-battery circuit open unless Eg is greater in magnitude than 
Eb- When Eg is greater in magnitude than Esy +/ can flow in the 
counterclockwise direction around the generator-battery loop as in¬ 
dicated, and in this case the battery undergoes a charging process and 
the generator supplies power to the lights and ignition system. 

Although the above description of the circuit arrangement shown in 
Fig. 6 is wholly qualitative in nature, it nevertheless is representative 
of one very important phase of an electrical engineer's daily work. That 
is: (a) given a circuit diagram of any electrical system, (b) find the 
power distribution (qualitatively) from a careful study of the potential 
distribution. Or, more concisely, given the circuit diagram, find how the 
system works. 

Example. Let it be required to estimate the magnitude of the starting 
current in Fig. 6 from the following assumed data: 

1 . The starter power output is 420 watts. (See estimate below.) 

2 . The efficiency of the starter motor is 70 per cent. 

3. The terminal voltage of the starter, which on open circuit is about 6 
volts, drops to about 5 volts when the starter swdtch is closed as a result of 
internal losses in the battery caused by the large starting current. 

The starter input power is 

600 watts 


120 amp 


P.n = 


420 

0.70 


The starter current is 


i^.= 


600 


The power output of the starter is estimated on the following basis: In manual 
starting where a man exerts 50 lb force (assumed constant) at a 1-ft radius 
and spins the crank at the rate of 1 rps his power output is 


27r X 1 X 50 X 1.356 



426 joules/sec or watts 


where the factor 1.356 converts the pound-feet (314 in this case) to joules. 
This rough estimate is rounded to 420 watts in the above example. 


PROBLEMS 

1. (a) What is the potential energy of mass m in Fig. 1, page 48, at the 1 position 
relative to the earth’s surface if w = 50 kg and hi — 10 in? 

(6) What is the gravitational potential of mass m if the earth’s surface is reckoned 
as the zero potential plane? 

Note: Since there is no accepted name for the mks unit of gravitational potential, 
express units in joules per kilogram. 
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2. An electrical generator, in transferring 2000 coulombs of positive charge from 
its negative terminal to its positive terminal (at a uniform time rate of transfer), 
requires a total energy input from its prime mover of 1 kwhr. If the generator is 90 
per cent efficient, what is the potential of the positive terminal relative to the 
negative terminal during the period of time in which this transfer of charge takes 
place? 

3. It will be assumed that the force experienced per positive coulomb of test 
charge in the A to R region shown in Fig. 7 may be expressed accurately enough for 
our purposes as 

/ = (80 — 20x) newtons 0 < x < 2 m 

where x is measured in meters, the origin of x being at the A position as indicated in 
Fig. 7. Note that this equation is qualified in such a manner that it is not to be used 
for X less than zero or for x greater than 2 m. Wliat is the potential of point A relative 
to the potential of point R? 

4. What is the absolute electrical potential (in volts) of a point which is 10“® m 
from the center of a helium nucleus, assuming that the nucleus is a uniformly charged 

Test charge 

* V. B 

- ^.1 > - 

I i 

x=0 x=2 meters 

Fig. 7. See Prob. 3. 

sphere of m in diameter and that the nucleus is the only charge in the universe? 
A free space medium where €r = 1 is assumed. A ns. 0.288 volt. 

This problem may be solved on an approximate basis similar to that shown 
on page 20 if, at this stage of his mathematical studies, the student does not ap¬ 
preciate the full significance of 



For all practical purposes, the universe in this particular case might be a sphere of 
about 0.1 mm (or even 0.01 mm) radius which encloses the nucleus since the force per 
positive coulomb of test charge turns out to be / = (28.8 X 10~^”)/x^ newtons 
where x, the distance from the center of the nucleus, is expressed in meters. 

5. What is the energy (or work) equivalent of 100 coulombs of positive charge 
falling through a potential drop of 135.6 volts expressed in pound-feet? 

(No.of)lb-ft 

. , = 0.7376 

joule 

6. In a vacuum tube like that shown in Fig. 8, electrons are emitted at the cathode 
(as a result of heating the cathode by an electrical heater which is not shown). Once 
free from the cathode, the electrons are attracted to the positively charged plate, 
acquiring high velocities by the time they reach the plate. Upon striking the plate, 
the electrons give up their kinetic energy to the plate in the form of heat. 
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How many gram-calories of heat are developed at the plate of the tube as a result 
of the passage of 12.5 X 10^® electrons if the potential difference between the plate 
and the cathode is maintained at 200 volts as shown in Fig. 8? 

,0.2388 

joule 

7. How many seconds are required to accomplish the work in Prob. 5 if the current 
is 10 amp? 

8. (a) What is the magnitude of the current passing through the tube (in amperes) 
and the amount of power dissipated at the plate of the tube (in watts) in Prob. 6 if the 
12.5 X 10^*^ electrons pass through the tube at a uniform time rate in 100 sec? 

(6) What power is dissipated in element 1 of Fig. 8 throughout this period? 

9. What is the direction of the positive current equivalent of the electron flow in the 
series loop shown in Fig. 8, clockwise or counterclockwise? 



Fig. 8. See Probs. 6, 8, and 9. 


10. The charge which passes the cross section of a conductor is known to oscillate 
back and forth across this cross section in such a manner that the charge at the cross 
section at any time can be expressed in equation form as 

q = 0.2 sin (3770 coulomb 

where t ime i is expressed in seconds, in w^hich case 377< is in radians. 

(a) What is the magnitude of the current at ^ = 0; at t = sec; and 
at t = ^20 SGc? 

{b) Why is it that maximum current occurs when — 0, and that zero current 
occurs when q is at its maximum value? 

11. The current in a particular circuit is known to follow a sinusoidal time varia¬ 
tion which can be written in equation form as 

i = Im sin (at amp 

and the voltage drop across a dissipative element in this circuit is known to be 


V ^ Vm sin (at volts 
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where Im and Vm are the maximum values of the sinusoidal variations, and « is the 
angular frequency of the variations expressed in radians per second. (In expressions 
like Im sin t is expressed in seconds, in which case cot becomes angular measure in 
radians.) 

Find the power dissipated in the circuit element at f = 0.0125 sec and at 
t = 0.025 sec, if /m = 10 amp, Vm - 150 volts, and co = 62.8 radians/sec.*.^ 


Vob ^ Vm 

b r 


-r + 1- 




Vbc U 


y T 


Fig. 9. See Prob. 12. 



12. In Fig. 9, the three emf’s are Ei — 100, E 2 — 200, and Ez = 400 volts. The 
elements ah, he, and hd are dissipative circuit elements. If Fftc = 150 volts, find the 
magnitude and polarity of Vah] of Vdb- 

13. (a) What is the power delivered by the generator Ea of Fig. 10? 

(6) Is the battery Eb delivering or absorbing power and to what extent? 

(c) What power is absorbed by the dissipative elements 1 and 2? 

“-EZ3- \ 


lOvolts ^ volts-- 


d 


2 volts 


-r 


1+,,. 

j 


c 


Fig. 11. See Prob. 14. 


14. What is the potential difference between points a and h of Fig. 11 and between 
points d and 5? Determine the latter by way of the dab path and by way of the dch 
path. 

15. (a) In Fig. 12, what are the potentials (or voltages) of the following points 
relative to ground potential: point g, point k, and point p? 

(h) What is the potential rise from kU) g? 

(c) What is the potential difference between points p and k, and which is at the 
higher potential? 
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16. If in Fig. 13, emfi *110 volts, emf 2 = 130 volts, Feb * 30 volts, Idch 10 , 
amp, and I dob 5 amp; find Pini, Pin 2 , Pouti, Pout 2 i and Pouts* 



Fig. 12. See Prob. 15. 



d 


Fig. 13. See Prob. 16. 

17. In Fig. 14, the single emf shown develops a voltage rise of 10 volts, namely, 
Eda = 10 volts. I ah = 1 amp, lac =* 2 amp and Vab = Vac = 4 volts. A, J5, C, D, and 
E are dissipative elements. 

Find Pin, Pa, Pb, Pc, Pd, and Pb in watts. 
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18. In Fig. 15-a are shown three switches (1, 2, and 3), all in their a positions, and 
in Fig. 15-b are shown the same three switches in their b positions. [The lamp is 
plainly energized with all the switches in the a position (as in Fig. 15-a) and de¬ 
energized with all the switches in the h position (as in Fig. 15-b)]. 



Fig. 15. See Prob. 18. 

(а) Show that the lamp is de-energized by switching any one of the three switches 
from the a position (in Fig. 15-a) to the h position. 

(б) Show that the lamp is energized by switching any one of the three switches 
from the h position (in Fig. 15-b) to the a position. 

(c) Draw a circuit diagram whereby a lamp can be either energized or de-energized 
from any one of four different places or switching positions. 
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Electrical Resistance and Resistivity 


1. Preliminary Considerations. If a potential difference V is applied 
to the end faces of a piece of material as shown in Fig. 1, the magnitude 
of the .current that will flow through the material will depend upon several 
factors: 

(1) The length of the conductor, L 

(2) The cross-sectional area of the conductor, A. 

(3) The molecular structure of the material. 

(4) The temperature of the material. 

(5) The potential difference between the end faces, F. 

If the material is metal, for example, the current will be roughly 10^® 
times greater than if the material is glass (operating at room temper- 


conductor 



ature), if the other factors are about the same in the two cases. The 
nuclei of metallic atoms hold their outermost orbital electrons so loosely 
that these electrons drift toward the positive end of the rod in Fig. 1. 
The negative charge which moves from — to + through the metal is 
precisely equivalent to a corresponding positive charge moving in the 
+ to — direction. 

The equivalent +/ as shown in Fig. 1 is usually employed in circuit 
analysis even though the actual transportation of charge in metallic 
conductors is the result of electron (or negative charge) movement. In 
some conductors, positive and negative charges move in opposite direc¬ 
tions to produce a resultant current which can be accounted for in terms 

69 
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of positive charge movements (dqi^/dC) and negative charge movements 
(dqiT/di) as follows: 

resultant I = (from + to —) + (from — to +) (1) 

dt dt 

The dq/dfs written above refer to time rates of change of electric charge 
across a specified cross-sectional area like A in Fig. 1. 

Even though the two components of the resultant current in equation 
(1) actually exist in some types of conductors, the negative charge com¬ 
ponent dq 2 '~/dt (from — to +) is usually replaced by its equivalent 
dq^/dt (from -f to —) to obtain an equivalent positive current. In 
equation form, 

equivalent +7 = —h (from + to —) 

\ dt dt f 

= ■ (from + to —) (2) 

dt 


Since the use of the equivalent +7 simplifies the concept of current flow, 
it is widely used in circuit analysis. 

2. The Electric Intensity Vector 6. Conduction phenomena can 
usually be stated more clearly and concisely in terms of the space rate 
of change of potential drop {dV/d\) than in terms of potential drop V 
itself. In Chapter III it was shown that 

^ energy ^ W 

charge Q ^ ^ 

The differential potential drop between two points d\ distance apart is 
therefore 

dW f • dl 

dV = 

Q Q 

It follows that \ 

^^1 =i = 8 

d^ Jinax. Q 



where f is the force acting on charge Q and 1 is the displacement through 
which the force acts. The subscript ‘‘max.’' is simply a reminder that 
the direction of the displacement, 1, must be so chosen that the maximum 
space rate of change of potential drop is encountered. 

Equation (4) defines the electric vector 6 at any point both as the 
maximum space rate of change of potential drop at that point and as 
the electric force per unit charge at that point. For the present we shall 
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be chiefly interested in the latter definition si^ice it has a special sig¬ 
nificance as applied to the movement of electric charge. (In Chapter VII, 
the electric vector, S, sometimes called the electric intensity vector, will 
be considered in more detail.) 

In applying equation (4) to Fig. 1, we note that 1 is measured along 
a straight line running from the + end of the conductor to the — end. 
If, for example, the rod is 5 m long and the potential drop from the + 
end to the — end is 0.20 volt, the maximum space rate of change of 
potential drop along the conductor is 

6 = ^1 = ^ = 0.04 volt/m 

dl Jmax. ^ 


since a uniform medium is assumed to exist between the two end faces 
of the conductor. In this case the electric vector & is directed along the 
axial length of the conductor as shown in Fig. 1. 


If a charge carrier is present in a region where = — exists, 

dl Jmax. 


the charge carrier will have an electrical force developed upon it in 
accordance with equation (4). If the carrier is positively charged, the 
electrical force tends to move the carrier in the +& direction; if the 
carrier is negatively charged, the electrical force tends to move the 
carrier in the —8 direction. (See Fig. 1.) Whether or not the charge 
carriers actually migrate along the axial length of the conductor depends 
upon the atomic structure of the material. 


Example. Consider an electron in the region between two flat parallel 
plates which are separated from one another by a distance of 2 cm and which are 
maintained at a potential difference of 200 volts. 

The electron (Qe = —1.6 X 10“^® coulomb) will have a force exerted on 
it of 

200 

f = &Qe = X 1.6 X 10“^® = 1.6 X 10“^® newton 


This force is directed from — to that is, in the —6 direction. 

If the electron is wholly unrestrained, it will experience an acceleration of 

/ ^ 1.6 X 10-^^ 

^ me 9.1 X 10-®^ 


= 1.76 X 10^® m/sec^ 


dVl 

Whereas the maximum space rate of change oi potential drop, — , 

^ dl Jmax. 

is by definition the electric vector &, the potential gradient is by definition 


the maximum space rate of change oi potential rise 


lalnse, — 
dljn 


Except 
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where the direction of voltage drop is to be distinguished from the 
direction of voltage rise, potential gradient signifies the same thing as 
does the electric vector S. That is, 


dEl 

potential gradient = — = S 

^1 Jmax. 


(4-a) 


3. Insulators. Some materials, under normal working conditions, 
permit an inappreciable amount of electric charge to pass through them. 
These materials are called insulating materials. Some of the more 
common insulators are 


Glass Rubber Paper 

Mica Ebonite Bakelite 

Polystyrene Cloth Asbestos 

Air, under normal conditions, is a good insulator, as is distilled water. 
Certain grades of oil also have excellent insulating properties. 

With the aid of insulators, electric currents can be confined almost 
exclusively to the specified paths which we call circuits. The molecules 
(or groups of molecules) in insulating materials hold the orbital electrons 
so rigidly that movement of charge within these materials can be 
effected only with very high potential gradients. Any material, however, 
can be broken down or punctured if subjected to sufficiently high po¬ 
tential gradients. The breakdown (or dielectric) strengths of a few 
materials are shown below. Since the actual value of potential gradient 
at which a material breaks down depends to a large measure upon the 
test conditions actually employed, the figures given should be accepted 
as approximate representative values applying to relatively thin speci¬ 
mens of the material. 


Material 

Air (atm. pr., 0°C) 
Asbestos paper 
Wood (maple) 

Paper 

Oil (insulating) 

Mica 

Bakelite (Micarta-213) 
Cloth (empire) 

Rubber (hard) 


Dielectric Strength 
(volts per millimeter) 
3,000 
4,200 
4,600 
8,700 
15,000 
25,000 
31,000 
48,000 
70,000 


If the surface of an otherwise good insulator becomes dirty, moist, 
or oxided a great deal more current is likely to flow over the surface than 
through the body of the material. Some materials which, under normal 
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operating conditions, are good insulators may, under abnormal con¬ 
ditions, become fairly good conductors. If, for example, air is broken 
down by a potential gradient which exceeds its dielectrip strength an 
arc is formed which is a relatively good conductor. Certain grades of 
glass rod which under normal conditions are good insulators will, if 
heated to a dull red, become fairly good conductors. 

No sharp distinction can be made between insulators and conductors 
because in certain applications a specified element may be a better con¬ 
ductor than is required whereas the same element in another application 
may be a better insulator than is required. 

4. Conduction Processes. The electrical engineer is primarily con¬ 
cerned with the transportation of electric charge through 

(1) Ionized solutions (like salt and acid solutions). 

(2) Vacuum tubes (glass or metal envelopes evacuated except for 
charge carriers). 

(3) Carbon, mercury, and solid metals. 

Electrolytic Conduction, A water solution of NaCl (common salt) will, 
if subjected to a potential difference as shown in Fig. 2, conduct electric 
charge because charge carriers which are 
free to move are present in the solution. A 
molecule of NaCl in the presence of water 
will separate into ionized atoms, Na"^ and 
Cl"“. The symbol Na"*" indicates that the 
sodium atom is positively charged, and the 
symbol CP indicates that the chlorine atom 
is negatively charged. As a result of the 
separation of NaCl in the presence of water, 
the sodium atom loses its one M-energy- 
level electron which the chlorine atom ac¬ 
quires. (See Appendix C.) The sodium atom is left with a net positive 
charge of 1.6 X coulomb, and the chlorine atom has a net nega¬ 
tive charge of 1.6 X 10""^^ coulomb. The + ions (Na"^) move in the 
+ & direction, and the — ions move in the direction. These move¬ 
ments of charge result in an equivalent +/ which flows counterclock¬ 
wise around the circuit shown in Fig. 2. See equations (1) and (2). 

Since the charge carriers in the solution are atomic in size, they cannot 
pass through the metal electrodes or metallic wires which connect the 
battery (E) to the ionized solution. Each positive ion (Na"^) upon arriv¬ 
ing at the negative electrode extracts an electron from the metallic 
circuit and in so doing becomes a normal or un-ionized sodium atom. 
Each negative ion (CP) upon arriving at the positive electrode gives 


+1 - 


—- 


Fig. 2. Electrolytic conduc¬ 
tion. 
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up one electron and becomes a normal chlorine atom. Thus particles, 
atomic in size, transport the charge through the electrolyte, and the 
current throughout the series circuit is rendered continuous. 

Electron Current in a Vacuum Tube. If two electrodes are placed in an 
evacuated envelope as shown in Fig. 3, and the cathode heated to a 
sufficiently high temperature, electrons will be emitted from the cathode. 
These electrons are attracted by the positive plate and travel from the 
negative cathode to the positive plate, thus constituting a flow of current 
through the tube. 

If the envelope were perfectly evacuated, no positive charge carriers 
would be present, and the entire conduction process between the 


Conventional 
direction of +I 



Fig. 3. Illustrating conduction in a high-vacuum tube with electrons as charge 

carriers. 

electrodes would be accounted for in terms of the electrons which move 
from cathode to plate. This type of conduction is essentially that which 
takes place in a high-vacuum tube although some few positive charge 
carriers are present because perfect evacuation cannot be obtained in 
practice. Even though the entire conduction process in a vacuum tube 
is accomplished by electron movement, it is customary to account for 
this movement in terms of an equivalent +/ as shown in Fig. 3. 

In Fig. 2, current will flow through the ionized solution regardless of 
which electrode is connected to the positive terminal of the batteiy E. 
In Fig. 3, a current will flow only if the plate is made positive relative 
to the heated electrode. The vacuum tube is essentially a unilateral 
conductor of electricity because, if the cold electrode (plate) were 
negative relative to the heated electrode, the emitted electrons would 
tend to return to the heated electrode. 

The current which flows in a vacuum tube (connected as shown in 
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Fig. 3) is not linearly related to the potential difference between the 
electrodes. Because the heated electrode can supply only a limited 
number of emitted electrons, a saturation effect occurs as indicated in 
Fig. 4. As the potential difference V is increased from zero value, the 
current varies roughly as the 1.5 
power of V until saturation 
effects come into play. For 
higher values of F, the increase 
in current is relatively small. 

The tube is therefore a circuit 
element which requires care¬ 
ful consideration in circuit 
analysis. 

Metallic Conduction, In a 
metal, the atoms are usually 
grouped in orderly arrangements 
called crystals. A cross-sectional 
view of a crystalline structure is 
indicated schematically in Fig. 5. If the nuclei are those of sodium, for 
example, each nucleus will be surrounded by two X-energy-level electrons, 

eight L-energy-level electrons, and 
one M-energy-level electron. (See Ap¬ 
pendix C.) Owing to the symmetrical 
arrangement of the nuclei, an M- 
energy-level electron can find itself 
acted upon by four nuclei simulta¬ 
neously as indicated in Fig. 5, The 
result is that this electron is essen¬ 
tially “free” as compared with elec¬ 
trons in the L or A levels. Free 
electrons in a metal wander from one 
atom to another and, because of their 
thermal energy, produce random cur¬ 
rents within the interior of the metal even though no potential differ¬ 
ence is applied to the conductor. This random movement of charge 
results in no useful current because as many electrons in any small 
region of the conductor move in one direction as in the opposite direc¬ 
tion during an increment of time.^ 

^ At any instant, however, a net movement of electrons may exist in one direc¬ 
tion, and at the next instant a net movement may exist in the opposite direction 
giving rise to an alternating current within the conductor. Since this t 3 T>e of move¬ 
ment is purely haphazard in its alternations, the resulting current is known as mi^e 




© 

© 





© 

© 

© 

^© 

Fio. 5. 

Schematic representation 


free electrons (e) in a crystalline 
structure. 



Fig. 4. Illustrating the saturation effect 
in the current of a high-vacuum tube. 
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Reference to Appendix C will show that metals like sodium, potassium, 
and rubidium have only one electron in the outermost energy level. 
These metals (including lithium and cesium) are highly electropositive; 
in other words, they hold the outermost energy-level electron very 
loosely. Cesium is the best conductor known; rubidium, potassium, 
sodium, and lithium follow. These metals are not ordinarily used as 
conductors because they are highly reactive chemically. They oxidize 
and disintegrate in air and react violently with water. Other metals like 
copper, aluminum, tungsten, nickel, and silver are relatively stable and 
are good conductors of electricity. 

Theoretical considerations, supported by some experimental evidence, 
leads us to believe that every atom (or possibly every three or four atoms) 
of a good conductor like copper or aluminum provides one free electron. 
In any conductor of ordinary dimensions, there is an enormously large 
number of free electrons. A cubic centimeter of copper, for example, 
contains about 8.4 X 10^^ atoms of copper and a correspondingly large 
number of free electrons. 

If the conductor shown in Fig. 1 is a metallic conductor, the free 
electrons move along the conductor in the — S direction. The atomic 
nuclei do not enter into the conduction process, and no chemical effects 
result from the movement of the free electrons. No saturation effects of 
the kind shown in Fig. 4 are observed in metallic conduction because of 
the copious supply of free electrons. 

6. Current Density. In dealing with conduction problems, it is often 
more convenient and informative to deal with current per unit cross- 
sectional area than to deal with the total current. Current per unit area 
is called current density, and it is usually symbolized by J. As applied to 
any cross-sectional area like that shown in Fig. 1, 



The relationship between the current density and the volume density of 
charge carriers may be derived quite simply by assuming that the total 
charge Q, in a conductor of AZ length, passes the cross-sectional area A 
in time At, Thus 


J 


/ Q 

A A At 


(Nq) X A X A1 
A A^ 


Nqv 


( 6 ) 


current or simply noise because these effects are of paramount importance in amplify¬ 
ing very weak signals like those generated by microphones and similar sources. Noise 
currents impose a lower limit on the strength of a signal which can be amplified 
because, if the desired signal is not sufficiently greater than the noise signal, the 
output of the amplifier will be unintelligible. 
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where N is the number of charge carriers per unit volume 
q is the charge of each charge carrier 

V is the velocity with which these charge carriers pass the 
cross-sectional area A. 

If both positive and negative charge carriers enter into the conduction 
process, equation (6) may be written as 

J = Niq{^Vi+ + N2q2~'V2~ (7) 

where the 1 subscripts refer to positive charges and the 2 subscripts to 
negative charges. In general V 2 ~~ is directly opposite to Vi"^, so the 
resultant current density is simply the arithmetic sum of the two com¬ 
ponents, and A^ 2 Q' 2 ”V 2 “. In effect N 2 q 2 ~'^ 2 ~ is equivalent to 

N 2 q 2 ^'^ 2 ^ because ^ 2 "” traveling in the V 2 "" direction is equivalent to a 
corresponding positive charge ^ 2 ^ traveling in the opposite direction, 
namely, the V 2 '^ direction. 

Where both types of charge carriers are present like in electrolytes 
and gas tubes, the positive and negative charges usually travel at 
different velocities (vi ^ V 2 ) because of their different masses. The 
charge carriers usually possess charge in the amount of one, two, or 
three electronic charges; therefore in a region of specified potential 
gradient both the positive and negative charge carriers have forces 
developed on them which are of the same order of magnitude. Since the 
positive charge carriers met with in practice are of atomic weight, they 
will be thousands of times more massive than an electron itself, with the 
result that the positive charge carriers will be accelerated much less 
than the electrons. 

Example. Let it be required to calculate the velocity of the electron drift 
[v 2 ~ in equation (7)] in copper if the current density is 1000 amp/sq in., 
assuming that each four atoms of copper contribute one free electron to the 
conduction process. Since = 0, the specified current density is due entirely 
to electron drift. 

r X 1^'' 1 . / 

J =- amp/sq cm N 2 = - electrons/cu cm 

6.45 4 

q 2 ~ = —1.6 X 10“^® coulomb N 2 Q 2 ~ = —3.36 X 10® coulombs/cu cm 

'S'' ^ 

where the minus sign indicates that the electrons are traveling in the —8 
direction, that is, directly opposite to the positive current density direction 
which is in the +& direction. 
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6. Ohm’s Law. In metallic conductors, a straight-line relationship 
exists between the current density (J) and (dV/dl) as indicated in Fig. 
6. For a conductor of uniform cross-sectional area, the experimentally 
determined relationship shown in Fig. 6 may be expressed as 



( 8 ) 


where y is the conductivity of the conductor material 

p = \/y is the resistivity of the conductor material 
F is the voltage drop across I units of length of conductor. 


(Temperature held constant) 


Current 

density 


H/c^c) 



0 Volts/unit length 


Where y is \ 
a constant/ 


^ dV 


dr 


Fig. 6. Linear relationship of J and dV/dl. 


If both sides of equation (8) are multiplied by the cross-sectional area 
of the conductor, A, the equation takes the form 


length (of conductor) R 
area (of conductor) 


(9) 


where R = p{l/A) is called the resistance of the conductor. The unit of 
resistance normally used in practice is the ohm because 


volts 

-= ohms 

amp 


(9-a) 


Equation (9) is usually referred to as Ohm's law because Ohm (about 
1826) discovered this relationship experimentally. This law is very 
useful in elementary circuit analysis, but the student is cautioned 
against using it indiscriminately. Only in resistive circuit elements where 
I and V are related linearly can equation (9) be used directly. 
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7. Resistance and Resistivity. The current I in equation (9) refers 
to the total current across the cross-sectional area A of the conductor. 
For the present, A is assumed to be the same over the entire length of 
the conductor, that is, A is not a function of Z. The voltage drop V in 
equation (9) applies to the total length of conductor Z. The dimensions 
of the conductor are all contained in the resistance factor R of equation 
(9). That is, 

= (10) 

Resistance is a circuit parameter which opposes the flow of current and 
causes a non-reversible transformation of electrical energy to heat 
energy within the conductor. 

The resistivity p is dimensionally 

resistance X area 
length 

as may be seen from equation (10), and it depends for its value upon the 
conductor material and the units employed in expressing resistance, area, 
and length. In practice, p is usually expressed in one of the three follow¬ 
ing ways: 

(1) Ohm-centimeters (or ohms per centimeter cube.) 

(2) Ohm-inches (or ohms per inch cube.) 

(3) Ohms per circular-mil-foot (or ohm-circular-mils per foot). 

By the ohm-centimeter is meant the resistance in ohms of a specimen 
which is 1 sq cm in cross-sectional area and 1 cm in length. This specimen 
is geometrically a cube and, although the term “ohms per centimeter 
cube'^ is dimensionally incorrect, it appears frequently in the literature 
and is generally acceptable. 

If the length of the specimen is 1 ft and the cross-sectional area is 1 
cir mil, p is expressed correctly in ohm-circular-mils per foot, although 
common usage has made the term “ohms per circular-mil-foot^^ accept¬ 
able. A circular mil is the area of a circle one mil (0.001 in.) in diameter. 
It is a convenient unit of area to employ in dealing with wires of circular 
cross section because the area of round wires is simply (Dmiia)^ cir mils. 
Wire tables usually tabulate the area of circular wire in circular mils. 
(See Appendix A.) A graphical explanation of a circular mil is shown 
in Fig. 7. 

Exercise. Show that the number of circular mils per square centimeter is 
1.973 X 10^ 
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Example. As shown in Table I, commercial annealed copper has a resistivity 
of 1.73 X 10“® ohm-sq cm/cm or 1.73 X 10~®ohni/cm cube. The resistivity 
of this copper expressed in ohm-circular-mils per foot (or in ohms per circular- 
mil-foot) is 

p = 1.73 X 10“® X 30.48 X 1.973 X 10^ = 10.4 ohms/cir-mil-ft at 20°C 

since the circular-mil-foot specimen is 30.48 times longer and 1.973 X 10® 
times less in cross-sectional area than the centimeter cube specimen. 

The figure 30.48 X 1.973 X 10® ( = 6.014 X 10®) converts resistivity in 
ohms per centimeter cube to ohms per circular-mil-foot and is useful where 
this type of conversion has to be made. 


Area = D^cir mils 



Fig. 7. Illustrating area cirmiis = (Dmiis)^ 


Exercise. Express the resistivity of the copper described above in microhms. 
per inch cube. (A microhm is one millionth of an ohm.) 

Ans, 0.681 microhms/in. cube. 

8. Resistivities of Various Metals. In Table I are listed the resis¬ 
tivities of several metals and metal alloys. In general, metal alloys have 
resistivities which are considerably greater than the resistivities of the 
pure metals out of which the alloys are formed. Materials having high 
resistivities when made up into the form of wire are called resistance 
wire. Resistance wire is obtained under trade names like Nichrome, 
which is a nickel-chromium alloy, Advance and Constantan, which are 
copper-nickel alloys, and so on. 

Silver has the lowest resistivity of the metals listed in Table I. The 
cost of silver, however, prohibits its use as an electrical conductor except 
in special cases. In ultra-high-frequency wave guides where the current 
is confined largely to a very thin surface layer, silver-plated conductors 
are widely used. In the manufacture of the mass spectographs used in 
connection with the atomic bomb project, tons of silver were used in 
the coils of the electromagnets because the Government had plenty of 
silver in its monetary reserve, whereas copper was a critically short 
material during the war. 
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TABLE I 



Resistivity at 20° C 

Resistivity Tempera- 

Material 

Microhm-cm 
or microhm/ 
cm cube 

Ohms/ 

cir-mil-ft 

ture Coefficient/ 
Degree Centigrade 
at 20°C 

' Silver 

1.63 

9.8 

4-0.0038 

Copper (pure annealed) 

1.69 

10.2 


'"Copper (commercial 




annealed) 

1.73 

i 10.4 

0.00393 

Copper (hard-drawn) 

1.77(6) 

10.6 


Aluminum (commercial) 

2.83 

17.0 

0.0039 

Tungsten (annealed) 

4.37 

26.3 

0.0045 

Zinc 

6 

36 

0.0037 

Iron (99.97% pure) 

9.8 

59 

0.006 

Platinum 

10 

60 

0.003 

Nickel (commercial) 

11 

66 

0.004 

Lead 

22 

132 

0.0039 

Mercury 

95.78 

576 

0.00089 

i/German silver 




(Ni 18, Cu 65, Zn 17%) 

29.1 

175 

0.00027* 

Manganin 

48.3 

290 

±0.00001* 

(Ni 4, Cu 84, Mn 12%) 
Nickel copper (Advance) 




(Ni 45, Cu 55%) 

48.9 

294 

±0.00001* 

'Nickel chromium 




(Ni 80, Cr 20%) 

108 

650 

0.0001* 


* Actual values vary considerably with small variations in the composition. All values shown in the 
table vary somewhat with the manufacturing techniques employed. 


Copper and aluminum are the materials most widely used for electrical 
conductors where low resistivity is desired. P]ven though aluminum 
has a resistivity which is about 65 per cent greater than that of copper, 
the lighter weight of aluminum is sometimes in its favor. Other things 
being equal, aluminum is as cheap a conductor as copper if its price per 
pound is not more than about twice the price of copper. Aluminum is 
much more difficult to solder than is copper. Where space is limited, as 
in motor and generator windings, copper is used almost exclusively. 

Where tensile strength is of importance, as in overhead transmission 
lines, hard-drawn copper is often used. The resistivity of hard-drawn 
copper is about 2 or 3 per cent greater than that of annealed copper but 
its tensile strength is more than double that of annealed copper. 

Example. Let it be required to find the resistance of a magnet coil which is 
wound with 250 ft of No. 20 B. & S. gage copper wire. It is known that the 
resistivity of the copper is 10.4 ohms/cir-mil-ft at 20°C. Reference to Appendix 




82 ELECTRICAL RESISTANCE AND RESISTIVITY 

A will show that the diameter of No. 20 gage wire is 31.96 mils (0.03196 in.) 
in diameter and that the cross-sectional area is 31.96^ or 1022 cir mils. 

= p 1 = 10.4 = 2.54 ohms (at 20°C) 

A 1022 


9. Change of Resistance with Change of Temperature. The tempera¬ 
ture coefficient of resistivity at any temperature, say Ti, is defined as 


ai 


Pi ^^Jevaluated at Ti 


( 11 ) 


where pi is the resistivity at temperature Ti 

Ti is the temperature (usually expressed in centigrade degrees). 

Equation (11) may be written in terms of finite differences as 


JL — j. P2 ~ Pi 
Pi AT Pi T 2 — Ti 


( 12 ) 


where P 2 is the resistivity at temperature T 2 . 

The temperature coefficient of resistivity is the per unit change in 
resistivity per degree change in temperature. 

Over the range of temperatures normally employed in practice 
( —30°C to 100°C) the resistivity of metals varies approximately linearly 
with temperature. This means that dp/dT in equation (11) is essentially 
constant, but the value of a will depend upon the value of p employed 
in specifying a. In other words, a is a function of temperature since p 
is a function of temperature. 

Equation (12) may be rearranged as 

P2 = Pl[l + OLi(T2 Ti)] (13) 


The above form is useful in finding P 2 if ai is known at the starting 
temperature Ti. A more convenient relationship is established by noting 
from equation (13) that 

Pt = Po(l + o^oT) (14) 

where T is now any temperature reckoned from 0°C. Employing equa¬ 
tion (14) for two different temperatures T 2 and Ti, it is plain that 

?£ — 1 4" 0^qT2 __ Oo 
Pi 1 + 

ao 


(16) 
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Since the zero-degree temperature coefficient of copper is about 0.00427f, 
equation (15) becomes 


Pi 


234.5 + Ta 
234.5 + Ti 


(for copper at ordinary temperatures) 


(16) 


If any particular copper conductor is under consideration, the length 
and cross-sectional area is the same; therefore the p's in equation (16) 
may be replaced with resistances as 

^ g (^^^ copper at ordinary temperatures) (17) 

234.5 “T jTi 

where R 2 is the resistance at temperature Ta^C 
R\ is the resistance at temperature Ti^C. 


Several pure metals have positive temperature coefficients of resis¬ 
tivity which are roughly equal to that of copper. (See Table I.) A 
positive coefficient means that the resistivity (and hence resistance) 
increases with an increase of temperature. Carbon and ceramic materials 
(as well as electrolytes) possess negative temperature coefficients of 
resistivity within ordinary temperature ranges, which means that the 
resistance decreases with an increase of temperature. The negative 
temperature coefficient of ceramic resistors is sometimes used to com¬ 
pensate for the positive temperature coefficient of metallic resistors in 
bridges and other types of electrical apparatus. Negative temperature 
coefficient resistors (sometimes called thermistors) are considered in some 
detail in Chapter XV. 

Reference to Table I will show that alloys like Manganin and nickel- 
copper have very low temperature coefficients of resistivity. Some alloys 
actually have small negative temperature coefficients within certain 
small ranges of temperature. 

Example. Let it be required to find the resistance of the magnet coil in the 
example on page 82 at 75®C. The resistance at 20®C was found to be 2.54 
ohms. From equation (17), it is plain that 

0Q4 4- 7«; 

*750 = ^ X 2.54 = 1.216 X 2.54 = 3.09 ohms 

234.5 + 20 

It will be seen that a 21.6 per cent increase in resistance results from the 
55®C increase in temperature from 20®C to 75°C. It turns out that the ratio 
of the 100°C resistance of several pure metals (like silver, copper, aluminum, 
zinc, and lead) to the 0®C resistance is approximately \/2. 
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In specifying the resistance of a copper (or other pure metal) con-% 
doctor, the working temperature must be specified if other than a rough 
approximation is intended. 

Equation (17) is sometimes used to determine the working temper¬ 
ature of copper conductors in electrical apparatus. Ri is measured at 
room temperature Ti before the apparatus is operated. Immediately 
after a period of operation, R 2 is measured and T 2 computed with the 
aid of equation (17). 

10. Resistance where Area A Varies with Length /. The expression 
R - pi/A applies to an entire conductor only where the cross-sectional 



Fig. 8. Deterniiiiation of insulation resistance. 


area (which faces the flow of current) is uniform, that is, where A is not 
a function of 1. 

As a simple example of a case where A is a function of i, consider the 
insulation resistance between the inner conductor and the outer con¬ 
ductor of the coaxial cable shown in Fig. 8. If the inner conductor and 
the outer conductor are maintained at a potential difference, a small 
leakage current will flow through the insulation material along the flow 
lines as indicated. As applied to the insulation resistance, I is directed 
along radial lines between the conductors, and it will be observed that, 
between the two 30®-displaced current (or flow) lines, the area facing 
the current flow increases as the distance from the inner conductor in¬ 
creases. 

A general expression for the resistance of an infinitesimal length, dZ, 
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between the two 30®-displaced current lines shown in Fig. 8 is 


dl dx 

dR^ = p- = p- - 

a 2 tx 

* 


R > X > r 


(18) 


where p is the resistivity of the insulation material, assumed constant 
a is the area at any distance x from the center of the inner wire 
X is measured radially between the conductors as shown in Fig. 8 
L is the length of the cable, measured at right angles to the plane 
of the cross section shown in Fig. 8. 


The factor 12 which appears in equation (18) accounts for the fact that 
only the resistance between the two 30°-displaced current lines is being 
calculated at this time. It will be noted that there are 12 current paths 
(like the one shown in Fig. 8) in parallel between the inner and outer 
conductors. The reason for making this arbitrary breakup will be evident 
presently. 

Returning now to equation (18), the actual resistance is obtained by 
summing up all the infinitesimal dR's between x = r and x = R. This 
may be done formally by calculus as 


_ 12p r^dx _ 12p _ R 

" 2wLJr X “ 27 rL ^ r 


(19)" 


or it may be done by a graphical method which involves no calculus. 
The actual insulation resistance between the conductors of Fig. 8 is K 2 
that given in equation (19) because there are 12 R^o^s in parallel be¬ 
tween the conductors. A general expression for the insulation resistance 
of a coaxial cable of the kind shown in Fig. 8 is 

= ^ln- (20) 

2wL r 

The graphical method referred to above, while approximate, is a very 
powerful method in dealing with irregular shapes because it can be used 
where mathematical methods fail completely. The graphical method is 
applied to a numerical case in the example which follows. 

Example. Consider a unit axial length L of the inner and outer conductors 
shown in Fig. 8. This unit axial length multiplied by the area of any one of 
the three ^‘squares” (areas which face the reader) will be called a ^ unit 
volume” for reasons which will become more evident presently. Each of the 
three “squares” shown between the 30°-displaced flow lines of Fig. 8 are so 

* The abbreviation In signifies natural logarithms, and log signifies logarithms to 
the base 10. 
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drawn that the average a dimension of a square is equal to the I dimension 
of a square. If the squares are drawn sufficiently small, the resistance of any 
unit volume is 

Z" 

^unitvoi. = P~ = P (since Z" = a" by construction) (21) 

a 

For the dimensions shown in Fig. 8, there are 3 unit volumes in series between 
the two conductors and 12 of the series combinations in parallel between the 
two conductors. Thus the insulation resistance is 

«i™. = Si 7 = 0-25 7 ohms (22) 

12 L L 

Employing equation (20) to calculate the insulation resistance, there is obtained 

ein.. = /? lo 1.57 = 0.25 ^ ohms (23) 

2tL 0.5 27rL L 

In using equations (22) and (23) it is assumed that, if p is expressed in ohms 
per centimeter cube (or ohm-square centimeters/centimeter), L will be ex¬ 
pressed in centimeters. 

For the case considered above, the graphical method (or the curvi¬ 
linear-square method as it is usually called) yields the same result (to 
two significant figures) as does the analytical method. A considerable 
amount of experience, however, is necessary before the curvilinear- 
square method can be used with facility in more general cases. This 
method will be introduced gradually throughout the text wherever it 
will help to give the reader a better grasp of the physical facts. The 
mapping of flow (or flux) lines and equipotential surfaces is a valuable 
adjunct to the analytical approach where electric and magnetic fields 
are involved. 

Equation (20) cannot be used successfully to determine insulation 
resistance unless the exact value of p is known, and even for a specified 
material this value varies widely with temperature, potential gradient, 
and moisture content. For example, the p of rubber compounds varies 
widely with the success with which steam is prevented from condensing 
in the insulation during the vulcanizing process. Numerically, p varies 
from about 10^® to 10^® 6hms/cm cube for good insulators. 

11. Resistance Calculation from a Field Map. If a region possesses 
some physical quantity (at each point in the region) which is a con¬ 
tinuous function of the space coordinates, the region is called a field. 
The region between two surfaces which are maintained at a constant 
temperature difference, for example, is a temperature field because each 
point in the region can be characterized by the scalar quantity temper- 
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ature or by the vector quantity temperature gradient. A map of this 
temperature field would consist of various isotherms (lines or surfaces of 
equal temperature) and heat-flow lines directed along the lines of maxi¬ 
mum temperature gradient. 

The three “squares” shown in Fig. 8 constitute a map of the electric 
field between the two 30°-displaced current lines, and it has already been 
shown how resistance can be calculated from a map of this kind. It will 
be observed in Fig. 8 that a “square” is bounded by flow (or current) 
lines and equipotential lines. Assume, for example, that the inner con¬ 
ductor in Fig. 8 is at a potential of 300 volts relative to the outer con¬ 
ductor which is at zero potential owing to being grounded. The inner 
boundary of the first square is an equipotential line of 300 volts, and the 
outer boundary of this square is an equipotential line of 200 volts since 



yi of the total potential drop between the conductors occurs across the 
V length, because the “unit volumes” have been so constructed that 
each one has the same resistance. [See equation (21).] The outer boundary 
of the second square in Fig. 8 is then at a potential of 100 volts, the outer 
boundary of the third square being at 0 volts. Maps of this kind are 
widely used in estimating voltage gradients, a topic which will be con¬ 
sidered in some detail in Chapter VII. 

By way of further illustration of resistance calculations from field 
maps, consider the irregular-shaped conductor shown in Fig. 9. If the 
two surfaces A and B are maintained at a constant potential difference, 
current will flow along the long dimension of the conductor. Three flow 
lines are shown in the drafting plane in P'ig. 9, the upper and lower 
boundary of the conductor and a “mid” flow line which divides the 
conductor into two parallel elements between the A and B faces. After 
this “mid” flow line is sketched in tentatively, the equipotential lines 
are drawn in as shown in Fig. 9 in such a way that the average distance 
between the equipotential lines for any “square” is the same as the 
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average distance between the flow lines which bound this ^^square/^ 
In using averages in this manner, it is assumed that fairly uniform 
boundaries of the “squares^’ exist, as they do in Fig. 9. Equipotential 
lines cross flow lines at right angles^ and in curvilinear-square field map¬ 
ping, adjacent equipotential lines are separated from one another by the same 
average distance as the adjacent flow lines are separated from one another. 
If these two simple rules are followed a reasonably accurate map (say 
within 5 per cent) can be sketched in a relatively short period of time 
where the irregularities are not too pronounced. 

After the map has b6en sketched in, it is a relatively easy matter to 
find the resistance from surface A to surface B because each ‘^elementaT' 
volume has pjz units of resistance, (z is the dimension at right angles 
to the drafting plane, 2 cm in Fig. 9.) That is. 


R 


elemental vol. 


za 


P 

z 


(because a = 1) 


(24) 


Since there are 5.5 elemental volumes in tandem (or series) between 
faces A and 5, the resistance from A to B between two adjacent flow 
lines is (5.5 p)/z. In Fig. 9, there are two such paths (in parallel) joining 
surfaces A and B] therefore 


R'AB — 


5.5p 

2z 


(25) 


It will be observed that the horizontal and vertical dimensions shown 
in Fig. 9 do not enter into the final result. Except for tlie z dimension 
(2 cm in Fig. 9), all other dimensions could be changed to any other unit, 
and the resulting resistance would be the same as for the centimeter 
units specified, the reason being that the ratio of a to Z in the elemental 
volumes is not changed by a change in the horizontal and vertical units. 
The mapping process as used here may be interpreted as a graphical 
technique whereby an irregular-shaped body is divided into elements 
which are sufficiently small to permit the application oi R — pi/A to 
each element. 


PROBLEMS 

1. If a positive current (one in the 4-6 direction) of 2 amp is flowing across a 
cross-sectional area (the face of which is at right angles to the © vector) and an 
electron flow of 10 X 10^® electrons/sec is simultaneously crossing this area in the 
—8 direction, what is the equivalent positive current, +7, crossing the area? 

2. Two flat metal electrodes are separated from one another by a distance of 0.1 
in. If these electrodes are immersed in an insulating oil of the kind specified on page 
72, at what potential difference could a flash-over between the electrodes be expected? 
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3. What is the current density (in amperes per square centimeter) in a wire of 
rectangular cross section (0.05 in. by 0,20 in.) if a current of 20 amp flows in the wire?' 

4. A rough working rule which is sometimes employed in small transformer 
design is to provide 1 circular mil area (of copper) per milliampere of current. What 
is the allowable current under this rule if No. 18 B. & S. gage wire is used? Express 
result in amperes. 

5. If electrons pass a cross section of a conductor (0.05 in. by 0.20in.) at the rate 
of 10 X 10^® electrons/sec, what is the current density in amperes per square inch? 

6. If a pessimistic estimate of 1 free electron per 3000 atoms of conductor material 
in Prob. 3 is assumed, what is the velocity of the electron drift? (Assume that there 
are 8.4 X 10^^ atoms/cu cm). 

7. In a particular section of conductor (A X A/), say of a gas-filled tube, the 
negative charge carriers outnumber the positive charge carriers 4 to 1. Each negative 
charge carrier is an electron ( — 1.6 X 10“^^ coulomb) and is traveling in the — to -H 
direction with a velocity of 10^ cm/sec. Each positive charge carrier is a doubly 
charged ion (+3.2 X 10“^^ coulomb) and travels in the + to — direction with a 
velocity of 10“* cm/sec. If the density of the electrons in the (A X Al) section which is 
being considered is 10^^ electrons/cu cm, find the equivalent positive current passing 
a cross-sectional area of 1 sq cm, the face of which is normal to the — to + direction. 

8. What is the voltage drop (at 20°C) along 1000 ft of the wire specified in Prob. 3 
if the material is hard-drawn copper? 

9. Compare the resistance of 1000 ft of No. 10 B. & S. gage commercial annealed 
copper wire with that given in Appendix A for standard annealed copper. [Standard 
annealed copper which is reckoned as 100 per cent conductivity copper has a resistiv¬ 
ity (by international agreement) of 1.7241 X 10”® ohm/cm cube or 10.368 ohms/cir- 
mil-ft at 20°C.] 

10. One hundred per cent conductivity of conducting materials is sometimes 
reckoned in terms of the International Annealed Copper Standard, which corre¬ 
sponds to 1.7241 X10“® ohm/cm cube at 20°C. (This resistivity is slightly lower than 
that of commercial annealed copper.) What is the per cent conductivity of hard-drawn 
copper if its resistivity is 1.7758 X 10“* ohms/meter cube. 

11. What is the resistance of 100 ft of No. 30 B. & S. gage Advance wire at 20°C? 
Advance is a trade name for a nickel-copper alloy having 55% copper and 45% 
nickel. See page 81. 

12. What is the resistance of 6000 ft of commercial annealed copper wire (cross 
section of 0.10 in. by 0.10 in.) at 80°C? What is the resistance under the same condi¬ 
tions if the copper is hard-drawn? 

13. A potential drop of 30 volts occurs over a 1000-ftlength of conductor of uniform 
cross section. Find the resistivity of the conductor material in ohms per inch cube if 
the current density is 2500 amp/sq in. 

14. What is the resistivity in ohms per circular-mil-foot of platinum at 60®C? 

15. What is the 0®C resistivity temperature coefficient of annealed tungsten? 
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16. The resistivity of a particular negative-temperature-coefficient resistor is 
expressed as 


p ohms/cm cube 


where T is in degrees Kelvin and c is the base of the natural logarithms. What is the 
0®C value of resistivity? What is the 0°C temperature coefficient of resistivity? 

17. The resistance of a coil of copper wire is known to be 10 ohms at 20°C. With a 
voltage of 10 volts applied to the terminals of the coil, the current finally reaches an 
ultimate value of 0.928 amp. What is the final temperature of the coil? 

18. What is the temperature of a nickel wire (0.01 cm by 0.01 cm in cross section 
and 10 cm long) if its resistance is 1.012 ohms? 


19. What is the insulation resistance of 10 miles of coaxial cable, the inner con¬ 
ductor of which is 0.10 in. in diameter and the inside diameter of the outer conductor 
of which is 1.0 in.? The resistivity of the insu¬ 
lation material is 6.28 X 10^^ ohms/cm cube, 
and this resistivity is assumed to be independ¬ 
ent of the potential gradient. 

20. What is the approximate resistance of 
the irregular-shaped conductor shown in Fig. 

9, page 87, if the material is a nickel-chro¬ 
mium alloy composed of 80% nickel and 20% 
chromium? Express result in microhms. 




-^0.5 Ur 
in. 


F'ig. 11. SeeProb. 22. 


21. The irregular-shaped conductor shown in Fig. 10 is a thin sheet of nickel- 
chromium alloy which has a dimension of 0.1 in. into the page. What is the approxi¬ 
mate resistance, expressed in microhms, of this conductor from the A end to the B 
end? p = 100 microhm-sq cm/cm. 

22. Refer to Fig. 11. In (a) the potential difference is so applied that the 6 vector 
is along the 4-in. dimension as shown. In (6) the potential difference is applied to the 
same conductor so that the & vector is along one of the 0.5-in. dimensions. Whatis the 
ratio of the resistance in (a) to that in (5)? 

23. What is the current density (in amperes per square centimeter) of a fine beam 
of electrons which has a volume density of 10® electrons/cu cm if the electrons are 
traveling at a velocity of 6.25 X K)® cm/sec? 

24. The conductor shown in Fig. 12-a is made of Nichrome which has a resistivity 
of 100 X 10^® ohm/cm cube and has the dimensions given in the figure. 

(o) Determine the resistance between surfaces A and B employing the field map 
given in Fig. 12-b. 
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(h) Determine the resistance between surfaces A and B on the assumption of 
parallel flow lines in the large section up to the reduced'section and again parallel 
flow lines in the reduced section. Compare this value of resistance with that obtained 
from the field map. 



Fig. 12. See Prob. 24. 


25. (a) What is the conductivity of the insulation material described in Prob. 19 
expressed in mhos per meter cube? 

(h) What is the conductance (conductor-to-conductor) of the coaxial cable 
expressed in mhos per mile? 

26. Find the resistance between the parallel faces of a conductor, the shape of 
which is the frustum of a right circular cone, if the parallel circular faces have 
radii of 1 cm and 2 cm, respectively, and the axial length of the conductor is 
20 cm. The resistivity of the material is tt/IOOO ohms/cm cube. 





CHAPTER V 


Joule’s Law — Heating Effects 


1. Heat Energy. Although we have described resistance *as that 
property of an electrical conductor which causes an irreversible trans¬ 
formation of electrical energy to heat energy, we have not described 
the mechanism whereby this transformation of energy takes place. 

At temperatures above absolute zero ( —273°C), the constituent 
particles (of which matter is composed) possess energy due to their 
individual movements or vibrations. These individual movements are 
restricted or limited by the internal binding forces which hold the 
particles together to form solids, liquids, or gases. Pleat energy represents 
the sum of the kinetic energies of these constituent particles. The higher 
the temperature of the matter the greater is the random movement of 
the constituent particles within the limits permitted by the internal 
binding forces. If this random movement is increased (say, in a current- 
carrying copper conductor) to a point where the internal binding forces 
can no longer maintain the crystalline structure of solid copper, the 
copper melts with obvious detrimental effects to the electrical circuit. 

The conduction of electrical charge through solid, liquid, or gaseous 
conductors^ increases the kinetic energy of the constitutent particles of 
the conductor, and the increase in temperature which results actually 
limits the available output of most electrical apparatus. 

2. Heating Effect of Electron Drift. The conduction of electric charge 
through metals consists of a net (or time-averaged) movement of elec¬ 
trons in the 

— to + direction through dissipative circuits 
-f- to — direction through electrical generators 

Except in generators where outside energy is imparted to the electrons 
to drive them in the + to — direction, the electrons tend to move in the 
— S direction, that is, in the direction of increasing voltage rise, -^dE/dl, 

^ Since the passage of electrical charge across the boundaries between certain 
dissimilar conductors can actually lower the temperature of the material, we consider 
here only homogeneous conductors. Boundary phenomenon is a complicated subject 
which will be considered briefly in a later chapter. 
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In Fig. 1 is shown an elementary circuit in which the metallic con¬ 
ductor which joins the — and + terminals of the generator is so drawn 
that the reader may partially visualize the actual drift of free electrons 
within the conductor. Although the atoms which furnish the free electrons 
are left with a net positive charge, they do not contribute to the net 
movement of electric charge around the circuit because in the solid state 
these atoms are held together by atomic forces or bonds which prevent 
any net movement of the nuclei. 

The free electrons, however, move through the spaces within the con¬ 
ductor when a potential gradient (—S) is present. Their movement 
through the conductor is hampered to 
some extent by collisions with atoms, or, 
more precisely, by their coming within 
the sphere of influence of neutral atoms, 
the outer shell of which is negatively 
charged. (This opposition to the net 
movement of electrons is what we have 
previously called resistance.) When a 
moving electron approaches a neutral 
atom more or less head on, it encounters 
a repulsion effect due to the orbital elec¬ 
trons which surround the nucleus of the 
atom. The kinetic energy possessed by 
the moving electron is then wholly or 
partially transferred to the atom, and 
this energy serves to increase the ther¬ 
mal energy of the atom. The temperature of the conductor is therefore 
increased as a result of current flow within the conductor. This phe¬ 
nomenon constitutes the basis of operation of heating devices like elec¬ 
tric stoves, electric furnaces, and cathode heaters in vacuum tubes. 

The movement of any one electron (say electron A) in the conduction 
process is a complicated and erratic movement because this electron 
may, as a result of its kinetic energy, enter the outermost energy level 
of an otherwise normal atom. This atom may then release a different 
electron (say electron B) from its outermost energy level, and the latter 
electron carries on the conduction process where electron A left off. In 
spite of the haphazard movement of any single electron, the net move¬ 
ment of charge is to all outward appearances a very uniform process 
because so many billions of individual electrons are involved., 

The average rate at which the moving electrons deliver kinetic (or 
thermal) energy to the atomic structures of the conductor is directly 
proportional to the square of the average net velocity attained by the 



Fig. 1. Illustrating the haphaz¬ 
ard movements of electrons e in a 
metallic conductor. The ti’s in¬ 
dicate neutral atoms. 
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electrbns. This velocity is directly proportional to the current density 
since 

J (current density) = Nqv (See page 76.) 

Hence the rate at which heat is developed within a specified conductor is 
directly proportional to the square of the current which is flowing in the 
conductor. 

3 . Joule’s Law. Joule, about 1841, verified the fact experimentally 
that the rate at which heat is developed in a uniform conductor is 
directly proportional to the square of the current and directly propor¬ 
tional to the resistance of the conductor. This fact is known as Joule^s 
law, and it may be expressed in equation form as 

p (rate at which heat is developed) = ^ = Ri^ (1) 

at 

where H is used to symbolize heat energy. Both p and i are written in 
lower-case letters here to indicate that instantaneous values of power 
and current are intended. 

As applied to a continuous current / flowing through a dissipative 
resistor equation (1) may be written: 

72 

p = 7/ = _ = 72/2 (2) 

R 

because in this case all the electric power VI which is delivered to the 
resistor R is transformed irreversibly into heat. Volts, amperes, and 
ohms are customarily used in equation (2), in which case P is given in 
joules per second or watts. 

4 . Heat Equivalent of Electrical Energy. Heat energy is often ex¬ 
pressed in gram-cal'ories, the heat required to raise the temperature of 
1 g of water 1°C; or in Btu, the heat required to raise the temperature of 
1 lb of water 1°F. In order to find the relation between a joule of electrical 
energy and a gram-calorie of heat energy, it is simply necessary to supply 
a specified (or known) number of grams of water with a known number 
of joules of electrical energy and observe the temperature rise of the 
water. This may be done by immersing a dissipative resistor in a therm¬ 
ally insulated calorimeter containing the water and arranging to measure 

electrical energy = VIT joules (3) 

where V is the voltage drop across the resistor in volts, / is the current 
flowing through the resistor in amperes, and T is the time in seconds. 
The arrangement is shown schematically in Fig. 2 and the test here 
described is often included in the list of first-course physics experiments. 
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After an appropriate period of time T, the te;nperature rise of the 
water is measured, and from this 

heat energy = mT° g-cal (4) 

where m is the number of grams of water (including the water equivalent 
of the thermometer, stirrer, and other apparatus immersed in the water) 
and r® represents the temperature rise in centigrade degrees. 



Fig. 2.- Schematic arrangement of apparatus for measuring the electrical equivalent 
of heat, g-cal/watt-sec or g-cal/joule. 


If careful measurements are made, the ratio of the result obtained in 
(4) to that obtained in (3) is 


g-cal 

joule 


0.2388 


(5) 


which means that the number of gram-calories per joule is 0.2388. This 
relationship may be expressed as 

1 g-cal = 4.186 joule = 4.186 watt-sec ^.4, (5-a) 

Thus it may be seen that the gram-calorie is a unit of energy which is 
4.186 times as large as the joule. In equational form 


(No. of) g-cal = 0.2388 VIT (6) 

or 

y2 

(No. of) g-cal = 0.2388 (6-a) 


where V is in volts, / is in amperes, R is in ohms, and T is in seconds. 



96 


JOULE’S LAW—HEATING EFFECTS 


Example. Ten gallons of water are to be heated from a feed-water temper¬ 
ature of 50®F to a temperature of 140°F electrically with a heating system 
which is 0.9 efficient. Find the cost of the electrical energy required to heat 
the water if electrical energy can be purchased for $0.03 per kwhr. (The 
assumption will be made that 1 gal of water is equivalent to 3785 g of water 
irrespective of its temperature.) 


useful heat energy required = 10 X 3785 X f (140 — 50) = 1.89 X 10^ g-cal 


input energy from electrical source 


1.89 X 10^ 
0.9 


= 2.1 X 10® g-cal 


input energy in joules or watt-seconds = (2.1 X 10®) X 4.186 = 8.79 X 10® 

input energy in kilowatt-hours = ~ = 2.44 

^ 3.6 X 10® 

cost of energy to heat 10 gal of water = 2.44 X 0.03 = $0.0732 


6. Ultimate Temperature Rise in Electrical Apparatus. The useful 
output of most electrical apparatus is limited by the ultimate temper¬ 
ature rise of the current-carrying conductors. Many electrical machines 
have current-carrying conductors which are insulated with organic 
materials which can withstand ultimate temperatures up to 90° or 95°C 
only. If machines of this kind are to operate at ambient temperatures of 
40°C, they are designed to operate at full load with ultimate temperature 
rises of 50° or 55°C. If glass, mica, or other inorganic insulating materials 
are employed much higher temperature rises can be tolerated. 

The ultimate temperature rise of electrical apparatus is reached when 
the rate at which heat is developed equals the rate at which heat is 
transferred to the surrounding atmosphere. The rate at which heat is 
developed within the apparatus can usually be determined with accuracy. 
The rate at which, heat is transferred to the surrounding atmosphere 
depends upon the thermal conductance of the various parallel heat paths 
by which heat escapes to the surrounding atmosphere. Since these paths 
are usually of irregular geometrical shape and since the actual transfer 
of heat is dependent upon convection currents, the problem of finding 
the rate at which heat is transferred from the apparatus is a compli¬ 
cated one. 

Some aspects of this complicated heat-flow problem may be under¬ 
stood by considering a simple two-dimensional heat flow situation in 
which 

(IH cA 

rate of heat transfer by conduction, — = CT® = — T® (7)^ 


^ The correspondence between dH/dt — CT® and dQ/dt = 7 = GV is an analogy 
which can sometimes be used to advantage. The time rate of heat transfer (by con- 
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where dH/dt is usually expressed in gram-calories per second or in 
joules per second (watts) 

^ is the thermal conductance of the heat path 

c is the thermal conductivity of the material through 
which the heat is transferred 
A is the cross-sectional area of the path 
I is the length of the path in the direction of the flow 
lines 

is the temperature difference between the ends of the 
path. 




If A and I in equation (7) are expressed in square centimeters and 
centimeters respectively and T° is expressed in centigrade degrees, c 

will be expressed in- g cal X cm result is to be in gram- 

sec X sq cm X °C 

calories per second. This unit of c is often tabulated in handbooks for 
various materials as g-cal/sec/cm^/°C. Copper, for example, has a 
thermal conductivity of 0.918 g-cal/sec/cm^/°C, and vulcanized rubber 
has a thermal conductivity of about 0.0004 g-cal/sec/cm^/°C. 

If dHIdt is to be expressed in joules per second or watts, we might 
care to* express c in (watts X cm)/(sq cm X °C) or in watts/cm^/°C. 
The value of c in these units would be 4.186 times as large as c expressed 
in g-cal/sec/cm^/°C because of the relative size of the gram-calorie and 
the joule. 


Example. Consider a 100-cm length (into the page) of the coaxial cable 
shown in Fig. 8, page 84, where the inner surface of the outer conductor is 
assumed to be at a fixed temperature of 30°C. The electrical insulation between 
conductors is assumed to be vulcanized rubber having a thermal conductivity 
of 0.0004 g-cal/sec/cm'V°C. What is the ultimate temperature rise of the 
inner conductor (above 30°C) if 20 watts of electrical power are dissipated 
continuously in the inner conductor? 

As in most practical situations involving heat transfer, the cross-sectional 
area of the heat path in Fig. 8, page 84, is a function of the length of the path. 
Since the geometrical configuration of the heat path is well defined in this 
case, an analytical solution is possible. The analytical method will be employed 
here, and later the same problem will be solved by a graphical method. 


duction) is governed by the product of the thermal conductance and temperature 
difference, whereas the time rate of electric charge is governed by the product of 
electrical conductance and potential difference. 
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We note first that for any differential length of path, dx, the corresponding 
area is (100)(27rx) or 2007ra; sq cm. The differential thermal resistance of the 
dx length is 

dx 

c(200tx) 




Integrating both sides of the above equation, 
J. ^ 1 r^A dx ^ 1 ^ 

C c Jo.5 (2007r)x 0.2512 0.5 


= 3.98 X 1.57 = 6.24 


or 


C = = 0.16 g-cal/sec/°C 

6.24 


Since, as a ratio, joules/g-cal = 4.186, C may be expressed in watts per 
centigrade degree as 


.. joules 

sec __ 0-16 X 4.186 


0.67 watts/®C 


Hence the temperature difference between the end surfaces of the heat path is 

r = —= —= 3o»c 

watts 0.67 

~C~ 


If it be assumed that the temperature difference within the inner copper 
conductor is negligibly small as compared with the drop in temperature in 
the rubber insulation, we may say that the surface of the inner conductor is 
at a temperature of 30° + 30° or 60°C. 

Although the analytical method of calculating temperature difference is 
useful in cases where the geometry is simple, it is of little use in those cases 
where the area cannot be represented analytically and as a manageable func¬ 
tion of the length of the heat path. Complicated geometrical shapes are the 
rule rather than the exception in most of the heat transfer problems encoun¬ 
tered by the electrical engineer. Field mapping is, therefore, resorted to in 
finding approximate solutions to heat conduction problems in irregular¬ 
shaped bodies. An example of this method is given below. 

Field Mapping Method. The field map drawn in Fig. 8, page 84, can 
be used to advantage here as a temperature field map simply by invoking 
the analogy referred to in footnote 2. 

We know that the inner surface of the outer conductor is an equi- 
temperature surface (30°C as specified) and that the conductance of 
an elemental volume is 

0.0004 g-cal/sec/®C or 0.00167 watts/®C 
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because the curvilinear squares of the field mapf have been so con¬ 
structed that ajl of each square is unity. In this connection it will be 
remembered that an elemental volume is the volume represented by any 
square (as indicated in Fig. 8, page 84) times 1-cm length into the plane 
of the page. 

The thermal conductance of a 100-cm length of insulation (between 
inner and outer conductor) is, from the graphical construction shown in 
Fig. 8, 

C = 0.00167 X i X 12 X 100 = 0.67 watts/°C 

since there are 3 elemental volumes in series and 1200 in parallel between 
the two conductors. 

The 20 watts of power developed within the inner conductor is the 
dH/dt member of equation (7); therefore, considering only the simple 



Fig. 3. Cross-sections of equitemperature surfaces. 


conduction path through the rubber insulation, we write, from equation 

(7), 

r (rise above 30°C) = ^ = 30“C 

^ C 0.67 

From the field map shown in Fig. 8, page 84, the temperature at 
various places within the insulation material can be determined with a 
fair degree of accuracy. Starting with the inner surface of the outer 
conductor which has been specified as being at 30®C, the 40®C; 50®C, 
and 60®C equitemperature surfaces are defined by the circular arcs 
which bound the squares of the field map. Cross-sectional views of these 
equitemperature surfaces are shown in Fig. 3. Field maps of this kind 
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are sometimes employed by designers to approximate the internal 
temperatures in electrical apparatus. 

6. Watts per Square Inch as an Index to Temperature Rise. The 

determination of ultimate temperature rise is not actually as simple as 
indicated in the above example because the outer surface of the apparatus 
is usually exposed to air. Instead of the outer surface being held at a 
constant temperature as specified in the example, the heat energy is 
transferred from the outer surface by radiation and convection. Trans¬ 
fers of heat by radiation and convection do not follow the simple linear 
relationship given in equation (7), so recourse must be made to empirical 
data in the actual determination of temperature rise. Equation (7) can 
be rearranged to show that 


temperature rise T° = k' X 


"watts” 
-Sq in. _ 


( 8 ) 


where k' is dimensionally degrees/watts/sq in. 

If k' were a constant (for any particular geometrical configuration of 
a specified material), it could be evaluated experimentally and then 
used to predict because the watts to be dissipated are usually known 
and the square inches of radiating surface can be calculated. Unfortu¬ 
nately, k^ is not a constant because does not vary linearly with watts 
per square inch owing principally to the non-linearity of heat transfer 
by convection and radiation. Even though considerable judgment must 
be employed in the use of k' as a means of determining ultimate temper¬ 
ature rise, designers frequently employ this method. In the final analysis, 
the method involves knowing from past experience the temperature 
rise which is produced in a given geometrical configuration for some 
number of watts per square inch which is reasonably close to the actual 
number of watts per square inch for which the apparatus is designed 
to operate. 

Small compact resistors where no part of the material is more than 
about }/s in. from a radiating surface usually reach their allowable 
working temperatures when subjected to roughly 1 watt/sq in. of radiat¬ 
ing surface. Where resistance wire is mounted on the surface of porcelain 
tubing or the like, relatively high working temperatures can be safely 
employed, and in these cases only or of a square inch of radiating 
surface is provided for each watt of power to be dissipated. Where the 
current-carrying conductors are deeply imbedded (say an inch or more 
from the radiating surface) it is sometimes necessary to provide 5 or 
more square inches of radiating surface per watt in order to keep the 
internal temperature rise to its proper value. 

That the geometrical configuration is of great importance in deter- 
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mining ultimate temperature rise may be seen by observing factual 
information in a particular case: 

(a) No. 14 B. & S. gage rubber-covered copper wire when strung out in 
air can safely carry 15 amp without overheating. 

(b) The same wire wound into a 1-ft diameter roll of one or two 
hundred turns carrying 5 amp will be dangerously overheated. 

Another example might be based on the configuration shown in Fig. 3 
if we consider the effect of reducing the thickness of insulation from that 
shown. If the outer conductor actually occupied the 50° cross-section 
shown in Fig. 3 and if this conductor were held to 30°C as previously 
specified, the outer surface of the inner conductor would rise to only 
40°C as contrasted to the 60°C temperature attained when the thicker 
insulation was employed. 


Example. Let it be required to find the (temperature rise/watt/sq in.) of 
a small coil of copper wire [k' of equation (8)] from the following data: 

1. The coil has a radiating surface of 10 sq in. 

2. At 20°C room temperature, the resistance Ri is known to be 10 ohms. 

3. With a constant potential difference of 10 volts across the terminals of 
the coil, the current finally reaches an ultimate value of 0.9 amp. 


The space-averaged internal temperature of the coil with 0.9 amp flowing 
continuously may be determined with the aid of equation (17), page 83, as 


T2 = 


--- (234.5 + Ti) - 234.5 
Ri 


11.11 

10 


(234.5 -h 20) ~ 234.5 = 48°C 


Watts per square inch of radiating surface: 


watts _ 
sq in. 

A;' = 


10 X 0.90 
10 


0.90 (for 48°C rise) 


48 

0.90 


= 52.8®C 


rise/watt/sq in. 


Because T 2 has been evaluated as a space-averaged temperature, it js to be 
expected that somewhat higher temperatures than T 2 = 48°C will exist at 
those points within the coil which have the greatest thermal insulation. This 
increase might be 5° or 10°C, depending upon the exact geometrical configura¬ 
tion of the coil. 
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7. Effective or Ampere Value of a Time-Varjung Current. In many 
cases the current in a circuit is not a constant; that is, dq/dt across a 
cross-sectional area of the circuit is not constant. If the current varies 



Fig. 4. A cyclic current variation produced by a rotary contactor like that shown 

in Fig. 5. 


with time, the instantaneous value varies from instant to instant, and 
the question of the ampere value of this current variation naturally 
arises. For the present, only cyclic current variations will be considered; 
that is, the current after varying in some prescribed manner for a period 



Fig. 5. I varies alternately between 1 amp, zero, 2 amp, and zero. (7^ 250 ohms.) 

of time repeats precisely the same cycle of variation, cycle after cycle. 
A cyclic variation of current is shown in Fig. 4, and a circuit arrangement 
by means of which the current cycle can be produced is indicated in 
Fig. 5. 

The ampere or effective value of a time-varying current is defined in 
such a way that, ampere for ampere, the time-varying current produces 
the same heat energy during the time of one cycle as would the same 
number of amperes of steady or direct current. 
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It has been shown that the time rate of heat production in a resistive 
circuit is ' 


dH 

p = — = Ri^ joules/sec or watts 
dt 


(9) 


in which H is employed as a symbol for heat energy. 

Counting the beginning of a cycle of current variation as ^ = 0 and 
the length of time of a complete cycle as T, we find from equation (9) 
by separating variables and integrating that 

H = Ri^ dt joules or watt-sec (10) 


The heat energy produced by a cyclic current of the kind shown in 
Fig. 4 over the period of time of one complete cycle is 


H= rRxl^dt+ rRX0dt+ rRX2^dt+ CRXOdt (11)^ 

Jo J2 t/4 Jo 


in which the intervals between 2 sec and 4 sec and between 6 sec and 8 
sec contribute nothing since t = 0 in these intervals. 

The heat energy developed in the resistance R due to one cycle of 
current shown in Fig. 4 is found from equation (11) to be 

H = lOR joules or watt-sec (12) 

The resistance R is any fixed resistance through which the current in 
question might be flowing for purposes of this analysis. 

The heat energy produced by a steady or direct current flowing 
through the same resistance R for a period of 8 sec would be 

Mac = RI^T = 8K/2 (13) 

where I is the equivalent direct current. 

If the effective or ampere value of the time-varying current shown in 
Fig. 4 is defined as the same as an equivalent direct current which will 
produce the same heating effect, 8RI^ [from equation (13)] may be 
equated to 10/2 [from equation (12)] and 

/2 = or I = 1.12 amp 

In other words, 1.12 amp of direct current will produce the same heating 
effect in any resistance as would the time-varying current shown in 
Fig. 4. 

® Equation (11) is simply a formal way of summing up the total energy developed 
by the current variation shown in Fig. 4. The actual sum in this simple case is plainly 
(2/21^ 4“ 2i22^ =» 10/2 watt-sec). 
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In general, the effective value of a time-varying current i is defined as 



where the integration indicated is performed over one complete cycle, 
from 0 to T, In some types of current-time graphs, the integration need 
be carried out only from 0 to T/2 or from 0 to r/4 depending upon the 
type of symmetry involved. A little study of the expression under the 
radical sign in equation (14) will show that it is the average squared 
value of the instantaneous current over one cycle. Since the effective 
current is the square root of the average squared value of current, it may 
be evaluated either by analytical integration or by any graphical 
method which is applicable to finding the time-averaged squared value 
of the current throughout one cycle. After finding the time-averaged 
squared value of current, it is simply necessary to extract the square 
root in order to find the effective value of current in accordance with the 
general definition of effective current which has been given in equation 

(14). 

In finding the effective value of the time-varying current shown in 
Fig. 4, for example, one might divide the cycle into four equal time 
intervals, each of 2 sec duration, and proceed to evaluate the square 
root of the average squared value of current on this graphical basis as 


1 +0 + 4 + 0 


1.12 amp 


In this case the precise value of (V5/4 amp) is obtained by the 
graphical method, but in general the precise value can only be approxi¬ 
mated by the graphical method. The precise value may, however, be 
approached as closely as we choose if we select a sufficiently large number 
of incremental time intervals upon which to base the graphical com¬ 
putations. 

If i in equation (14) can be so expressed as a function of time that 
(i^ dt) can be integrated formally, graphical methods which are often 
tedious can be avoided. 


Example 1. Applying equation (14) to the current-time graph shown in 
Fig. 4, one obtains 

In this case the current-time graph is integrated piece-wise, and the pieces 
between t = 2 and ^ = 4 sec and between t = 6 and < = 8 sec are neglected 
because i = 0 in these intervals. 
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In this particular case we shall divide the first quarter cycle (t/ 2 radians) 
into 9 equal divisions of 10® each and take as the average value of i in each 
of these divisions the mid-ordinate, that is, the value of i at 5®, 15®, 25®, and 
so on. The work involved in finding the average squared value of i is shown 
below in tabular form. 


Interval 

4v. 

i 2 

^av. 

Interval 

^av. 

4v.® 

0®~10® 

0.087/„ 


50°-60*’ 

0.819/m 

0.670/m® 


0.259/m 

0.0671/m® 

GO^-ZO** 

0.906/m 

0.820/m® 


0.423/m 

0.1790/m® 

70°-80° 

0.966/m 

0.934/m® 


0.534/m 

0.285/m® 

80°-90° 

0.996/m 

0.992/m® 

40*'-50° 

0.707/m 

0.500/m® 

£ i,v.® = 4.455/m® 


Since 9 intervals or divisions have been used in the evaluation of 
is determined as 

U. . - 0.704/. 


The correct result is 0.707/m as obtained in Example 2. The result obtained 
here differs from the correct result by about % per cent owing to the finite 



Fig. 7. A sine wave component of current superimposed on a d-c component. 

intervals employed. The graphical method can be made more accurate by 
choosing smaller intervals but, unless the current-time graph is known very 
accurately, there is little point in trying to obtain accuracies greater than 
1 per cent by the graphical method. 

Example 4. A type of current variation which is often encountered in 
vacuum-tube rectifier and amplifier circuits is shown in Fig. 7. As a first 
approximation, this type of current-time graph may be represented by 

i = Idc 4- Im sin cat 

in which i is the instantaneous value of current 

Idc is the d-c component of current, independent of time t 
Im sin cat is the a-c component of current (see Example 2). 
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In an amplifier circuit, for example, Idc is required to energize the vacuum 
tube and 7m sin wt is the useful component of the cur/ent. 

The effective value of the current variation shown in Fig. 7 is, by equa¬ 
tion (14), 


7eir. 



{Idc + I m sin 0)t)^ dt 


{Idt^ + 21dclm sin o)t -f sin^ cat) dt 


since 



T 2 



dt = Idr^T 


and 



Jm sin o)t dt = 0, 



sin^ o)t dt 


IJT 

2 


as shown in Example 2. 


8. Average Value of Current. The time-averaged value of a time- 
varying current is 

I rr 

^av. ^ Jq ^ 

where T' is the period of time over which the time-averaged value of 
current is to be found. 

If the analytical expression for i is known as a simple manageable 
function of time, the average value may be found straightforwardly as 
indicated in equation (15). Otherwise some graphical method like 
measuring equally spaced ordinates and averaging them may be em¬ 
ployed to find 7av.* 

The average value of a time-varying current is seldom used because 
it cannot be associated with either 72 or F to give power as can the 
effective value of current. In processes like electroplating, where the 
net total charge flowing through the circuit over a period of time is of 
importance, 7av. is sometimes used. 

As applied to an a-c variation like that shown in Fig. 6, /av. = 0 if 
r' of equation (16) is taken as the time of a complete cycle. Therefore 
in an a-c variation which is symmetrical about the zero axis, the average 
value over one-half cycle is usually taken unless otherwise specified. 



108 


JOULE^S LAW—HEATING EFFECTS 


Examples. 7av. of the time-varying current in Fig. 4 is plainly ^ amp. 
The time-averaged value of the current-time graph shown in Fig. 7 is 
plainly Idc if the period of time considered is an integral number of cycles. 

The time-averaged-value of the current-time graph shown in Fig. 6 when 
taken over one-half cycle, that is from 0 to T/2, is 


2 rT/2 

" " tJo 


Im sin (at dt = 


27, 


J T 2x7/2 

-cos — t I 

_ 2ir r Jo 


= - = 0.637/„ 

X 


As in Example 2, page 105, o) = 2t/T is a constant which defines the angular 
frequency of the a-c variation. If T = 0.01 sec, o) = 200x rad/sec. The actual 
frequency of the variation expressed in cycles per second would be 100 since 
frequency == 1/T. 

9. Quantitative Measurement of Current. A hot-wire ammeter^ can 
be calibrated with direct or steady current as shown in Fig. 8 and then 



(0) (b) 

Fig. 8. Hot-wire ammeter in series with a coulombmeter, the latter being used to 
. calibrate the ammeter. 


used to measure the effective value of current in other circuits regardless 
of the wave form of the current. The current which is to be measured 
heats the resistance wire (72 of Fig. 8-a) and the thermal expansion 
causes elongation of the wire. This elongation is transmitted to a pointer 
by a suitable mechanical linkage so the scale reading of the pointer is 
dependent upon the heating effect produced in the wire by the current 
to be measured. 

In the calibration of the hot-wire ammeter, a steady or direct current 

^ Although the hot-wire instrument is of theoretical interest at this point, it is not 
widely used in practice in the United States. American manufacturers have de¬ 
veloped other types of instruments to a much higher degree of accuracy and reliability 
than they have the hot-wire type of instrument. The commonly used instruments 
embody magnetic effects which will be considered in a later chapter. 
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is passed through an electrolytic solution of silver nitrate (AgNOs) 
which is in series with the hot-wire instrument as'shown in Fig. 8. If the 
pointer of the instrument is held at a marked position on the scale over 
a period of time (say for 30 min by adjustments of R'), this marked 
position can be calibrated as a fixed number of amperes. This number of 
amperes is determined indirectly by weighing the cathode at the be¬ 
ginning of the test and again at the close of the test. The mass of silver 
deposited on the cathode is directly proportional to Q (= IT) which 
passes through the ammeter. 

Each ion of silver (Ag“*") in Fig. 8-b which is deposited (or plated) on 
*the cathode of the coulombmeter carries 1.6 X 10“^® coulomb of charge 
since it is a singly charged ion. Each ion weighs 107.88/(6.03 X 10^^) g. 
(The figure 107.88 is the number of grams of silver in one mole or in 
6.03 X 10^^ atoms of silver.) Hence the number of Ag ions deposited on 
the cathode in time T is 

M 

(No. of) Ag ions = — —-g - (in time T) 

6.03 X 1023 


where M is the increased mass of the cathode in grams. 
The charge passing through the circuit in time T is 


Q = t(No. of) Ag ions X = 

Ag ion 


charge M X (6.03 X 10^^) X (1.6 X 10~^^) 


107.88 



96,480 M 
107.88 ^ T 


amp 


(16) 


where M is the increased mass of the cathode in grams 

T is the time employed in making the test in seconds. 

Since both M and T can be measured quite accurately, the ampere 
value of the scale reading of the pointer of the hot-wire instrument is 
well defined. A rearrangement of equation (16) will show that a current 
of 1 amp deposits silver at the rate of 0.001118 g/sec. 

If the electrolytic calibration described above is performed in accord¬ 
ance with the specifications contained in Bureau of Standards Bulletin 
60, the results can be reproduced with an accuracy of about 1 part in 
10,000 in any part of the world. This reliability of calibration is re¬ 
sponsible for the following definition: 

An international ampere is that value of unvarying current which will 
deposit silver on the cathode of an AgNOz ceH at the rate of 0-00111800 g/sec. 



no 


JOULE’S LAW—HEATING EFFECTS 


To the accuracy with which we are here concerned, the international 
ampere as defined above is identical with the electrostatically derived 
coulomb per second. (An electrostatically derived coulomb, it will be 
remembered, is that unit of charge which when placed 1 meter from a 
similar charge in free space experiences a force of repulsion of 9 X 10® 
newtons.) 

PROBLEMS 


1. How many gram-calories of heat are developed in a 50,000-ohm resistor if a 
current of 100 milliamp flows through the resistor for a period of 10 min? Note: As a 
ratio ^ 

(No. of)g-cal 


watt-sec 


= 0.2388 


2. How many watt-seconds (or joules) of electrical energy are required to heat 100 lb 

of water from 42® F to212®F?( ■ —^ of)watt^sec ^ j 17.93 X10® watt-sec. 

\ Btu / 

3. What is the cost of heating the 100 lb of water in Prob. 2 if electrical energy 
costs 4 cents per kwhr? Neglect radiation, 

4. A small alloy resistor having a negligibly small temperature coefficient of 
resistivity is immersed in 100 g of water in a calorimeter which is thermally well 
insulated. A steady current of 1.0 amp flows through the resistor for a period of 10 
min. Find the temperature rise of the water if the potential difference across the 
terminals of the resistor throughout the test is 7.0 volts. 

5. Two hundred pounds of copper (initially at 20°C) is to be heated to a tempera¬ 
ture of 520®C with an electric heater which is 0.8 efficient. What is the cost of the 
electrical energy if the charge for this energy is 2 cents per kwhr? (The specific heat 
of copper is 0.0919, and its melting point is 1083°C.) 

6. Instead of raising the temperature of the 2(X) lb of copper in Prob. 5 to 520®C, 
it is required to melt'the copper. Find the cost of the electrical energy. (The latent 
heat of fusion of copper is 77.4 Btu/lb.) 

7. How many gram-calories of heat are developed at the positive plate of a vacuum 
tube as a result of 2.5 X 10^® electrons striking the plate if each of these electrons has 
fallen through a voltage rise of 400 volts? Assume that all the energy possessed by the 
electrons when they strike the plate is converted into heat by inelastic impacts at the 
plate. 

8. By definition an electron volt of energy is the equivalent of 1 electronic charge 
falling through a potential difference of 1 volt and is therefore the equivalent of 
1.6 X 10““^® joule. A Btu of heat energy is the equivalent of how many electron volts 
of energy? 

9. The ends of an otherwise thermally insulated copper rod (100 cm long and 2 sq 
cm in cross-section) are maintained at a temperature difference of 50°C. At what rate 
is heat transferred longitudinally through the rod if the thermal conductivity of the 
copper is 0.92 g-cal/sec/sq cm/cm/°C. Note: This method of designating conductiv- 
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ity might appear somewhat ambiguous to the beginner, but thermal conductivity is 
often tabulated in this manner in handbooks. The precise meaning is that c is , 


0.92 


g-cal X cm 
sec X sq cm X 




10. If the irregular shaped body shown in Fig. 9 is a piece of aluminum having a 
thermal conductivity of 2.17 watts/cm^/°C, what is the rate of heat transfer from 
surface A to surface B in joules per second if these surfaces are maintained at a 
temperature difference of 40°C? Neglect radiation. 

11. A steady current of 40 amp is flowing through 1000 ft of No. 10 B. & S. gage 
copper wire which is strung out in free air, the temperature of which is 20°C. If the 
average internal temperature of the copper wire is 60°C, find the centigrade degree 
rise (above ambient temperature) per watt per square inch. 



12. A coil of copper wire which is known to have a resistance of 4 ohms at 20®C 
has a radiating surface of 25 sq in. With 8 volts potential difference applied to the coil 
terminals, the current ultimately reaches a steady-state value of 1.5 amp. 

(a) Find the average steady-state temperature of the copper by the “change of 
resistance’’ method. 

deg O rise 

(5) Evaluate-——r“ basing the centigrade degree rise on the average internal 

watt/sq in. 

temperature of the copper. 

13. What is the effective value of the saw-tooth current variation shown in Fig. 10. 
[Note: i = {Ifn/T)t.] Express result in terms of Im- 

14. If, in Fig. 10, Im is numerically equal to 3 amp and this current is flowing 
through a 10-ohm resistor, what numl)er of joules of energy is converted into heat in a 
10-min period? Would a steady or direct current of 1.5 amp produce more heat, less 
heat, or the same amount of heat in the resistor in the same period of time? 

15. What is the effective value of the current variation shown in Fig. 11 expressed 
in terms of Im? 

16. What is the effective value of the current variation shown in Fig. 12? 

17. Given a 100-volt generator and a rotating contactor something like that shown 
in Fig. 5, page 102, draw the circuit arrangement which can be used to'produce the 
current-time graph shown in Fig. 12. Specify the rotation of the contactor in rpm and 
the ohmic values of the three resistors that are employed to obtain the desired varia¬ 
tion of I. 
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18. What is the time-averaged value of the current variation shown in Fig. 12 

taken over a complete cycle? ^ , 

19. What is the time-averaged value of the current variation shown in Fig. 11 
taken over a complete cycle if /»» = ir amp? 

20. What is the time-averaged value of the current shown in Fig. 10 taken over a 
period of 2 complete cycles if /w = 3 amp? 

21. Throughout a 40-min period, a current 

t = 10 + 8 sin Z77t amp 

flows through a hot-wire ammeter and a coulombmeter in series as shown in Fig. 8, 
page 108. 

(a) What is the reading of the hot-wire ammeter, if it is assumed that the instru¬ 
ment has been properly calibrated? 

(h) What number of grams of silver is deposited on the cathode of the coulomb- 
meter during the 40-min period? 

(c) What would be the reading of a permanent-magnet type of ammeter (one 
which indicates average current) if it were placed in the series circuit? 



22. Form factor of a time-varying current or voltage is defined as 

effective value 
average value 

What is the form factor of the current which flows through the d-c generator shown 
in Fig. 13 if the average value in the above definition is taken as the average value of 
current over one complete cycle? 

23. Refer to the definition of form factor given in Prob. 22. What is the form 
factor of the current-time graph shown in Fig. 14 if the average value referred to in the 
definition is taken as the half-cycle average? What answer would be obtoined in this 
case if the average value were taken as the full-cycle average? 

24. (o) What are the values of resistors R\, Rz» and Ri in Fig. 15 if R 3 is known to 
be 3000 ohms? 
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( 6 ) What is the total power delivered to the system by the battery E, (This 
battery has a potential difference of 410 volts across its terminals to maintain the 
potential distribution shown in Fig. 15.) 

(c) If 1 -, 5-, and 10 -watt, 10 , 000 -ohm resistors are available, which would you 
use for E 3 ? 

25. In addition to the data specified in Fig. 15, it will be assumed that Rz is known 
to be 5000 ohms. With both the 100-ma and 10-ma loads connected as shown, the 
potential distribution is as given in Fig. 15. 



Fig. 14. See Prol). 23. 




+400 volts 


What would be the potentials of points a, 6, and e relative to point d if the 10-ma 
path were to be accidentally opened? (It will be assumed that E remains fixed at 410 
volts and that the 100-ma load connected between points b and d is unaffected by the 
potential redistribution which occurs when the 10-ma load is reduced to zero by the 
open circuit.) 





CHAPTER VI 


D-C Circuit Analysis 
(Linear-Bilateral Circuit Elements) 


1. Classification of Circuit Elements. In general, a linear system is 
one in which effects are directly proportional to causes, that is, linearly 
related to causes. If the current that passes through a circuit element is 
directly proportional to the potential difference applied to its terminals, 
the element is said to be linear) othermse it is said to be non-linear,' 

A circuit element is bilateral or unilateral depending upon whether it 
passes current equally well in both directions or in one direction only. 



Fig. 1. Four resistances in series. 


Circuit elements which transmit equally w^ell in both directions are said 
to be bilateral. C'ircuit elements like vacuum tubes and rectifiers which 
transmit effectively in one direction only are said to be unilateral, 
[Vacuum tubes may be so operated as to function as linear unilateral 
elements (to alternating current) as will be shown in Chapter XV.] 
Non-line^ and unilateral circuit elements will be considered to some 
extent in later chapters. The present chapter is confined to systematized 
solutions of linear-bilateral network problems. 

2. Series Circuits. Where several resistors are connected in series 
(that is, carry the same current), it is usually convenient in circuit 
analysis to replace these resistances with an equivalent single resistance. 
As applied to the terminals a and e of Fig. 1, it is plain that 

Va, + Vtc + Ved + Vae = Vae 


or 


Rll + R2I + Rsl + R4I = Vae 
115 


( 1 ) 

(2) 
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The equivalent resistance between terminals a and e of Fig. 1 is 


^eq. a-e = /?! + ^^2 + ^3 + ^^4 = (3) 

and in general 

^eq. (seriee) = i?! + /22 + + /24 + ^5 + ’ ' * (4) 

Equation (4) indicates the rather obvious fact that any number of re¬ 
sistances which are joined in series may be treated as a single equivalent 
resistance for the purposes of analysis. 

3. Equivalent Resistance. The equivalent resistance between any two 
terminals of a passive^ electrical network is defined as the ratio of the 
unvarying voltage between these two terminals to the current flowing 
into (or out of) one of these terminals. The current flowing into one 
terminal will of course return at the other terminal if these two terminals 
are energized with, say, a two-terminal battery or generator. 

A simple example of this definition of equivalent resistance has been 
given in connection with Fig. 1. [See equation (3).] As defined above 

equivalent resistance may refer to any 
two terminals of a network regardless of 
the configuration of the network. 

The equivalent resistance between 
two terminals is sometimes referred to 
as the d-c driving point resistance. The 
qualification to d-c resistance is necessary 
here because condensers which might 
very well be used in a-c circuits would 
block the direct current and the a-c resistance between the two ter¬ 
minals would then be distinctly different from the d-c resistance. 

4. Parallel Circuits. Each of the three resistors shown in Fig. 2 is 
subjected to the same potential difference, Vxy. Therefore 



Fig. 2. Three resistances in par¬ 
allel. 





( 6 ) 


If Kirchhoff’s current law is applied to one of the two junctions shown 
in Fig. 2, it is plain that 

h = + h + h = (-^ + ^ ( 6 ) 

\itl £12 £ 13 / 


^ A passive network is one which is devoid of active generators or other sources of 
emf. 
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The ratio of to /< is 

p _ ^xy _ 1 _ _ R1R2R3 _ 

It ' i_ i_~ R1R2 + R2R3 + RsRi ^ 

Ri R2 R3 

In general, the equivalent resistance of several branches in parallel is 


R. 


eq. (par.) 


T> 

III ^2 ^3 ^4 ^5 


( 8 ) 


If the number of parallel branches is limited to two, 


» _ ^ 1^2 

^ R1 + R2 


( 9 ) 


One point to observe in connection with resistances in parallel is that 
the equivalent resistance is always less than the smallest of the indi¬ 
vidual resistances. With the aid of the above equations, any number of 
parallel branches between two terminals can be reduced quickly to an 
equivalent single resistance between these two terminals. 


Example. If the three resistances shown in Fig. 2 are respectively 2, 4, and 
10 ohms, they may be replaced with an equivalent resistance: 


-^eq. 


_ 2 X 4 X 10 _ 

(2 X 4) + (4 X 10) + (10 X 2) 


68 


1.177 ohms 


6. Conductance. As pointed out on page 78, the conductivity of a 
material (7) is the reciprocal of the resistivity (p). Whereas the d-c 
resistance of a conductor is 


R = 


/ 

"I 


the d-c conducUmce of the conductor is 



( 10 ) 


where A is the cross-sectional area of the conductor 
I is the length of the conductor 
7 is the conductivity of the material. 

The primary unit of conductance in the mks system of units is the mAo, 
and physically it represents the number of amperes that wUl flow 
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through a conductor per volt of d-c potential difference applied to the 
terminals of that conductor. Since G = l/i2, it is plain that in those 
cases where unvarying currents and voltages are involved 

/ = GF (11) 

In some types of circuit analysis, it is more convenient to use conductance 
than it is to use resistance. Where several resistances are in parallel, the 
use of conductance may simplify the calculations to some extent. 

a H 

R4 

b 

Fig. 3. G^n.ah = Gi + + Gz 4” G 4 and It — Geci.Vab^ 

Example. Four resistances are connected in parallel across a pair of terminals 
{a -* h) as shown in Fig. 3. Let it be required to find Ri— 1, = 0.5, 

JRs = 2, 1^4 = 4 ohms, and Vab = 20 volts. 

0^, = Gi + G 2 + G 3 -h G 4 = 1 + 2 + 0.5 + 0.25 = 3.75 mhos 
It = Ged Fafc = 3.75 X 20 = 75 amp 

6. Internal Generator Resistance. Thus far no attention has been 
paid to the internal resistance of the driving source. The electrolyte and 
plates of a battery, for example, present an impedance to the flow of 
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into account if the open-circuit generated voltage only is specified. The 
internal resistance of a generator (or battery) can be accounted for 
quite easily by noting that a current flowing through the internal re¬ 
sistance establishes a voltage drop which subtracts directly from the 
open-circuit voltage to give the terminal voltage. As shown in Fig. 4, 
the internal resistance can be placed in series with the open-circuit 
voltage Eq and the terminal voltage of the generator under load con¬ 
ditions calculated as 

Ett = ^0 — EgenI (12) 

Thus the open-circuit (or no-load) voltage of a generator may be treated 
as the voltage of an ideal generator provided Kgen is placed directly in 
series with Eq as shown in Fig. 4. 



Fig. 5. Reduction of a network to a single equivalent resistance. 

7. Reduction of Series-Parallel Resistances to a Single Many 
networks can be reduced to a single equivalent resistance in series with 
an open-circuit generated voltage by the simple principles contained in 
Sections 2, 4, and 6. An example of this kind of reduction is shown in 
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Fig. 6. The details are presented below for the case of 


El = 5 ohms 
R 2 — 2 ohms 
J ?3 = 3 ohms 


— 2 ohms 
/Zs = 4 ohms 
Rq = 10 ohms 


R^ = 2.6(23) ohms 
^gen. = 0.5 ohm 
E{) — 120 volts 


Eacdb 

— E% 

Rac 

+ 

Hcd 

+ Edb 



2X3 

+ 

2 X 4 X 10 

+ 2.623 



2 + 3 

8 + 40 + 20 



= 1.2 

+ 

1.177 

+ 2.623 = 5.0 

Rah 

= Rq 

_ 72i728 


5X5 

= 2.5 ohms 

72i + 728 


5 + 5 


■^gen 

Eq 


120 

= 40 amp 


Egen. + Eg 


0.5 + 2.5 


ohms 


ToJfind the various branch currents, the circuit is re-established in the 
reverse order as 


Vah = Ett = /gen.^9 = 40 X 2.5 = 100 VOltS 

1 1 (current through Ri) = 100/5 = 20 amp 

Vac (voltage across 722, = 20 X 1.2 = 24 volts 

1 2 (current through R 2 ) = 24/2 = 12 amp 

I 2 (current through R^) = 24/3 = 8 amp 

From Fig. 5~a, it is plain that /gen. = /i + /2 + as the above 
arithmetic shows.' 


Exercise. Find the currents in 724 , Rb, 7?6, and R 7 of Fig. 5-a and check 
the result by Kirchhoff’s current law. 

8. Network Reduction by the Delta-Wye Transformation. In many 
instances, the simple type of network reduction shown in Section 7 cannot 
be employed because of cross connections which make it impossible to 
effect a simple series-parallel type of reduction. In these cases the re¬ 
duction can sometimes be carried out by means of a delta-to-wye trans¬ 
formation. 

A delta-to-wye transformation involves the replacement of a three- 
sided mesh (or loop) like 72i — 722 — Rs of Fig. 6 with a three-legged 
wye arrangement like R^ — Ry — Rz which connects to the same three 
terminals of the network as does the mesh which is being replaced. A 
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three-sided mesh, or delta as it is usually called, like R\ — R2 — R 3 of 
Fig. 6 may be replaced by a three-legged (or wye) configuration like 
Rx ^ Hy Rz provided the values of Rxj Ry, and Rz are properly chosen. 
A substitution of this kind demands 
that the equivalent resistances looking 
into terminals xy^ yz, and zx be pre¬ 
cisely the same after the substitution 
is made as they were originally. The 
substitution is valid if 

(looking into terminals xy) 

R\{R2 Rz) 


^ ^ Ri R2Rz 

(looking into terminals yz) 

R2{Ri H~ Rz) 
R\ + R 2 Rz 
(looking into terminals zx) 

Rz ”h Rx “ 


Ry -|- Rg = 


(13) 


(14) 



Fig. 6. Ri — R 2 — R^ are delta- 
ronnected resistances which are to 
be replaced with wye-connected 
resistances Rx — Ry — Rz» 


RziR\ R 2 ) 
+ ^2 + Rz 


(15) 


Equations (13), (14), and (15) may be solved simultaneously for /?*, 
Ry, and Rz in terms of the original delta resistances Ri, /22, and R^- If, 
for example, equation (14) is subtracted from equation (15), there is 
obtained 


Rx — R 


y 


R\Rz R 2 RZ — R 1 R 2 — R 2 RZ 
R\ + R 2 "1" Rz 


(16) 


which, if added to equation (13), results in 


R R\R^ 

J?1 + /?2 + ^3 

(17) 

R\R2 

^ i2l + i22 + ^3 

(18) 

R 2 RZ 

R\ R 2 Rz 

(19) 


Equations (17), (18), and (19) may be used to effect a delt4-to-wye 
transformation. In making this type of transformation, the equivalent 
wye resistance which connects to a given terminal is equal to the product 
of the two delta resistances which connect to this same terminal divided 
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by the sum of the delta resistances. It is much easier to learn this rule 
than to adapt equations (17), (18), and (19) to different subscripts 
which are encountered in different networks. 


Example. The bridge circuit shown in Fig. 7-a cannot be reduced to an 
equivalent series circuit between the terminals a and d by the method pre- 



Fig. 7. Reduction of Wheatstone bridge circuit. (Numbers indicate ohms.) 


sented in Section 7 because of the cross-connection from b to c. The reduction 
■ can, however, be made easily with the aid of a delta-to-wye transformation as 
shown below. 

Either the ahc delta or the bed delta may be reduced to an equivalent wye. 
In this example the abc delta will be reduced. Simply by inspection of the abc 
delta, it is possible to write 

Ran(o{ Fig. 7-^) ^ = 0.6 ohm 

Fig. 7-by = = 1.0 ohm 

i?CT(of Fig. 7-b) = - = 1.5 ohms 

fl„<i(of Fig. 7-c) = - — — = 2.4 ohms 

4-4-6 

/Bad(of Fig. 7-c) = 0.6 -1- 2.4 = 3.0 ohms 
■ % 

Since Rad of Fig. 7-c is equivalent to Req.ad of Fig. 7-a, the battery current in 
Fig. 7-a may be found to be E/^ amp, just as if a single resistance of 3 ohms 
were connected across the battery terminals. After the battery current has 
been evaluated, Vbc can be quickly found and the circuit reassembled to find 
any or all of the branch currents. 

9. Balanced Wheatstone Bridge. The circuit arrangement shown in 
Fig. 7-a is known as a Wheatstone bridge and is widely used for resis¬ 
tance measurements by the comparison method. A sensitive galvanom- 
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eter is placed in the be branch to indicate by a n\;ll reading when zero 
potential difference exists between points h and c of the network. If 
points b and c are at the same potential, it follows that Ibe = 0, Ibd ** 
labf and led = lac- Hence 

^ah^ah ~ ^ac^ac ( 20 ) 


and 


^Rbd^ ah — Rcd^a 


Dividing equation (20) by equation (21) gives 


Rab R ac 

Rhd Red 


( 22 ) 


If now Rab/Rbd is some fixed ratio, Rac can be measured in terms of an 
adjustable calibrated resistance, Redj as 



In practice one frequently encounters balanced bridge circuits where 
it is necessary to have the potential difference between one pair of 
terminals like be unaffected by a change in voltage between another 
pair of terminals like ad of Fig. 7-a. 

10. network Solutions by the Branch-Current Method. The direct 
application of Kirchhoff^s laws to networks provides a general method 
of solution. If the actual branch currents are selected as the dependent 
or unknown quantities, the number of unknowns equals the number of 
braneheSy and the problem is that of finding an explicit expression for 
each branch current in terms of the specified voltages and resistances. 
In this connection a branch is a conducting path between two junctions 
of the network, and a branch current is the current in one of the branches. 
It is the current that an ammeter would read if placed in the branch. 

The required number of independent equations (necessary to effect 
a solution) can be obtained straightforwardly if an orderly sequence of 
steps is taken. The network shown in Fig. 8 will be employed in ex¬ 
plaining this sequence of steps. 

(1) Simplify the network as far as possible by replacing all series 
and parallel combinations of resistances that exist between junctions 
with equivalent series-circuit resistances between the juuQtions. As 
applied to Fig. 8 this means simply that we treat the resistance of the 
fabe branch as 13 ohms and the resistance of the edef branch as 10 ohmC. 
(The internal resistances of the generators in Fig. 8 are considered to be 
negligibly small.) 
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(2) Decide, from an inspection of the network diagram, the exact 
number of branches, that is, the number of paths between junctions. For 
l4ie case shown in Fig. 8 there are three branches, namely, fahc, cdef, 
and cf after the reduction suggested in (1) has been made. 

(3) Label each branch current as shown in Fig. 8 and arbitrarily 
assign an arrow direction to each branch current. Where the correct 
direction of +/ is clearly evident from the polarities of the emf sources 
as in branches I and 2 of Fig. 8, it is convenient but not necessary to 
employ this direction as the arrow direction of the current. in Fig. 8, 
for example, has purposely been assigned an arrow direction from c to / 
even though the actual positive current direction in this branch will 
turn out to be from / to c. An assigned direction of current is not neces¬ 
sarily the positive current direction, as will be shown presently. 



Fig. 8. Illustrating branch currents lu hy and h. 


(4) Obtain simple relationships between the branch currents by 
applying Kirchhoff’s current law one less times than the network has 
junctions, thus obtaining as many independent current relations as 
possible from the current law. As applied to Fig. 8, only one application 
of the current law is made since Fig. 8 is a two-junction network. 

At junction c: h — I 2 + h (24) 

(5) Apply KirchhofFs voltage law to the loops of the network as 
many times as the network has branches less the number of times the 
current law has been used. (See step 4.) If the network has N branches 
andjunctions, the current law is used / — 1 times and the voltage 
law N — (/ — 1) times. In so doing the N required independent re¬ 
lationships between the branch currents are established. 

In writing the voltage law, one new branch must be incorporated in 
each loop equation in order to obtain independent loop or voltage 
equations. As applied to Fig. 8, two loop equations must be written. 

For loop abcfa: RJi + R^h = Ei (25) 

For loop fcdef: —Rsh + Rzh = ^2 (26) 
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A third loop equation might be written (around abcdefa) but it will not 
be independent of equations (25) and (26) because no branch not con¬ 
tained in equations (25) and (26) would be encountered.^ 

(6) Solve the simultaneous equations {N in number) for the brsCnch 
currents, /i, / 2 , hy • • • *, In. 

As applied to Fig. 8, equations (24), (25), and (26) may be solved si¬ 
multaneously for Iij I 2 , and 1^. In a case as simple as the present one, 
a systematic elimination can be employed to obtain the values of /i, / 2 , 
and Is. Thus, Is in equations (25) and (26) may be replaced with 
h - /2, the value of Is obtained from equation (24). Then 

Rih + Rsih - I 2 ) == Er (27) 

~~R^iIi ~ I 2 ) + R 2 I 2 = E 2 (28) 

or 

{Ri + Rs)Ii ~~ Rzl 2 — E\ (27-a) 

— Rsl\ + {R 2 "b ^ 3 ) 7^2 = E 2 (28-a) 

Substitution of numerical values in equations (27-a) and (28-a) gives 

15/1 - 2/2 = 100 (27-b) 

- 2/1 + 12/2 = 100 (28-b) 

From which 

/i = 7.95 amp and 1 2 == 9.66 amp 

I^ = 1^=: 7.95 _ 9.66 = -1.71 amp 

The minus sign in connection with Is means simply that the arrow 
direction of Is (which was arbitrarily assigned initially) is opposite to 
the actual positive direction of Is. The actual positive direction of 
current flow in branch 3 of Fig. 8 is from / to c. 

The branch-current method of solution (as outlined above) is very 
useful in many types of network problems. It is easy to apply generally, 
and after a little practice it becomes a routine procedure. If care is not 
taken in writing the voltage equations, however, some trouble is likely 
to be encountered with signs. (See page 58.) 

^ In writing the loop equations, either direction around a loop may be taken as the 
tracing direction. Normally, fewer minus signs will be encountered if the tracing 
direction is taken in the — to + direction through the generator. An RI voltage 
written on the left-hand side of the loop equation like equation (26) is -h if the 
assigned arrow direction of the branch current and the tracing direction coincide; 
otherwise this RI drop is negative. An emf written on the right-hand side of the loop 
equation is + if the tracing direction is in the — to + direction through this emf; 
otherwise this emf is written into the equation as a negative quantity. 
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A more highly systematized method of solution is given in the follow¬ 
ing section. 

11. The Mesh-Current Method of Solution. If, instead of branch 
currents, loop or mesh currents are employed, the necessity for applying 
the current law is eliminated. This elimination is particularly advan¬ 
tageous in networks having several junctions. Network solutions in 
terms of mesh currents are generally applicable and so widely used in 
practice that every student of electrical engineering should master the 
details of this type of solution. 

A loop or mesh current is a continuous current around any closed loop 
of the network. The algebraic sum of the mesh currents flowing in any 
branch is the actual branch current, that is, 

^•^mesh -^branch (29) 

The significance of mesh currents and the reason why they can be used 
in place of branch currents are illustrated in Fig. 9 where 7i and 1 2 are the 



Fig. 9. Illustrating loop or mesh currents h and h and branch currents / jsi = /i, 
Ib 2 - hf and Ibz — h + 


mesh currents and Ibij Ib 2 , are the actual branch currents. If 
Kirchhoff^s voltage law is applied to loops 1 and 2 of Fig. 9 by use of the 
branch currents shown, the following equations are obtained: 

RiIbi + R 3 IB 3 = El (30) 

R 2 IB2 4" R 3 IB 3 = E 2 (31) 

In any branch, the actual branch current is the algebraic sum of the 
mesh currents flowing through that branch so equations (30) and (31) 
may be written in terms of mesh currents as 

Rih + Rsili + 1 2 ) = El or (Ri + R^)Ii + R^h = Ei (32) 
R 2 I 2 + ^3(7i + I 2 ) = E 2 or 123/1 + {R 2 4" R3)l2 ^ E 2 (33) 

From equations (32) and (33), one observes that Kirchhoff^s laws 
can bo written just as well in terms of mesh currents (/i and 1 2 ) as in 
terms of the branch currents (Ibi, /b 2 > and Ibs)- The requirement is 
that the entire resistance of loop 1, {Ri + R3) here, be multiplied by 
loop current 1; and that the portion of the resistance of loop 1 through 
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which loop current 2 {1 2 ) flows be multiplied by 1 2 in forming equation 
(32). In this manner, the voltage law is satisfied and the necessity for 
employing the current law is eliminated. 

The great advantage of the loop-current method of solution is that, 
after a little practice with it, the determinant form of solution for any 
mesh or loop current can be written down from an inspection of the 
circuit arrangement. The method is so systematized that the need for 
writing down the voltage equations is even eliminated. 

The voltage equations which apply to a three-loop network are 
shown in equations (34). From the system with which the subscripts 
are written, it should be evident how to contract these equations to a 
two-loop network and how to expand them to include a four- or five- 
loop network. 

Rnli + R12I2 + Rvd^i = 

R21I1 + R22I2 + R23I3 = ^2 (34) 

+ Rd2l2 + R33I3 = R3 


where /i, / 2 , and are the arbitrarily assigned loop currents 
Rii is the total resistance of loop 1 to current Ii 
R22 is the total resistance of loop 2 to current 1 2 
Rs 3 is the total resistance of loop 3 to current Is 
Ri2 = R21 is the resistance which is common to loops 1 and 2 
-Bi 3 = R 31 is the resistance which is common to loops 1 and 3 
R 23 = R 32 is the resistance which is common to loops 2 and 3 
JSi, E 2 j and Es are the driving voltages of loops 1, 2, and 3 re¬ 
spectively, considered positive on the right-hand side of equa¬ 
tions (34) if traversed in the — to + direction when the loop 
is traced in the arrow directions which have been assigned to 
the loop currents. 


For any particular network, the number of equations, like those 
shown in (34) required to effect a solution is equal to the number of 
partially independent loops in the network. 

After the required number of equations have been arranged as 
shown in (34), the solutions for /i, I 2 , and Is may be effected straights 
forwardly as shown below: 


El 

R\2 

Ri3 

E2 

R22 

R23 

Es 

R32 

R33 

Rii 

Ri2 

Ri3 

R21 

R22 

R23 

R31 

R32 

R33 


El 

Ri 2 

Ri 3 

E2 

R22 

R23 

Es 

R32 

R33 


D 


(34-a) 
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where 


D = 
and 


» 

11 

Ri2 

Ri3 



» 

'21 

R22 

R23 

= R11R22R33 + R12R23R3I 

+ RrsRs2R2i 

^31 

R32 

R33 

— Ri^R 22R31 R12R21R33 

— RIIR32R23 


El R\2 Ri 3 
E2 R22 R23 
Rs R32 R33 


E1R22R33 H " R12R23R3 

— RrsR 22 E ‘3 — R12R2R33 


+ R13R32R2 
— EiR-^2R23 


Similarly 


I2 


Rii 

El 

Ri3 


R\i 

Ri2 

El 

R21 

E2 

R23 


R21 

R22 

E2 

Esi 

Ez 

R33 

and /a = 

Rsi 

R32 

R3 


D 



D 



(34-b) 


It will be observed that the denominator matrix D is common to all of 
the loop current solutions and that D can be evaluated solely in terms of 



the /^'s. The numerator of Ji is obtained by writing D with the first 
column replaced by the E'a. The numerator of the 1 2 solution is obtained 
by writing D with the second column replaced by the which appear 
on the right-hand sides of equations (34), and so on.^ 

Example. As applied to Fig. 10, the specific values to employ in a mesh- or 
loop-current solution are 

= 6 -h 9.4 + 2 = 17.4 ohms 
2^22 = 4 -h 9.4 -f 3 -h 4.5 = 20.9 ohms 

®For further details regarding the techniques employed in connection with 
determinants, the reader is referred to standard algebra texts or to Handbook of 
Engineering Fundamentals, pp. 2~16, 2-17, by Eshbach, published by John Wiley 
and Sons. 
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Rzz ==2 + 34"5 = 10 ohms 
Ri 2 = R 21 = 9.4 ohms 
Riz = Rz\ — 2 ohms 
1^28 — Rz 2 == 3 ohms 
El = 30, E 2 = 20, and J&3 = 0 volts 

Hence, 

17.4/1 + 9.4/2 ~ 2/3 = 30 
9.4/1 + 20.9/2 + 3/3 = 20 
— 2/1 -f" 3/2 "I” 10/3 = 0 

The RI terms in the above equations are positive if the loop current which 
establishes the Rl drop in question is directed along the positive tracing 
direction which is used in writing the loop equation. The positive tracing 
directions in the present instance are taken in the arrow directions of the loop 
currents, /i, /2, and h in order that the E's which appear on the right-hand 
sides of the equations will carry positive signs. In tracing clockwise around 
loop 1, for example, 

Riili is positive since /i is directed clockwise—positive tracing direction in 
this case 

R\ 2 l 2 is positive since /2 is directed from a to 6 (clockwise) in that portion 
of loop 1 through which 1 2 flows, namely Rah 
Rizh is negative since Iz is directed from d to 6 (counterclockwise) in that 
portion of loop 1 through which /s flows, namely Rca> 


The loop currents /i, 1 2 , and Iz shown in Fig. 10 may now be determined 
straightforwardly as shown below. (Although the accuracy with which the 
results are stated is not consistent with the accuracy with which the original 
data are specified, the four-significant-figure results are useful forms in 
making certain numerical checks later on.) 


30 

9.4 

-2 


20 

20.9 

3 


0 

3 

10 

_ 4000 

17.4 

9.4 

-2 

2400 

9.4 

20.9 

3 


-2 

3 

10 


17.4 

30 

-2 


9.4 

20 

3 


-2 

0 

10 



2400 


2400 

17.4 

9.4 

30 


9.4 

20.9 

20 


-2 

3 

0 

680 


2400 


“ 2400 


1.667 amp 


0.1667 amp 


0.2835 amp 
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The branch currents follow directly from the solutions given above. 

Current through branch = 7i = 1.667 amp 

Current through branch ah — Ii h 1.667 + 0.1667 = 1.833 amp 

Current through branch hd ^ = 1.667 — 0.2835 = 1.383 amp 

Current through branch be = I 2 = 0.1667 + 0.2835 = 0.450 amp 

Current through branch cd = Iz = 0.2835 amp 

Current through E 2 branch = I 2 — 0.1667 amp 

Exercise. Check the arithmetical accuracy of the branch currents /da, /a6, 
and /d6 in the above example by comparing 6/da + 9Alab + 2Ibd with the 
specified value of Ei. 

The correct number of independent loop-current equations required 
in any particular network is equal to the number of emf equations re¬ 
quired after the current law has been applied at the junctions as many 
times as it can be applied and still obtain independent relationships 
between the branch currents. As shown on page 124, this latter 
number is J — 1, where J is the number of junctions in the network. 
If B is the number of branches, the correct number of loop-current 
equations to employ is 

J5-(J-1) = 5- J + 1 (35) 

In Fig. 10, for example, 5 = 6, J = 4, and the required number of loop- 
current equations is 3. 

Independent loop-current equations are obtained by successively 
choosing loops that always include at least one branch which has not 
previously been traced by a mesh or loop current. In following this pro¬ 
cedure, it is possible to include too many branches with a single loop 
current to obtain physically correct results, but when this is done the 

correct number of loop-current 
equations (B — J + 1) will not 
have been established. (See 
Prob. 38 at the close of the 
chapter.) 

12. Two-Wire Transmission 
of Electrical Power. Certain as¬ 
pects of two-wire transmission 
will be considered in this section. 
For purposes of illustration the 
generator shown in Fig. 11 will 
be assumed to generate an open-circuit voltage of E volts and have 
an internal resistance of Rg ohms. The generator is connected to a load 
resistance Rl through a line resistance Ri. Both Rg and Ri are assumed 
to be fixed, whereas the load resistance i?L is assumed" to be variable. 



/\^ —i 

b* b 

Fig. 11. A two-wire transmission system. 
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It is plain that 


I = 


E 


(36) 


Rgl + Rl 

in which Rgi — Rg + Ri, The terminal voltage of the generator for any 
specified load current / is . 

VE — Rgl 

The voltage across the load resistance is 

Vah ^ E — Rgil = RlI 
The total generated power is 


Pgen. ““ RI 

The power delivered to terminals a'6' is 

Pa^y = = El - RgP 

The power delivered to the load is 

Pah = Vahl = El- RgP - RlP 


(37) 

(38) 

(39) 

(40) 

(41) 


The per unit efficiency of a transmission system is defined as the ratio 
of the output or load power to the power input to the transmission line. 
(Generator losses are not included in transmission efficiency.) 


transmission efficiency = 



Vahl _ Vah 
Va^yl Va^y 


(42) 


The per unit voltage regulation of a d-c transmission line is defined 
as the ratio of the difference between input and output voltages to the . 
output voltage; that is, 


transmission line voltage regulation 


Va>y Vah 
V^h 


(43) 


lExample. In Fig. 11, let it be assumed that ^ = 110 volts, Rg — 0.\ ohm, 
Rl — 0.9 ohm, and that is so adjusted that the load voltage Vab = 100 
volts. The efficiency of transmission and the voltage regulation of the transmis^ 
Sion line are to be found. 


, E - Vab no - 100 10 

Rgl 0.1 + 0.9 1 

power delivered to the load Pat = 100 X 10 = 1000 watts 

transmission line input power Pa = (E — Rgl) I 

= (110 ~ 1) X 10 = 1090 watts 

. efficiency of transmission = = 0.918 
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transmission line input voltage VJh 


voltage regulation of the transmission line = 


= E-Rgl 

= 110 — 1 = 109 volts 
109 - 100 


100 


0.09 


voltage regulation of the overall system, including both the transmission 

line and generator voltage drops = ^ - qq ^ = 0.10 

13. Maximum Power Transfer. Refer to Fig. 11. Under the conditions 
which have been assumed, E, Rg, and Ri are constants and is variable. 
[(Rg + Ri) — Rgi.] If Rl is infinitely large, as in an open circuit at the 
load end of the line, I equals zero and of course no power is delivered to 
the load. If Rl is reduced to zero, as in a short circuit at the load termi¬ 
nals abj the power delivered to the load is equal to zero because Vab = 
RlI = 0 . 

For any finite value of Rl, the power delivered to the load is a finite 


(44) 


value which is equal to VabJ, in which Vab equals RlP 

Hence, 

Pab = VabI = RlP 

in which 

I- ^ 


Rgi + Rl 

Thus, - 

~ ^ [{Rgi + Rz,) J 


(45) 


In order to find the relationship between the resistances {Rgi and Rl) 
which will make Pab a maximum, Pab may be differentiated with respect 
to the variable Rl and the derivative dPab/dRL set equal to zero, as 
shown below: 

dPab _ ^2 r (figZ + Rl)^ ~ ^RbiRgl + Rl) 

dRL^ L (RoI + Rl)^ 

It follows that 

(Rgi + Rl)^ = 2RL(Rgi + Rl) (46) 

which indicates that, for maximum power delivered to the load 

Rl = Rgi = Rg’\-Ri (47) 

The power delivered to the load through a fixed generator and line 
resistance is maximum when the load resistance is adjusted to equal the 
sum of the generator and line resistances. 
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In communication circuits where the generator ^ight take the form 
of a telphone transmitter or a radio microphone, very low power levels 
are encountered, and every effort is made to transmit the maximum 
power possible to the load or receiver. In low-power circuits, therefore, 
it is customary to match the load or receiver resistance to the line and 
generator resistance, that is, make Rl = Rgi- 

In power circuits (meaning high-power circuits), no attempt is made 
to deliver maximum power to the load because the generators in this 
case are usually powerful devices which supply many parallel-connected 
loads. -Sl is never reduced to a point where it even approximates the 
combined resistance of the generator and connecting lines because to do 
so would result in efficiencies of transmission of about 50 per cent. 
Moreover, most power devices are designed to operate at essentially 
constant voltage and, if the conditions stated in equation (47) were 
satisfied, the load voltage would vary from E volts at no load to half 
this value at maximum power transfer. Since a variation of only a few 
per cent in load voltage is permissible in practice, no attempt is made 
to match load and line resistances in power circuits. The load re¬ 
sistance is always many times the combined line and generator resistance 
in power circuits. 

14. Attenuation—Design of Attenuation Sections. In communication 
circuits it is sometimes necessary to insert a four-terminal network into 
a two-wire line for the purpose of lowering the output power. A case 
like this might arise where a telephone is only a few hundred feet from 
the exchange battery which energizes not only this telephone but others 
which are miles from the exchange. For uniform operation of all the 
telephones, the line to the nearby telephone will have placed in it 
attenuation sections as shown in Fig. 12. 

The balanced type of section shown in Fig. 12 may be rearranged for 
purposes of this analysis as a T-section of the kind shown in Fig. 13. 
The power output and the power input to this section may be written 

■^out ~ ^out-^out and Piji = V in/in 

Where four-terminal sections are inserted into communication lines, 
the ratio of ■P out to Pin is usually more important than the actual values 
of these powers. The effect of the insertion is generally expressed in 
terms of a unit of attenuation called the decihel, abbreviated dh. The 
meaning of this dimensionless unit of attenuation as applied to the 
present case is contained in the following equation: 

dh = 10 loff = (^'^^’^ber of decibels resulting 
®Pin from insertion of a four- 
terminal network) 
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Note: The logarithm to the base 10 is implied by log, since in this text 
logio is written simply as IoQj and if logarithms to the base e are intended 
the symbol In is employed. 

The relationship stated in equation (48) is used in a wide variety of 
ways in practice and is often applied to cases even where no four- 
terminal network is involved. For present purposes, however, the con¬ 
cept of a decibel as applied to a four-terminal network insertion is of 



Fig. 12. Illustrating the use of an attenuation pad. 

"T*—I 

I 2 2 rS 

Vin <'rj I Rollout 

J.... ^ ...li 

2 4 

Fig. 13. Attenuation section in the form of a T-section. 

immediate importance. If, for example, the four-terminal network were 
a power amplifier. Pout might be 100 times greater than Pi^, in which 
case 

100 

db = 10 log -j- = 10 X 2 = +20 (decibel gain of amplifier) 

In the case of an attenuation section. Pout is obviously less than Pin 
because power (RI^) is lost in the resistive elements which go to form 
the section. If, for example. Pout = O.lPin, 

db ~ 10 log = 10 (log 1 — log 10) = —10 (decibel loss) 

In using equation (48), a minus number of decibels indicates transmis¬ 
sion loss (that is, attenuation), whereas a positive number indicates a 
transmission gain. 
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Returning now to the network shown in Fig. ^3, the problem is so to 
design the section as to make Ri^ ( = Fin//in) equal to Rout i^Vout/Ionl) 
and at the same time make the section yield a specified number of 
decibels of attenuation. The total series-arm resistance Ri of the section 
and the total shunt-arm resistance R 2 may be so adjusted as to give the 
desired results. 

Letting the output resistance be symbolized as Roy it is plain that 


7? -^4- 

Rin 2 + 


(f + 

+ R2 +Ro 


(resistance looking 
into terminals 1-2 
of Fig. 13) 


(49) 


and if we make the above value of R^^ equal to Ro we have 


Ro + R 2 + R^ = ^ ^ (49-a) 

Solving for Ro gives 

Ro = ^ (50) 


The importance of equation (50) is that we can make the equivalent 
resistance looking to terminals 1 and 2 of Fig. 13 precisely the same as 
the load resistance by arbitrarily selecting any Ri and solving for R 2 
in terms of the specified Ro and the arbitrarily selected Ri. In the de¬ 
sign of attenuation sections, however, we do not arbitrarily select Ri ; 
rather we impose the condition that Ri and R 2 shall be selected to yield 
a specified number of decibels of transmission loss and at the same time 
make Ri^ equal to Ro. 

If Rio = Roj 

n = (No. of)db = 10 log = 10 log 

or 

n = 20 log 

I in 

Solving the above relationship for the ratio lout/Iim 

= lQn/20 ^ 

I in 

Thus if n is specified as some negative number of decibels, /out/An is a 
fixed quantity which is here symbolized as K, 
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By ordinary circuit analysis, it follows that 

R. (f + R.) 


^out 


in I 

-h R2 + Ro 




The ratio I out/1 in then reduces to simply 


_ -fout _ 

" /in ■ Rl 


1^2 


(52) 


— + R 2 + Ro 


From equation (50) it is known that 

R1R2 + ^ 


Ro 


(53) 


If Ro and K are specified quantities in ecpiations (52) and (53), these 
equations may be solved simultaneously for Ri and R 2 . The results may 
be stated in a variety of different algebraic forms, the simplest of which 
are probably 

(M-a) 


iBo ~ 


1 - A'2 

(1 -K) 


Ri - 2Ro ^ 

Example. Let it be required to find Ri and Ri in Fig. 13 if 

Ro = 100 ohms 

and an attenuation of 5 db is desired. 

From equation (51), 


(54.b) 


/C = 10 


- 5/20 


= 0.563 


Then, from equations (54-a) and (54-b), 


^ 200(0.563) 

' “ 1 0.5632 


164.6 ohms 


Ri = 200 


(1 - 0.563) 
(1 -{- 0.563) 


56 ohms 


The required attenuation section takes the form shown in Fig. 14 since Ri 
(the total series-arm resistance) is equally divided on either side of R^. 

Exercise. Show by ordinary methods that the equivalent series-circuit 
resistance looking into terminals 1 and 2 of Fig. 14 is 100 ohms. 
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16. Double-Subscript Notation. At various places throughout th,e 
text, double-subscript notation has been used either where the order of 
the subscripts was obvious from physical considerations, or where the 
order of the subscripts was immaterial. The symbol Rah in Fig. 15, for 


lin 

r->- 


. 28 Ohms 


28 Ohms 


■W^ 


3 ^ 

I 


I64j6 Ohms 


I 

I 

I 

L.. 


jRoi 100 Ohms 


Fig. 14. Section which yields 5 db attenuation in a 100-ohm line. 



Fig. 15. A three-wire transmission system used for illustrating double-subscript 

notation. 


example, means simply the resistance between points a and h of the 
circuit. In cases of this kind, the order or sense of the subscripts is im¬ 
material since Rha = Rah- 

When, however, double subscripts are attached to currents and 
voltages, they are usually intended to indicate the sense or direction 
in which the currents or voltages are being considered. In single-subscript 
notation an arrow accomplishes the same purpose. Whether we use 
arrows on a circuit diagram to indicate the intended arrow direction, 
or whether we indicate this arrow direction by some system of subscripts 
is a matter of choice. If the theory underlying arrow directions is 
properly understood, no confusion should arise, even though some of 
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the arrow directions are indicated by arrows on the circuit diagram and 
some of them are indicated by double subscripts attached to the current 
and voltage symbols. A mixture of the two systems is not recommended, 
however. 

The order in which the subscripts are written indicates clearly the 
intended arrow direction. In Fig. 15, for example, Ih>h (without an 
arrow) means that we are taking the arrow direction of the current in 
this branch from b' to h, lib' means the current from b to 6' is intended 
as the arrow direction. I^b' — It has been shown elsewhere in 

this chapter that an arrow direction (as indicated by either an arrow or 
double subscript) does not imply a knowledge of the actual positive 
direction of current flow. The arrow direction is used simply as an 
artifice in obtaining a consistent set of signs during the formation of the 
basic circuit equations. If the assumed arrow-directed current turns out 
to be a negative quantity, the correct positive direction of the actual 
current is opposite to the assumed direction. 

Example. Let it be required to establish the Kirchhoff law equations for the 
network shown in Fig. 15 by using a consistent set of double-subscript nota¬ 
tion. 

Current law at junction h\ I a' a = Ibb' + he 

(Having selected the currents h'a^ Ibt'f and he as the arrow directions for the 
three branch currents, it is well to use these same currents in the remaining 
equations.) 

Voltage law around upper loop: 

{.Ra'a “t" Rab Rg) ^a'a "1” Rbb' 

Voltage law around lower loop: 

(,Rc'c “I” Rhc “b Ro)hc' Rbb'^bb' ~ 

In writing the two voltage equations it has been assumed that the generator 
resistances are equal in magnitude. If this were not the case, the resistance of 
the Eb'a' generator could be written as Rt'a'j the other as Rc'b'- 

The network shown in Fig. 15 is sometimes used for the transmission 
of 115/230 volts, direct current, and is usually referred to as a three- 
wire system. In this case the generators are similar in construction and 
are sometimes built into the same rotating machine. The line b'b is 
called the neutral because, if Rah = Rhci the upper and lower loops of 
Fig. 15 are then symmetrical and no potential difference appears be¬ 
tween the points b' and b. A corresponding three-wire system is widely 
used in the distribution of 115/230 volts, alternating current, such as 
is supplied to dwellings. In the a-c three-wire system the generators 
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shown in Fig. 15 are replaced by two secondary windings of a transformer 
connected together at point 6' and the neutral wire h'h is grounded in 
the interests of safety. 

EXTENSIONS TO BASIC METHODS OF CIRCUIT ANALYSIS 

16. Nodal Method of Analysis. The method of analysis thus far 
employed in this text has been that of writing voltage equations which 
are dictated by the voltage equilibrium conditions that must exist 
around the closed loops of the network. A relatively new method of 
analysis accomplishes the same results by means of current equations 
which are dictated by the current equilibrium conditions at the junctions 
(or nodes) of the network, that is, by Kirchhoff's current law. The nodal 
method of analysis uses well-known principles and has been used suc¬ 
cessfully in both transient analysis^ and vacuum-tube circuit analysis.^ 
A considerable reduction in labor can be effected by the use of the nodal 
method in many network configurations. 

In its simplest sense, a node of a network is any accessible terminal 
which is at a significant potential difference with respect to the other 
terminals. In this sense, the network shown in Fig. 16-a might be con¬ 
sidered as a four-node network. Only the junction points of a network, 
however, need be considered as nodes since the number of independent 
nodes is the number of junction points minus one. This will become 
more evident as we proceed. Before the nodal method of analysis can be 
employed, the specified voltage sources must be transformed to equiva¬ 
lent current sources in accordance with the principles contained in the 
following section. 

17. Transformation from a Voltage Source to an Equivalent Current 
Source. It will be shown presently that currents rather than voltages 
are used as the specified quantities (or independent variables) in the 
nodal method of analysis. The voltage sources which are usually specified 
in the original network are therefore replaced by equivalent current 
sources. If, for example, the voltage source Ei in Fig. 16-a were a speci¬ 
fied voltage, the equivalent current source might be found by noting 
that 

(Fi - F4) - (F2 - F4) 

- (55) 


h = 


and that, since Fi = 


Ri 


h = 


Fi ~ F2 
Ri 


h 

Ri 


Z? 

Ri 


Ri 


Z? 

Ri 


(56) 


^ Transients in Linear Systems, Gardner and Barnes, John Wiley and Sons. 
^ Network Analysis and Feedback Amplifier Design, Bode, D. Van Nostrand. 
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The purpose of writing Vi — V 4 and V 2 — V 4 in equation (55) is to 
emphasize the fact that the potential of each node is actually a potential 
difference referred to some node as reference. In many cases this reference 
node can be reckoned as zero, particularly where it is grounded physi¬ 
cally or where it is a common chassis connection as in radio sets. 



Fig. 16. Illustrating the transformation of a voltage source Ei^ in (a), to an equiva¬ 
lent current source /, in (h). 


Equation (56) indicates that the current entering node 2 of Fig. 
16-a is a fixed and specified current (Ei/Ri) minus another current, 
the value of which is V 2 /RV The voltage V 2 is not known initially but, 
as will be shown presently, it enters the equations as a dependent 
variable. If Ei and Ri (to the left of XX in Fig. 16-a) are replaced with 
a configuration like that shown in Fig. 16-b, Ix, V 2 , and the rest of the 
currents and voltages will be the same as in the original circuit, namely. 
Fig. 16-a. The reason is that Ix and V 2 remain precisely the same in the 
two cases and the circuit arrangement to the right of XX has not been 
changed. Another way of stating the reason for the ecjuivalence of Fig. 
16-a and Fig. 16-b is to say that Ix and V 2 remain invariant during the 
transformation frgm the voltage source, Ei of Fig. 16-a, to the current 
source / of Fig. 16-b. 

Example. In Fig. 16-a, let Ei = 10 volts, /?i = 1, R 2 = Rs = 2, and 
Ri = 5 ohms. Let it be required to find Fg, the output voltage of the network. 

In this type of analysis, conduct¬ 
ances are usually more convenient to 
use than are the resistances;’therefore 
Ri is replaced by Gi, R 2 by G2, and 
so on. 

After the voltage source is changed 
to a current source the configuration 
shown in Fig. 17 is obtained. This is a 
two-node network effectively, if volt¬ 
ages are reckoned from node 4. In 
other words, the two unknown voltages of the system are the voltages at 
node 2 and node 3. The relationships necessary for evaluating these voltages 



Fig. 17. Application of the nodal 
method to a simple network. 
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are easily established by writing Kirchhoff^s current law first at node 2 and 
then at node 3. It will be observed that, whereas node 2 is a junction in the 
sense that the current divides there, node 3 is not a junction. Writing /away 
from a node = /toward a in Fig. 17 gives: 

(At node 2): G 1 V 2 + G 2 V 2 + Gz(V 2 - Vz) = 10 (amp) 

(At node 3): G^Vz + Gz(Vz - F 2 ) = 0 


Or 

and 


{Gi+G2 + Gz)V2-GzVz= 10 
—G3F2 + (Pz + G\)Vz = 0 


Numerically, Gi = 1, = ^3 = 0.5, and G^ = 0.2 mho. Hence, 

5 


F3 = 


2 

10 

-0.5 

0 

2 

- 0.5 

-0.5 

0.7 


1.15 


= 4.348 volts 


No particular advantage results from the use of the nodal method in this 
simple case because F 3 can be found quite simply by other methods. 


18. Application of the Nodal Method. The example given above shows 
that Kirchhoff’s current law is used to form the basic equations in the 
nodal method in much the same way as the voltage law is used to form 
the basic equations in the mesh-current method. In the nodal method, 
no general equations are necessary since, in an A^-node network, the 
application of the current law to iV — 1 nodes will yield the required 
number of independent relationships. The current equations can usually 
be written very quickly from an inspection of the circuit configuration. 

In the writing of current equations as the basic relationships, the 
voltages of the various nodes become the dependent variables or sought- 
after quantities. If the voltage of each node of a network is known, any 
current in the network can readily be found. In the mesh-current method, 
the currents are solved for and then the required voltages calculated. In 
the nodal method, the voltages are solved for and then the required 
currents. The nodal method of analysis can be used advantageously in 
many vacuum-tube circuits and in other configurations where the 
number of meshes is greater than the number of nodes. 

By way of further illustration, the network shown in Fig. 18 will be 
solved by the nodal method for F 2 . Configurations of this kind are 
frequently encountered after a vacuum-tube element in the actual 
circuit has been replaced by the equivalent Rp branch shown in Fig. 
18. (The actual transformation of the vacuum-tube element will not be 
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shown at this stage because the voltages involved are usually a-c volt¬ 
ages. See Chapter XV.) For the present, the voltage sources shown in 
Fig. 18 are assumed to be batteries having open-circuit voltages as 
specified. 

The El source of Fig. 18 is replaced with an EijRi current source 
exactly as in Fig. 16. The Ex source is replaced by an equivalent current 



Ground 

Fig. 18. A network which can be reduced to a 2-node network by replacing the 
voltage sources with equivalent current sources. 


source in much the same manner. The details of this transformation are 
given below. (Refer to Fig. 19.) 

(1) The current flowing through Rp (or Gp) and the Ex source (in 
the direction from node 2 to ground) is 

Ip = [V2 - (-Ex)] Gp = V2Gp + ExGp (57) 

where F 2 is the voltage of node 2 relative to ground. 

(2) If Ex is now removed from the circuit, V 2 Gp will be the current 
flowing from node 2 to ground through Gp] therefore Gp occupies the 
position in the transformed circuit indicated in Fig. 19-b. 



Fig. 19. Transformation of the Ex voltage source shown in Fig. 18 to an equiva¬ 
lent current source; GpEx = Ix- 


(3) Equation (57) indicates that, under the transformation proposed, 
another current (GpEx = Ix) flows away from node 2. Ix is a known 
current if Gp and Ex are specified. In this transformation it will be 
observed that the voltage of node 2 and the current flowing away from 
this node remain unchanged. 

The arrangement given in Fig. 20 shows how the two voltage sources 
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of Fig. 18 may be replaced by two current sources. Equivalent current 
sources of this kind are sometimes referred to as infinite resistance 
sources since no variation of the network resistances (except those used 



Fig. 20. The equivalent of the network shown in Fig. 18. 

to define the current sources) can affect the magnitudes of the current 
sources. Again writing 1 (away from a node) = I (toward a node) in 
Fig. 20: 

At node 1: 

(Gi + G2 )Fi + (?3(Fi - F 2 ) = G^Er = h (58) 

At node 2: 

(Gp + (?4 + G^)V2 + (?3(F2 - Fi) = = -I, (59) 

Since Ii and are known currents they are written as the right- 

liand members of the current equations. 

Ecjuations (58) and (59) may be written more systematically as 

{G\ + Cr2 + Gs)Vi — (T3F2 = 1 1 (58-a) 

— (jsFi + (G3 + G4 + + Gp)V 2 = —Ix (59-a) 

Example. In the network shown in Fig. 18 

El = 1 volt, Ex = 10 volts, Ri = R 2 = Rs == Ra = Rb = -Kp = 1 ohm 

liGt it be required to find the voltage of node 2 (F 2 ) relative to ground. 

Replacing the voltage sources with equivalent current sources as indicated 
in Fig. 20 gives 

1\ = (iiE\ = 1 amp and Ix = GpEz = 10 amp 

From equations (5S-a) and (59-a), 

SVi - IF 2 = 1 
~lFi + 4 F 2 = -10 

Solving for F 2 : 

3 1 

-1 -10 
3 -1 

-1 4 

Thus node 2 is shown to be 29/11 volts below the potential of the ground bus. 
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The solution to this problem might have been carried out by the mesh- 
current method with the use of the specified voltage sources. After the Ri and 
i?6 branches have been reduced to an equivalent resistance, however, a three- 
row three-column determinant solution will be required. 

The nodal method of analysis is usually superior to the mesh-current 
method if the number of nodes (after transformation to current sources) 
does not exceed the number of meshes or loops. If N represents the 
number of nodes in a network, only N ~ \ independent node equations 
are required, and these are obtained by applying Kirchhoff’s current 
law to iV — 1 nodes. In some types of networks, the choice of the nodal 
method will change the problem from a four-row four-column determi¬ 
nant type to a two-row two-column type, and in cases of this kind a 
considerable amount of labor is saved if the nodal method is used. (See 
Prob. 30 at the close of the chapter.) The full significance of the power 
of the nodal method will probably not be appreciated until after net¬ 
works which contain vacuum tubes have been encountered. Networks 
of this kind are studied in detail in engineering electronics courses. 

Before the discussion of mesh-current and nodal methods of circuit 
analysis is ended, it should be pointed out that both methods are 
applicable to a-c circuits as well as to d-c circuits. If alternating voltages 
are employed to energize the network, the 72's in equations (34) are 
replaced by impedances (to alternating current). Impedances are 
functions of frequency and are symbolized by the letter Z. The re¬ 
ciprocals of impedances are called admittances and are symbolized by Y. 

In a-c circuit analysis the (j^s of equations (58) and (59) would be 
replaced by F\s, and, in a general iV-junction network, the N — 1 = n 
independent current equations would take the form 

FiiFi ~ F12P2 - F13F3 - VinVn = h ] General 

“F 21 F 1 + F 22 F 2 - F 23 F 3 -F 2 nFn = I 2 System of 

.[ Nodal 

-FniFi - Fn 2 F 2 “ ^713^3 -- h YnnVn = In) Equations 

The self-admittances (or conductances) Fn, F 22 , * • *, Ynn are re¬ 
spectively the admittances {or conductances) of each of the nodes relative 
to all the other nodes or junctions. In the general system of equations 
given above, the nodes are selected as the junctions of the network. 

The mutual admittances (or conductances) F 12 , F 13 , F 21 , F 23 , and 
the like are plainly the admittances (or conductances) which exist 
between the two junctions designated by the subscripts. If linear 
bilateral circuit elements are involved, Ynm = Ymn- 

With a little practice the determinant solutions for networks employ- 
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ing admittances (or conductances) may be established directly from an 
inspection of the network after the specified voltage generators have 
been transformed to equivalent current generators. The outputs of 
these current generators are represented in the above system of equa¬ 
tions as /i, / 2 , and In- 

19 . Network Theorems. The application of network theorems often 
provides a deeper insight into the operation of the network than does a 
straight forward application of Kirchhoff^s laws. In some instances these 
network theorems may be employed as labor-saving devices as well. 

Probably the most widely used of the various network theorems is 
Thevenin^s theorem which is discussed in some detail in Section 21. 
The proof of this important theorem rests upon the superposition 
principle outlined below. 

20. The Superposition Principle as Applied to Circuit Analysis. The 

law of superposition has already been applied to the calculation of 
electric forces in Section 3 of Chapter IT. This same principle or law may 
be employed to calculate the current in any part of a linear network due 
to several emf’s by the simple procedure of calculating the component 
currents in this part of the circuit due to the various emf’s, taken one at 
a time, and then adding the component currents algebraically. 

The superposition principle as applied to circuit analysis is correct 
since each emf acting alone satisfies the Kirchhoff law’ relations of the 
network; hence the sum of all the solutions (for the various emf^s) 
satisfies these relations. 

As applied to elementary types of networks, the principle of super¬ 
position is of little practical importance since the current at any point 
in the network due to several emf ^s can usually be determined by methods 
which involve less work than would the application of the superposition 
principle. From a theoretical point of view, however, the superposition 
principle is of great importance in establishing other network theorems. 


Example. Simply to illustrate the meaning of the superposition principle 
as applied to the calculation of a current due to two emf’s, the current through 
the 2-ohm resistor shown in Fig. 21-a will be determined by means of this 
principle. 

The current in question is actually 24/5 amp, as may be seen from the 
mesh-current solution 


I = /i(in Fig. 21-a) 


10 

-1 

4 

2 

3 

-1 

-1 

2 


24 

— amp 
5 


If the 4-volt battery is replaced with a resistance equal to its internal resist- 
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ance (which is here taken equal to zero), 


I 


2-ohm (due to 10-v emf) 


2.5 


20 

— amp 
5 


(See Fig. 21-b.) 


Then if the 10-volt battery is replaced with a short circuit as shown in Fig. 21-c, 


/ 


2-ohm (due to 4-volt emf) 


-i-x? 

1+ % 3 


4 

5 


amp 


The sum of the component currents equals the actual current in the 2-ohm 
resistor as predicted by the superposition principle. 



(0) (b) (c) 

Fig. 21. Illustrating the superposition principle. (Numbers near resistor symbols 

indicate ohms.) 


The chief precautions to observe in the use of the superposition 
principle are: 

(1) Replace all emf’s except the pertinent one with their internal 
resistances if these resistances are significantly large, 

(2) Combine the component currents algebraically, that is, with due 
regard for the circuit direction of each component. 

21. Thevenin’s Theorem. Consider an active network composed of 
linear circuit elements and energized with any number of voltage sources 
or emf’s. One form of Thevenin’s theorem states that 

Any two terminals of a network may he regarded as a single emf source 
having an internal resistance equal to the equivalent series-circuit resistance 
looking back into the network from these two terminals if the open-circuit 
voltage of the single emf source is taken as the voltage which appears across 
these two terminals before any additional load (or emf) is placed across 
these terminals. 

In order to understand better the full meaning of this theorem, con¬ 
sider any linear-bilateral network which is energized with any number 
of emf’s. Take any two terminals of this energized network whatsoever 
and let them be known as the specified terminals. With respect to these 
specified terminalSy the network may be replaced by a single emf, say Et, in 
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series with a single resistancej say Rt- Et is the voltage which appears 
across the specified terminals of the original network. Rt is the re¬ 
sistance looking back into the passive network from the specified ter¬ 
minals when all emf sources have been replaced with their internal 
resistances. 

The current that will flow in any new branch which is placed across 
the specified terminals will be 


Et + En 
Rt + Rn 


(equational form of Th^venin^s theorem) 


(60) 


where Et and Rt have been previously defined 

En is the emf of the new or added branch 
Rn is the resistance of the new or added branch. 


Although equation (GO) has been developed on the basis of a new 
branch being added to the network, this new branch might actually be 




Fig. 22. Illustrating Thevenin's theorem for a resistance insertion. 


any branch of the original network. In this case, equation (60) applies 
directly simply by opening the branch in question and treating the open 
ends as the specified terminals. The technique involved can best be 
illustrated by means of examples, and the proof of Thevenin’s theorem 
can best be presented after the reader fully understands the technique 
employed in the application of the theorem. 


Example 1. Consider terminals ah of Fig. 22-a with a view toward calculat¬ 
ing the current that will flow through a 1-ohm resistor placed across the 
terminals a and h. If the active network is considered as a single emf source 
having an internal resistance in accordance with Th6venin’s theorem: 


Th4venin-equivalent emf, Et = 



2 


= 4 


volts (terminal a+) 


4 2X1 

Th^venin-equivalent resistance, JKi = - H--— = 2 ohms 

O o 


If a 1-ohm resistor is placed across terminals a and h of the active network, 
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Th4venin^s theorem affirms that 


•^06 — 


Et 

Rt + Rab 


4 

2 + 1 


4 

- amp 
3 


The reduction of the network shown in Fig. 22-a to its Th4venin-theorem 
equivalent is shown in Fig. 22-b. The result obtained in Fig. 22-c may be 
checked readily by a mesh-current solution of Fig. 22-a, if it is assumed that 
a 1-ohm resistor is placed across terminals a and b of Fig. 22-a. (Terminals 
a and h might actually be a break in the 2-volt branch of Fig. 22-a if this 
branch is assumed to have a resistance of i ohms.) 

Example 2. Nothing in the statement of Th^venin’s theorem prevents the 
insertion of a voltage source across the two terminals of the active network. 
To illustrate this point let it be assumed that an emf of 5 volts having an 
internal resistance of 1 ohm is to be inserted across terminals a and b of Fig. 
23-a with its negative terminal at terminal a. It is required to find the current 


I 2 voIts 4/3 

I— 


-T- 9 volts 


Rt 

4voIts 


♦hAAr^ 


5 volts 


(0) (b) 

Fig. 23. A Thcvenin-theorem solution. (See Example' 2.) 


in the J-ohm resistor of the original network which results from this insertion. 
Since Fig. 23-a is the same as Fig. 22-a, the Th6venin-theorem solution is 
simply 

T _ T _ + Eab + _ 

1 06 — ■» (In 4/3-ohm resistor) “oii — ^ amp 

' JKt + llab J + 1 


The manner in which this calculation is carried out is shown in Fig. 

To check this result it is simply necessary to insert the 5-volt emf 
1-ohm internal resistance) across terminals a and h of Fig. 23-a and 
the required current: 


I 


(4/3-ohm resistor) 


3 

-2 

9 

3 

9 + 18 

3 

-2 

” 13 - 4 

-2 

¥ 



= 3 


amp 


23-b. 
(with its 
solve for 


where 72 is the loop current around the right-hand loop of the network. 

Example 3. In examples 1 and 2, terminals a and b were originally open- 
circuited. This condition, however, is not required for the application of 
Th^venin's theorem. Consider terminals a and b of Fig. 24-a with a view toward 
calculating the current that will flow through a 0.7-ohm resistor placed across 
terminals a and 6. 
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A mesh-current solution for /a in the original circuit will be used to find tl;ie 
Th^venin-equivalent emf across terminals a and b. As indicated in Fig. 24-a, 


Th6venin-equivalent emf, Et — 1 X h = 1 X 


3 

10 

-1 

4 

3 


-1 

2 


= 4.4 


volts 


The Th6venin-equivalent resistance, that is, the resistance looking back into 
the network from the a and h terminals, is observed to be the resistance of 
three parallel branches: 1 ohm, 1 ohm, and 2 ohms in parallel. Thus, 


Th6venin-equivalent resistance, Rt 


0.5 X 2 
2.5 


= 0.4 


ohm 


^ Et _ 4.4 

1 aft (through 0.7-ohm resistor) amp 

This result may be checked by a mesh-current solution of Fig. 24-a if it is 
assumed that the 0.7-ohm resistor is placed across terminals a and h. 


iO volts 




4 volts 



( 0 ) 

Fig. 24. A Thcvenin-theorem solution. 


Rt 



22. Proof of Thevenin’s Theorem. Th^venin’s theorem is essentially 
a specialized or restricted form of the superposition principle, as will be 
shown presently. The proof of Th^jenin's theorem may be stated most 
simply in terms of an opening in imy branch of the network as, for 
example, the break at a — 5 in Fig. 23-a. [As applied to equation (60), 
this means that we shall consider first the case where En and Rn are 
both zero.] 

A generalized proof of Th6venin’s theorem requires several detailed 
steps, each of which will be stated in general terms and then illustrated 
in so far as these detailed steps apply to the evaluation of the current in 
branch k of Fig. 23-a; it is assumed that points a and b of this branch 
are originally joined together to complete branch k. A rriesh-current 
solution will show that the current flowing from k to a in this branch 
(due to the two original emf sources) is 2 amp, and this numerical value 
will be used as an example of what is meant by Ik in the generalized proof. 
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(1) Upon opening any branch (say the fcth branch of the network) 
an open-circuit voltage Et will appear across the break and the current 
in the kth branch, say Iky will of course be zero. (As applied to Fig. 23-a, 
this means that, if we open branch A;, I^ will be zero and a voltage of 
4 volts will appear across terminals a and b with terminal a positive.) 

(2) Now suppose that a fictitious voltage —Et of exactly the mag¬ 
nitude of the open-circuit voltage is introduced across the break. This, 
obviously, will not change anything from the open-circuit condition in 
so far as the rest of the network is concerned provided the fictitious 
voltage —Et is introduced across the break with the polarity which 
maintains h — 0. 

(As applied to Fig. 23-a, this means simply that a 4-volt emf source 
is introduced across terminals a and h with the positive terminal at a. 
Under these conditions a Kirchhoff law solution of the resulting network 
will show that the current in branch k is zero.) 

(3) There is now a network with no open branches but with a new 
voltage source equal to —Et introduced into the network. Under this 
new condition, the branch current Ik is zero and, according to the 
superposition principle, the current distribution resulting in the net¬ 
work from the introduction of —Et with all other voltage sources short- 
circuited must be such as to cancel exactly the original current in 
branch k. The current flowing originally in the A;th branch therefore 
must be equal in magnitude but opposite in direction to that established 
by -Et. 

(As applied to Fig. 23-a, this means that —Et establishes a current 
in branch k which is 2 amp in magnitude and directed from a to fc since 
as previously shown the 9-volt and 2-volt emf sources establish a current 
which is equal to 2 amp directed from k to a. This condition must of 
course exist if = 0 with —Et inserted across terminals a and b,) 

(4) If all the original emf sources were short-circuited and only —Et 
were operative, the current in the /bth branch could be calculated as 
—EtIRty where Rt is the resistance looking back into the network from 
the terminals of the fictitious emf source —Et. 

[As applied to Fig. 23-a, this means that —Et (= 4 volts) establishes 
a current equal to 2 amp in branch k which is directed from aiok since 
with the original emf sources short-circuited —Et sees 2 oluns looking 
back into the network.] 

(5) Since the current in branch k due to the original emf sources is 
desired, it is simply necessary to reverse the polarity of the fictitious emf 
{—Et) in a simple series circuit which contains a resistance equal to Rt 
and determine the current due to the original emf sources as Et/Rt. 

(In Fig. 23-a, this current will be 2 amp directed from A; to a.) 
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Example. Let the 1-ohm resistor branch in Fig. 2'5-a be the A;th branch of 
the network. It is required to find the current in the 1-ohm resistor in accord¬ 
ance with steps outlined above. 

(1) Break the 1-ohm branch at x-x' and determine by ordinary circuit 
analysis that 

Vxx^ = 4 volts (with the x terminal positive) 

(2) Now put -'Et = 4 volts across the break with the positive end at the 
X terminal as shown in Fig. 25-b. 

(3) In the circuit arrangement shown in Fig. 25-b, 

Ik = /A:(due to —Et) 4- /a-( due to other emfs) = 0 

(4) 

-Ei 

■^t(dueto(directed in the —Ik direction) 

Rt 


2 3 2 3 



(o) 


(b) 


Fig. 25. In (a) the open-circuit voltage across x-x' is 4 volts, and in (6) it is Ik = 0. 


where Rt is the resistance which —Et, shown in Fig. 25-b, sees looking back 
into the network. Thus, 


/?<=!-{- 


2X3 
2 + 3 


n 

5 


ohms 


(5) . --N 

4 ^ 20 ^ 

J* = — ^ (directed in the +It direction) 

The equivalent open-circuit voltage Et and the equivalent internal resist¬ 
ance of the network Rt are quantities which can be readily measured in the 
laboratory. Et may be measured with a high-resistance voltmeter across the 
break, and Rt may be measured as Et/Igc where he is the current which is 
measured by a low-resistance ammeter placed across the break. 


The proof® of Thevenin's theorem given above may readily be extended 
to include additional emf’s and resistances placed across the break simply 
by recognizing that this theorem first reduces the network to an equiva¬ 
lent series circuit where an additional emf or resistance can be accounted 
for as shown in equation (60). 

® This proof is essentially the same as that given by Walther Richter in “Applica¬ 
tions of Th6venin’s Theorem,” Electrical Engineering, March 1945, pp. 103-105. 
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PROBLEMS 

1. What is the resistance looking into terminals a and h of Fig. 26, that is, the 
equivalent series-circuit resistance between these terminals? 

Req. ^ ^ 

b.— H t 

Fig. 26. See Probs. 1 and 2. (Numbers indicate ohms.) 



2. What is the conductance between points a and d of Fig. 26 if terminals a and h 
are connected together? 

3. Transform the delta-connected resistors shown in Fig. 27 to an equivalent set 
of wye-connected resistors between terminals a, 6, and c. 



Fig. 27. See Prob. 3. Fig. 28. See Probs. 4 and 5. 



Fig. 29. See Prob. 6. (Numbers Fig. 30. See Probs. 8 and 34. 
indicate ohms.) 

4. What is the resistance looking into terminals a and h of Fig. 28? 

5. What is the resistance looking into terminals a and d of Fig. 28? 

6. What is the resistance looking into terminals a and d of Fig. 29? 
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7. A set of twelve 2-ohm resistors are arranged to form a cube. What is the re¬ 
sistance between diagonally opposite comers of this cube? Note: Take advantage of 
the symmetry of this arrangement. 

8. The Wheatstone bridge arrangement shown in Fig. 30 is to be used to test 
1 per cent tolerance resistors which are to be 300 d= 3 ohms. The bridge has been 
balanced so that Ig ^ 0 when Rx is precisely 300 ohms. The galvanometer is a zero- 
center instrument which reads ± 500 microamp full-scale. What is the maximum -f 
or “ reading of the galvanometer for a resistor to be acceptable? (The internal 
resistance of the battery is negligibly small, and it is assumed that the difference 
between a -f- and a — maximum is negligible.) 



Fig. 31. Varley loop for measuring distance X. (See Prob. 9.) 


9. The Varley loop shown in Fig. 31 is often used in measuring the distance out to a 
“ground” on a telephone line. 

(a) If each of the line wires has r* ohms/1000 ft show that, under balanced bridge 
conditions, 


X = 



Tx 


-I 


thousands of feet 


L is, of course, considered to be in thousands of feet. 

(6) The line shown in Fig. 31 is 6 miles long and is composed of No. 19 B. & S. gage 
copper wire. Under balanced bridge conditions R 1 /R 2 ^ h, Ra 1672 ohms. Find 
X in thousands of feet if the average temperature of the copper wire is 30°C. 

10. A single street car is operating on a line which is 8000 ft long. The line is 
energized with a 600-volt generator at one end and with a 550-volt generator at the 
other. The overhead trolley wire has a resistance of 0.05 ohm/1000 ft, and the 
bonded rail return has a resistance of 0.01 ohm/1000 ft. If the car draws 200 amp 
(assumed constant), find the distance between the car and the 600-volt generator 
when the voltage across the car, Vp, is a minimum. What is the minimum value of Fc? 
Note: Express F<; as a function of the distance X and set dV JdX = 0 to obtain the 
required information. 

11. Solve for the branch currents /^, /b, and Ic in Fig. 32 by the branch-current 
method. 

12. Solve for the currents in the two battery branches of Fig. 33, (a) by the mesh- 
current method, (6) by first transforming the 2-3-5-ohm delta to an equivalent wye. 
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Fig. 32. SeeProb.il. (Resistance values refer to ohms.) 



Fig. 33. See Prob. 12. (Resistance values refer to ohms.) 



d 


Fig. 35. See Prob. 14. (Resistance values refer to ohms.) 
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13. Solve for 7o/a, h'ht and Iccf in Fig. 34. 

14. In Fig. 35, Ei is a one-cell battery, is a two-cell battery, Ez is a three-cell 
battery, and E^ is a two-cell battery. Each cell is assumed to have an open-circuit 
voltage of 1.6 volts and an internal resistance of 1 ohm. Find the current through each 
of the batteries, and state whether the battery is delivering energy or receiving 
energy in each case. 

15. The two d-e generators, Ei and E% of Fig. 36 are operating with terminal 
voltages of 625 and 600 volts respectively as shown. 


600 

volts 


Fig. 36. See Prob. 15. (R(‘sistancc values refer to ohms.) 
I ohm 2 ohms 


500 

wotts 


Fig. 37. See Prob. 16. 

(a) What voltage must be developed by the Ez generator if, when switch S is 
closed, zero current will flow through this generator? 

(5) What pow’er is dissipated in each of 
the 2-ohm resistors? 

16. In Fig. 37, Pa and Pb are dissipative 
loads of 1000 and 500 w^atts respectively. 

The voltage across the Pa load is 100 volts. 

(a) What is the power delivered by the 
power source? 

(b) What is the terminal voltage of the 
power source? 

(c) What current flows through the 2- Fig. 38. See Prob. 17. 

ohm resistor? 

17. In Fig. 38, the 10-amp load has a voltage drop across it of 100 volts. 

(a) What is the terminal voltage of the power source? 

(b) What is the power delivered by the powxr source? 
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18. A particular generator has an open-circuit voltage of 0.35 volt and an internal 
resistance of 0.062 ohm. This generator is connected to a load through two No. 20 
B. & S. gage copper wires which total 10 ft in length . What is the maximum power that 
can be taken by the load? Assume that the resistance of the load can be adjusted 
to receive maximum power. The working temperature of the copper wires is 30®C. 

19. Refer to Fig. 15, page 137. Ehra' and Ecfb' are d-c generators, the open-circuit 
voltages of each being 120 volts, and the internal resistances being each 0.2 ohm. 

= R^,^ =: 1.0 ohm and Rb^b = 2.0 ohm. 

Determine the (iurrent. in each of the three connecting wires and the efficiency of 
the three-wire transmission system (not including the losses in the generators) under 
the following conditions: 

(a) Rab = Rhr = 18.8 ohms. 

(^) Rab = 12 ohms and Rhr = 50 ohms. 


In each case Rab and Rbc represent the useful loads on the system. 

20. Refer to the attenuation section (or pad as it is sometimes called) shown in 
Fig. 13, page 134. What is the attenuation of this section if Ri = 100 ohms, R 2 = 75 
ohms, Ro = 's/R 1 R 2 + Ri^/^, and /out =0.1 amp? Express result in decibels. 

21. Design an attenuation section of the kind shown in Fig. 13, page 134, which 
will yield an attenuation of 20 db and have an input resistance of 500 ohms; 
assume that Rq of P'ig. 13 is 500 ohms. 



Fig. 39. See Prob. 23. (All resistance values refer to ohms.) 


22. Refer to Fig. 7, page 122, and the accompanying numerical example. Find the 
current in the be branch (in Fig. 7-a) and specify its positive direction, that is, 
whether -\-I flows from b to c, or from c to 5, if the 4.5-ohm resistor Is replaced with 
a 2.5-ohm resistor and E == 5.2 volts. 

23. Refer to the circuit arrangement shown in Fig. 39. What are the potentials of 
points a, 6, c, and d relative to the ground which is indicated as being at the — 
terminal of the E\ battery? 

24. Refer to the elementary distribution system shown in Fig. 40. Assume that the 
operating temperatures of all the connecting wires (assumed to be copper) are 30®C. 
Assume further that the lamp takes 150/110 amp even though the actual potential 
difference across its terminals might differ slightly from the rated value of 110 
volts. 

(a) What is the voltage across the lamp terminals when the motor is running 
under a steady load drawing 5 amp? 
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(6) What is the voltage across the lamp terminals when the motor is in the proc¬ 
ess of starting and drawing 25 amp? » 

25. The circuit arrangement shown in Fig. 41 is that of a potentiometer wherein 
Rab is adjustable as indicated and can be read to five significant figures. Rab may be 
varied between the limits of zero and Rabc without disturbing this latter value. 



Eg is a standard cell, the voltage of which is known to five significant figures, and 
Ex is the unknown voltage. 

(a) With the switch closed in the standardizing or s position and R^b set to its 
1018.3-ohm value, what ohmi(5 value of Rabc will make 7, == 0? It will be observed 



Fig. 41. The basic potentiometer circuit for measuring unknown voltages. See 

Prob. 25. 

that Rabc may be adjusted at c without disturbing the setting of Rab which has been 
specified. 

(5) With Rabc set as outlined in (a), the switch is changed over to the x position 
and Rab adjusted until Ix * 0. For Rab 1550 ohms, /* = 0, find the value of Ex- 

26. In Fig. 42, find the potential of point x relative to the ground bus, preferably 
by the nodal method of analysis. 
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27. (a) H6w many voltage equations are required to effect a network solution of 
the arrangement shown in Fig. 43 if the mesh-current method of analysis is em¬ 
ployed? 

(6) How many current equations are required to effect a network solution of the 
arrangement if the voltage sources are first transformed to equivalent current 
sources? 


0.3 a 


Fig. 42. See Prob. 26. 




Fig. 43. See Probs. 27, 28, 31, 32, and 33. 



Fig. 44. See Prob. 29. (Resistance values refer to ohms.) 



Fig. 45. See Prob. 30. 


28. Transform the specified voltage sources in Fig. 43 to equivalent current 
sources and find the voltage of point x relative to point x' by the nodal method of 
analysis. 

29. Find V 2 relative to ground in Fig. 44. 

30. Find the voltage of point x relative to ground in the network shown in Fig. 45. 

Ry ■■ R 2 = R 3 ~ Ri — = ^6 =* 1 ohm. 
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31. In Fig. 43, find the open-circuit voltage across the terminals x and x by 
considering the voltage sources one at a time and combining the results in accordance 
with the principle of superjjosition. 

32. What is the ThiVenin-cquivalent resistance, Rt, looking back into the network 
shown in Fig. 43 from terminals x and 

33. In Fig. 43, a voltage source of 4 volts having an internal resistance of 1 ohm 
is placed across terminals x and x! with the negative terminal at x. Find the current 
which flows through this 4-volt source. 

34. Can the battery and galvanometer of a conventional Wheatstone bridge 
(Fig. 30) be interchanged and still have the four resistance arms function as a 
Wheatstone bridge? 

35. Refer to Fig. 46. Show by means of mesh-current solutions of the network that 
Iz with E in the 1 position is precisely the same as /i if E is changed to the 3 position. 



Noie\ Employ determinants and the conventional mesh-current solution notation, 
namely, /?ii, R\% /fis, Rn^ and so on, in order that the problem may be solved 
concisely for any numerical values of /?o, Rhj Rc, R(U Re, and Rf. 

36. In Fig. 46 it will be assumed that E == 11 volts and that 

R'a “ R “ R^ “ 2 ohm.s 
Rb — Rd == Rf — ^ ohms 

(a) If the Re — Rf branch is broken at point 3, what is the open-circuit voltage 
which appKuirs across this break? 

(b) What is the resistance looking back into the network from the break in the 
Re — Rf branch? 

(c) What ciirnint flows in the Re — Rf branch when it is closed as shown in Fig. 
46? 

37. In Fig. 46 it will be assumed that E = 12 volts and that 

Ra = Ra = Re = 2 ohms 
Rb — Rd — Rf = 4 ohms 

(a) Find the Current in the Rc branch by opening this branch and using 
Thtwenin’s theorem. 

(b) Check the above result by solving for I 2 and employ the conventional mesh- 
or loop-current method of solution. 

38. In Fig. 47, it will be observed that every branch of the network has been 
travers(3d by either loop current Ii or loop current 1 2 - 
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(a) Can a correct physical solution be obtained from the following loop-current, 
equations? 

(i?l -f /22 4“ 4“ (jR2 4" -^6)/2 = — E^ 

(i?2 4“ 4“ (^2 4“ ^4 4- -Rs 4" Rf>)h — 0 

Explain the physical inconsistency involved in this type of solution. 

(b) What is the correct number of loop-current equations required in Fig. 47? 



(c) Might a physically correct solution be obtained in Fig. 47 if, to the two loop 
currents already shown (/i and 12 ), another loop current is added which traverses 
the E 3 , /? 3 , loop? 

39. In Fig. 48 is shown a decade voltage attenuator of the type us(m1 in some 
oscillators. Although in practice the voltage e is an a-c voltage, the present problem 
may be worked on a d-c basis. /? 3 , in Fig. 48, is known to \w 10 ohms. 


Selector switch 



Fig. 48. See Probs, 39, 40, and 41. 

(o) Find the value of R 2 if, with point 0.1 volt above ground, Vq (the output 
voltage) is 0.01 volt with the selector switch set at C. 

{b) Find the value of required to make the output voltage, Vq (with the 
selector switch at B) equal to 0.1 volt if the voltage at point A is maintained at 1 
volt above ground. 

40. What value of Ri should be employed in Fig. 48 in order that the resistance 
looking back into the network from the Vo terminals will be the same with the 
selector switch set at either A, B, or C? It is known that R 2 = 90 ohms, Rz « 10 
ohms, and Ra — 11.1 ohms. 

41. The general requirements of the decade attenuator shown in Fig. 48 are 

(а) Fc = 0.1 Fb and Vb = O.IF^. 

(б) The resistance looking back into the network from the Vq terminals be the 
same with the selector switch set at either the A, or C positions. 

Show that these requirements are met when 

(1) E 2 = 9 R 3 (2) Ri = IOR 3 (3) Ri =-V- ^3 


CHAPTER VII 


The Electric Field 


1. General Concept. Any region in which a stationary electric test 
charge Qt would experience a force, if placed there, is by definition an 
electric field. Thus any region in the vicinity of charged bodies is an 
electric field. 

The region between positively and negatively charged areas in the 
atmosphere may, for example, be so electrified that cloud-to-cloud 



Fig. 1. Illustrating liglitiiing-rod operation for the case of a positively charged 
cloud directly over the tips of the rod. 

lightning discharges occur. Or the region between a positively charged 
cloud area and the house shown in Fig. 1 might become so electrified 
that electrons are attracted from the earth (by the + cloud) to the tips 
of the lightning rods where they discharge into the atmosphere. In so 
doing, the electrons tend to neutralize the + cloud and prevent flash- 
over. The converse happens when a negative cloud area forms over the 
house; tlie rods become positively charged, and negative charges from 
the cloud are attracted to ground by way of the rods. 

The electric field which is present in an electrical device sometimes 
determines to a great extent the physical operation of the device. An 
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example of this is shown in Fig. 2. The electric forces developed on the 
electrons e (emanating from cathode k) by the positively charged plate 
p and the negatively charged grid g determine the rate at which elec¬ 
trons travel from cathode to 
plate. Since this rate of travel 
defines +i in the output cir¬ 
cuit of this simple amplifier, 
the output current depends 
for its value upon the instan¬ 
taneous electric field which ex¬ 
ists within the vacuum tube. 

Quantitatively, the strength 
of an electric field is measured 
in terms of the S vector. 

2. The & Vector. The elec¬ 
tric intensity vector 6 has already been employed to some extent in 
connection with the brief explanation of electrical conduction given in 
Chapter IV. In Section 2 of that chapter, there was introduced the 
definition 

& = 

In this connection, it will be remembered that V was reckoned as 
potential drop. 

Equation (1) serves to define the & vector^ as directed precisely along 
the same path as the f vector since Q (a scalar quantity) is taken to be a 
positive charge in this definition. From the definition contained in 
equation (1), it is plain that we may consider the & vector quantitatively 
either as (1) the maximum space rate of change of electric potential drop, 

dyn 

— and meavsure it in volts per unit length, or as (2) the force per 
dl Jmax. 

unit charge and measure it in, say, newtons per coulomb. 

The usefulness of the S vector in electric field theory is plainly evident 
when we consider that the potential drop between two points in the 
electric field (for example, points a and b) may be calculated from the 
line integral 

Vai.= r&-dl (2) 

t/a 

^Thc 8 vector may be pronounced as would the E vector because the word 
vector will distinguish it from the scalar potential E. In more advanced texts, it is not 
uncommon to find the symbol E representing both potential and the negative of the 
potential gradient where the context of the subject matter is such as to permit this 
dual usage. 


- L 

dl _ max. Q 


( 1 ) 



Fig. 2. Amplifier operation determined by 
electric field within the vacuum tul)e. 
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or the voltage rise between these two points may be calculated from 


Eab = 



(2-a) 


Also in determining forces on electric charges which are present in 
electric fields we may write, from equation (1), 


f = &Q 


(3) 


where, if Q is positive, the direction of f is the same as the direction of 
the 8 vector, and if Q is negative the direction of f is in the 6 direction. 
This latter concept has already been invoked in explaining metallic con¬ 
duction on a qualitative basis in Chapter IV. 

Before equations (2) or (3) can be used to advantage, however, ways 
and means must be found of evaluating S from the physical data that 
are usually available. 


« * * , o 

3. An Analogy to 8 = — = — 

-irnax. 


dlJn 


The fact that the elec¬ 


tric field may be described either in terms of potential or in terms of 
potential gradient is somewhat analogous to the fact that a plot of ground 
can be described either in terms of elevation or in terms of elevation 
gradimts (or simply grades). In one case the field is described in terms 
of a scalar function (potential or elevation), and in the other case in 
terms of gradients, that is, space rates of change of the scalar quantities. 
These space rates of change are vector quantities since they have 
directions as well as magnitudes. 

Reference to the contour map of any plot of ground will show that 
along lines of equal elevation (contour lines), the space rate of change of 
elevation is zero, whereas in the direction normal to contours the space 
rate of change of elevation is maximum. If h represents height, say above 


some arbitrary reference level, then 


dl.n 


is directed normal to the 


contour lines and is the value normally referred to unless dh/dl^ along 
some other path l' is specified, in which case the magnitude of dhfdl' is 


less than 


cuL 


because the latter designation implies that we shall 


choose 1 to be in such a direction as to obtain the maximum space rate 
of change of elevation. 

Where the civil engineer usually defines gradients (or simply grades) 
as increases in elevation per unit of horizontal distance, the electrical 
engineer defines potential gradients as increases in electric potential per 
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unit distance. Where the civil engineer uses contour lines to depict 
differences in elevation, the electrical engineer uses equipotential surfaces 
(or lines) to depict differences in electrical potential. 

4. Equipotential Surfaces. As the name implies, an equipotential 
surface is a surface all points of which are at the same potential. Equi¬ 
potential surfaces were employed in Chapter IV as a guide in calculating 
the resistance of irregular conductors. There the potential differences 
were established by El drops in the conducting material. In this chapter 
we are more concerned with equipotential surfaces and equipotential 
lines in the vicinity of charged bodies where little or no current flows. 
In the present case, the significant electrical effects are not confined to 
well-defined paths or circuits, and concepts other than those incorporated 
in circuit theory must be employed. Field maps are a valuable aid in 
the study of electric fields. 

An important concept in connection with field mapping is that all 
points on the surface of a conductor which possesses a static charge are 
at the same potential. This follows from the fact that tf potential 
differences existed on or within the conductor, the charge would re¬ 
distribute itself until all points reached the same potential. The fact 
that “surplus^^ or ^Tree’’ charge resides on the surface is a natural con¬ 
sequence of the mutual forces of repulsion which the individual surplus 
charges exert on one another. That the interior of the conductor is at 
the same potential as its surface follows from the same argument. In 
distributing itself on the surface of the conductor, the surplus charge so 
arranges itself that the force on a hypothetical test charge placed within 
the conductor is acted on by forces (in all directions), the resultant of 
which is zero. It follows that the magnitude of the 8 vector is zero within 
a conductor which possesses static charge.^ 

From the definition of the S vector which has been given in equation 
(1), it is not difficult to visualize an 6 vector as originating at a positively 
charged conductor and terminating at a negatively charged conductor 
since the 8 vectors are zero within the conductors and are defined in 
direction by the path which a positive test charge would follow if it 
were free to move in the region between the two conductors. 

If surface a (shown in cross-section in Fig. 3) is a conductor surface, 
the 8 vector originates at that surface if surface a is of higher potential 
than surface h. That the 8 vector is directed normal to the conductor 
surface follows from the fact that the force on a test charge has zero 

^ In the normal current-carrying conductors which we have previously considered 
only a relatively small component of the total 8 vector is required to produce th(i 
desired current flow. Where good conductors an* us(h1, as in transmission lines, this 
component is often negligibly small in comparison to the component of 8 which 
exists in the insulating material between the two line conductors. 
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component directed alonff the equipotential surface. In a similar manner 
we find that the S vector shown in Fig. 3 is directed normal to surface 
6 because the f in equation (1) cannot by 
definition possess a component which is di¬ 
rected along an equipotential surface. 

Where a hollow conductor (or even an 
open grill work like a screen) completely 
surrounds a region and this conductor is 
held at ground potential, the enclosed re¬ 
gion is electrically shielded from the effects 
of all exterior S vectors. A striking example of the shielding properties 
of a metal enclosure is shown in Fig. 4 where the artificial lightning is 
seen flashing over the front tire to ground. 


Fig. 3. The & vector crosses 
equipotential surfaces at right 



Fig. 4. Illustrating tht' shielding properties of a metal enclosure. (Courtesy of 
Westinghouse Electric Corp.) 
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Example. In Fig. 5 are shown the cross-sections of several equipotential 
surfaces which are present in the region between two equally and oppositely 
charged conductors. (The method employed in obtaining a map of this kind 
is discussed in the following section.) 

If the two charged conductors are the only charges in the vicinity, line C 
is the cross-section of a zero potential surface since no work is required to move 
an exploring or test charge along this line however far extended. Since the 
conductors are assumed to be equally and oppositely charged, the resultant 
force acting on our test charge when placed at any point along the line C is 
normal to the path of motion (line C) and hence 

^ ff cos 90^ dl ^ ^ 

Qt 

where it is understood that the dVs are directed along line C, 

If line A in Fig. 5 is the cross-section of a surface which is 200 volts above 
zero, then to move a positive test charge of 1 coulomb from point M to point 



Fig. 6. Equipotential lines A, B, C, D, and E in tlie region l)etween two equally and 
oppositely charge conductors. 

N requires 200 joules of work {W = EQ), and this amount of work is required 
regardless of the path traversed. 

6 . Evaluation of & from a Field Map. Although more precise methods 
of evaluating & will be given later, the graphical method employed here 
has the advantage of not being clouded with mathematical details. The 
electric field map shown in Fig. 5 is constructed in the same general 
manner as that outlined on page 88; the two guiding principles being; 

(1) Flow lines (which in this case are indicated by the 6 vectors) 
cross equipotential lines (which are cross-sections of equipotential 
surfaces) at right angles. 

(2) The ratio of the flpw dimension (of each curvilinear square) to 
the equipotential dimension of the square is unity. 
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In Fig. 5, the charged conductors are indicated in cross-section by the 
heavy lines, and it is assumed that each of these equally and oppositely 
charged conductors has a dimension normal to the page which is rela¬ 
tively large compared to the cross-sectional dimensions shown. The cross- 
sectional view which is shown is near the center of the long dimension, 
and the medium intervening between the two conductors may be any 
insulating material or even evacuated space. 

Before the drawing of an electric field map, as in Fig. 5, is started, it 
is known that the & lines emanate at the + charges and terminate at 
the — charges as indicated. Then, treating the conductor cross-sections 
as equipotential lines, the draftsman visualizes the approximate location 
of another equipotential line not far from the conductors as, for example, 
line A or E. If line A (or F) is not correctly placed it will be impossible 
to construct a set of curvilinear squares which meet the two specified 
requirements. In connection with requirement (2) listed above, it should 
be noted that maps may be obtained by employing ratios other than 
unity but, where the drafting process is one of trial and success as it is 
here and where the use of a pair of dividers is a valuable aid in main¬ 
taining a fixed ratio, unity ratio is most often selected. 

There is only 07ie correct map and it is obtained graphically once the 
entire area is divided into curvilinear squares which meet the two basic 
requirements. Some practice is, of course, required before the draftsman 
can hope to produce a good map, particularly in regions of irregular 
geometrical configuration. Requirement 2 in these cases demands some¬ 
what more careful study than is necessary for our purposes since only 
regular geometries will be encountered in this text. 

It will be assumed that the reader could after a few trials construct 
the map shown in Fig. 5 and interpret it in light of equation (1). Our 
immediate concern is the evaluation of the 6 vector from a field map of 
the kind shown in Fig. 5, and it should be realized that the incremental 
distances between the equipotential lines correspond to the dV^ of 
equations (2) and (2-a). In a good map these incremental distances are 
sufficiently short so that, as a good approximation, the magnitude of & 
is essentially constant over the distance Al. As applied to a field map, 
equation (2) reads 

AV (between potential lines) = 6 • Al (4) 

and since AF and Al are usually known quantities the map provides a 
method of evaluating S as w^ell as giving a potential contour map of the 
region in which we are interested. 

Example. Interpretation of Fig. 5. If the two conductors shown in Fig. 5 
are maintained at a potential difference of 600 volts and potentials are reck- 
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oned relative to the potential of line C, the following potential distribution 
is obtained: 


Upper conductor +300 volts 
Potential line A +200 volts 
Potential line B +100 volts 


Lower conductor —300 volts 
Potential line E —200 volts 
Potential line D —100 volts 


This potential distribution is obtained from the fact that the map in this 
case divides the known potential difference (600 volts) into 6 equal incre¬ 
mental potential differences (AF^s) each of 100 volts. 

The magnitude of the 6 vector is essentially constant over the entire mid¬ 
section because in this region the APs are essentially of the same length. 
Since 8 = AF/Al, from equation (4), it follows that the magnitude of the 
vector & varies inversely as the separation of the equipotential lines on the 
field map. For example, the distance of separation between the B and C lines 
at the extreme edge of the mapped area where fringing is quite pronounced 
is very nearly twice the mid-section separation between these lines. Hence the 
magnitude of the & vector is about twice as large at the mid-section of the 
map as it is at the extreme edge of the mapped area shown in Fig. 5. 

If it were known that the mid-section separation of the conductors is 
0.06 m, the mid-section value of AZ would be 0.01 m since there are 6 equal 
incremental lengths along the center vertical line betw^een conductors. Hence, 


mid-section value of S = = 10,000 

0.01 

outer edge value of 8 == = 5000 

0.02 


volts/m 


volts/m (approx.) 


The magnitude of the force developed on an electronic charge (—1.6 X 10“^® 
coulomb) would, in accordance with equation (3), be 

mid-section value of / = 10,000 X 1.6 X 10“^® = 1.6 X 10“^* newton 
outer edge value of / = 5000 X 1.6 X 10"^® = 0.8 X 10~^^ newton 

Equally important is the direction of the force, and this is clearly indicated 
by the direction of the 8 vectors. In this case since a negative charge is in¬ 
volved the direction of the force is in the —8 direction that is in the — to 
+ direction. 


6. Electric Flux Density, D. An auxiliary physical quantity which is 
useful in describing electric fields in isotropic^ media is electric flux 

Having the same properties in all directions.” Quartz crystals, for example, are 
non-isotropic. Boundary layers between different metals and metal oxides arc in 
general non-isotropic, and the classical field theory as it is presented here cannot be 
applied to the boundaries. Some boundary layer phenomena which are important 
to the electrical engineer will be considered in a later chapter. 
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density. Electric flux density is defined as ^ 

D = co€r6 = €& (units of flux/unit area) (5) 

where €o is the permittivity of free space and is equal to ^ —x~10® 
rationalized mks units 

€r is the relative permittivity of the medium, assumed constant 
€ = €o6r for convenience in writing. 

Thus D is defined as a space-distributed vector quantity that is linearly 
related to the S vector which has previously been defined. 

Where an & field exists, a D field also exists, and vice versa. The 
immediate advantage to be gained by the use of D is that it can be 
evaluated easily from a theorem given in a following section in certain 
cases where the direct evaluation of 6 is rather awkward and involved. 
After D has been found, & follows directly from equation (5). But aside 
from this immediate use, D has long been accepted as a useful concept 
and was first introduced by Maxwell as a useful working concept in his 
classical treatment of electromagnetic wave propagation. 

If at this stage the reader is curious about the units which have been 
assigned to D in equation (5), he should examine the definition of D 
from a dimensional point of view. Dimensionally, 

g = V^l~^ = (from basic definitions) 

€ = (from Coulomb^s inverse square law) 

Hence 

D = 

which implies that D is dimensionally an area density of some kind of 
flux. This flux is dimensionally the same as electric charge Q; and it is 
precisely this fact that makes D a very useful concept even though it is 
a mathematically formulated concept. 

Example. Consider a small spherically distributed charge of -1-4 X lO-® 
coulomb to be the only charge in the vicinity. See Fig. 6. 

Let it be required to find D = eS at a point which is 0.1 m from the center 

dE 

of the charge by first evaluating Sx =- 

dx 

A general expression for E as a function of x may be obtained readily in 
this case as 
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where /' is the force of repulsioti per unit positive test charge which would be 
exerted on a test charge which is x distance from the center of the parent 
(+4 X 10“® coulomb) charge. 

O dr 

] dx = (9 X 10«)(4 X 10-6) / -- 

a: 47reoX^ Jx 

r 1 n*' 000 

Ex = 36,000 -= —^- volts (if x is in meters) 

L X 

Ex tells us the absolute potential of any point along the x axis which is outside 
the spherically distributed charge, and it is plain from the symmetry of the 



Fig. 6. Illustrating D = e^er &. 


charge that the x axis might have been chosen along any radial line emanating 
from the center of this charge with the same results. 

g_^__r_ 36 ,poo l _ 

^ dx L J 

At a distance of P.l m from the charge center, x = 0.1 m and 

6o.i = 3.6 X 10® volts/m (directed as shown in Fig. 6) 

Do I =- ^ -- X 3.6 X 10® = 3.18 X 10“® coiilombs/sq m 

367r X 10^ 

The present example shows only how D might be evaluated in terms of 6. 
The converse evaluation, the more important one, will be considered after 
Gauss^ theorem has been discussed. See Section 8. 

7. Electric Flux, The concept of flux is quite widely used as, for 
example, luminous or light flux, magnetic flux, and in the present 
instance electric flux. Flux is a scalar quantity which is obtained by 
forming the product of a vector area and the component of some dis¬ 
tributed space vector which is normal to the face of the area; that is, 

flux = area X flux density 


( 6 ) 
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provided the flux density employed in this connection is normal to the 
face of the area as shown in Fig. 7. 

Electric flux is usually represented by the symbol and in general 
the flux crossing an area A is 

yp = {D cos 0 ]a)^ (7) 

where p is in coulombs of flux if D is expressed in coulombs per square 
meter and A in square meters. 

It will be observed that the right-hand member of equation (7) is 
simply the dot product"^ of vectors D and A if by definition we agree 



Fig. 7. Illustrating D v(u*tors at right angles to the face of area A. 


that the direction of a vector area is to be at right angles to the face of 
the area, as shown in Fig. 8. This is the most concise way of describing 
the direction of a vector area, that 
is, assign by definition the direc¬ 
tion of an area as being normal to 
the face of the area. In fact this is 
the only direction which can be 
associated v ith a vector area to 
define uniquely its directional 
properties. (A little thought on 
the matter will convince the 
reader that the physical orienta- f ^ 

tion of an area in space, as, for 

example, the sail area of a boat, is an important factor in many physical 
problems,) 

If both D and A are considered as vector quantities, equation (7) takes 
the simple form of 

^ = D • A (7-a) 

^ The dot product has been considered in connection with the product of force and 
distance in defining work or energy. Thus energy which is a scalar quantity is ob¬ 
tained by the dot product of two vector quantities. St^e page 15. 
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where it is understood that the right-hand member must be actually 
evaluated as indicated by the operations showm in equation (7). 

Although electric flux has the dimensions of electric charge and, in the 
rationalized mks system, the 'primary unit of flux is the coulomb, electric 
flux is usually symbolized as V' rather than as Q in order to call attention 
to the fact that the projected effect of the parent charge (and not the 
parent charge itself) is under discussion. 

In thinking about flux crossing or piercing the face of an area we must 
of course think of ^‘something^’ crossing the area. In the case of electric 
flux, this ^^something’' may be considered to be projected charge. This 
concept is tangible and at the same time useful in many types of prob¬ 
lems. If, for example, we treat xp as projected charge and accept it as such, 
any time rate of change of xp is immediately associated with a current 
{Id = dxp/dt coulombs/sec or amp). Thus we can conceive very logically 
of a current flowing in free space which is absolutely devoid of charge 
carriers. This type of current is encountered in condensers, in wave 
guides, around radio antennas, and in fact wherever a time rate of change 
of electric flux is present. Id = dxp/dt is called displacement current to 
distinguish it from ordinary conduction current where real charge 
carriers transport the charge. Maxwell introduced the concept of dis¬ 
placement current as a mathematically formulated concept in his 
prophecy of electromagnetic wave propagation many years before this 
type of wave propagation had been demonstrated experimentally. For 
the next few sections in this text, however, we shall not be concerned with 
displacement current because stationary (or electrostatic) flux only is 
under discussion. 

Example 1. Let it be required to find the flux which crosses a spherical area 
which encloses and is concentric to the 4 X 10~® coulomb charge shown in 
Fig. 6; it is assumed that the radius of the enclosing spherically shaped area 
is 0.1 m. 

It has been shown in the preceding example that 

10 “'* 

A)i = 3.18 X 10 ^ =- coulombs/sqm 

TT 

Since D is everywhere directed normally to the face of the area, ^]a equals 
zero, and in this case 

10-4 

xp = DA =- X 47rO.P = 4 X 10“® coulomb 

TT 

As a matter of fact it can be shown that the flux crossing a spherical enclosing 
area of any radius will be 4 X 10”® coulomb in this case. 

Example 2. Let it be required to find the electric flux which pierces the 
a X b area of the dielectric material shown in Fig. 9 (neglecting the non- 
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uniform distribution and curvature 6f the fi and henqe the D vectors around 
the periphery). 

The known data are 

d = 0.01 m a = 0.2 m 6 = 0.4 m Cr of dielectric = 5 

The potential difference between the plates (that is, between x = d and 
a; = 0 in Fig. 9) is maintained at 300 volts. 



Fig. 9. Two parallel conducting plates separated by a dielectric. 

All other designations on this figure (which, incidentally, represents a 
parallel-plate condenser) are for use in connection with capacitance calcula¬ 
tions, considered later. 

Since the 6 vectors (except near the edges) are straight parallel lines, they 
have (constant magnitude over the distance from x = d to x = 0, This magni¬ 
tude is simply evaluated as 

A V 300 

8 = — =- = 30,000 volts/m (directed as shown) 

A1 0.01 ^ / V 

D = €oCrS =- - -- X 5 X (3 X lO'*) = 1.327 X 10”® coulomb/sqm. 

SOtt X 10^ ^ ^ 

Since these D vectors cross normal to the face of the dielectric (the a X b 
plane), 

\f/ = (1.327 X 10“®) X 0.08 = 1.06 X 10“^ coulomb 

It is this value of electric flux which will later be shown to give rise to current 
through the condenser provided dip/dt has a finite value. 

8. Gauss' Theorem. A theorem due to Gauss states that (in ration¬ 
alized mks units): ‘*the net electric flux directed ouhvardly through any 
surface which encloses a net or surplus charge of Q coulombs is Q coulombs 
of fluxf' The theorem applies to any charge configuration or distribution 
and to any shape of enclosing surface. If the net charge enclosed is 
negative, the flux is directed inwardly across the face of the enclosing 
surface. 

The general thought behind this theorem is shown schematically and 
in cross-section in Fig. 10, where each of the lines shown may be thought 
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of as a tube of electric flux. Since each positive coulomb of surplus charge, 
regardless of its configuration, establishes in the surrounding space 1 
coulomb of electric flux the enclosing area 1 shown (in cross-section) in 
Fig. 10 will be pierced by 3 coulombs of electric flux if each of the + 
signs refers to 1 coulomb of surplus charge. Since each coulomb of 
negative charge is a sink or termination area for 1 coulomb of electric 
flux, it follows that area 2 in Fig. 10 is pierced by only 1 coulomb of 
electric flux since the enclosed area is made large enough to provide 
within its interior a termination area for two (of the three) coulombs of 
electric flux which emanate from the positively charged body. Where 
area 2 is considered as the enclosing area, however, the net or surplus 


AA 



Fig. 10. Two Gaussian sur- Fig. 11. A patch AA of an 

faces in cross-section. enclosing or Gaussian surface. 

charge enclosed is only 1 positive coulomb, and this net charge is 
shown as giving rise to 1 coulomb of electric flux which crosses outwardly 
through the enclosing area. 

To consider this important theorem in more minute detail we might 
take a small patch of the enclosing area, say AA in Fig. 11 and investigate 
what happens at the surface of this incremental area. For an arbitrary 
charge distribution within the enclosure (not all of which is shown in 
Fig. 11) and for an arbitrary shape of enclosing surface, it is plain that 
D will in general be directed at some angle other than 90® to the face 
of AA, that is, other than zero degrees from the direction of AA. Let the 
angle between the direction of AA and the direction of be 6 as shown 
in Fig. 11. If AA is sufficiently small. Da is essentially constant over this 
entire area, and the flux crossing AA is 

A^ = (Da cos 6) AA coulombs of flux 

since the other right-angled component of Da (namely. Da sin 6) is in 
the plane of AA and hence does not cross AA. 

If, now, the entire enclosing area is considered piece by piece as it was 
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above, the total flux crossing the enclosing surface is 

i:{D a cose) AA = 4' (8) 

and this number of coulombs of flux must originate at Q coulombs of 
charge within the enclosing area. 

Example 1. In the first example of the preceding section a charge of 4 X lO""® 
coulomb was enclosed within a spherically shaped enclosing surface, the radius 
of which was taken to be 0.1 m. 

By means other than Gauss' theorem, it was shown that the electric flux 
crossing this enclosing surface was 4 X 10”® coulomb. 

Employing Gauss’ theorem we might have arrived at this same conclusion 
without calculation and in addition appreciated the statement made in that 
example to the effect that the radius selected for the enclosing surface would 
not affect the amount of flux crossing that surface. 

Example 2. We shall assume here that the known data in Fig. 9 are 

d = 0.01 m a = 0.20 m b = 0.40 m €r of dielectric = 5 
a (surface charge per square centimeter of upper plate) 

= +1.327 X 10“^® coulomb/sq cm 
a (surface charge per square centimeter of lower plate) 

= —1.327 X 10~^^ coulomb/sq cm 

The non-uniform distribution of this surface charge which is actually 
present near the periphery of the plates will be neglected and a uniform charge 
distribution over tlie lower surface of the upper plate and the upper surface 
of the lower plate will be assumed. 

If, now, we pass an enclosing surface completely around the upper plate 
and include in this enclosing surface an a X ^ plane of the dielectric, we know 
from Gauss’ theorem t^at the flux crossing the enclosing surface is 

4/ = (1.327 X 10-1") X 20 X 40 = 1.06 X 10”^ coulomb (of flux) 


since the total charge on the upper })late is Q = aA, where, for the uniform 
surface charge distrilmtion assumed, A is the inside or lower flat surface of 
the upper plate. 

Under the conditions assumed, all the flux crossing the enclosing surface 
which has been envisioned will cross an a X b plane of the dielectric; that is, 
1.06 X 10”^ coulomb of flux originating at the upper plate and the same 
amount terminating at the lower plate. Hence the flux density in the dielectric is 

D = ^ ^ - = 1.327 X 10”® coulomb/sq m 

0.2 X 0.4 ^ 



€oer 


1.327 X 10~® 

--X 5 

36t X 10® 


30,000 volts/m 


^between plates = 30,000 X 0.01 = 300 volts potential difference 
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This application of Gauss’ theorem shows how a potential difference (300 
volts in this case) may be evaluated from an assigned distribution of charge 
on the conductors whose potential difference is being evaluated. The present 
example reverses the procedure employed in Example 2 of the preceding 
section where the potential difference was specified. 


9. Forces Developed on Charged Surfaces in an Electric Field. The 

device used here to illustrate forces which are developed on charged 
surfaces is shown in Fig. 12. In order to obtain a uniform flux distribution 



Potential 

difference 


Fig. 12. An electrom(‘ter used in measuring forces dtweloped on a charged surface. 

in the air gap between the movable plate and the lower plate shown in 
Fig. 12 we surround the movable plate with a guard ring, the details of 
which are shown in Fig. 13. 

If we assign +a units of charge to each unit of area of the upper 
plate and — a units of charge to each unit of area of that portion of the 



lower plate which is directly below the movable plate we find by the 
application of Gauss^ theorem that 

D = (T (in the intervening air gap) 



(T 

€ 


(in the gap) 


(9) 


We know from equation (1) that the force which would be developed on 
a unit test charge placed in the electric field which is present between the 
two plates is equal to S, or a/e units of force. This, however, is not the 
force exerted per unit of charge on the upper plate because the a/e force 
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on a unit charge in the gap is the result of two equal components of force, 
one attributable to the charge on the upper plate and one attributable 
to the charge on the lower plate. The force developed on the distributed 
charge of the upper plate is due only to the lower platens contribution, 
namely, a/2e units of force per unit charge on the upper plate. Thus, 

/'(force developed on each unit of surface charge) 

in the parallel-plate arrangement shown in Fig. 12. 

The total force on the movable plate is 

Sp = fQ = /Vyl = ^ 



which may be rearranged algebraically to show that 


where Q is the total charge on the movable plate, e = €o€r = €o since the 
arrangement shown requires that the intervening medium between the 

plates be air. (co = - 7 —rationalized mks units.) 

3 ()7r X 10 

A is the area of the upper plate which, if circular, would be irr^. The 
slit between the movable plate and the guard ring shown in Fig. 13 is 
presumably very small, and by measuring r out to the middle of this 
small slit as indicated we can essentially compensate for the small per¬ 
centage of the total force which is developed along the vertical sides of 
the movable plate. It will be observed in Fig. 13 that no flux crosses from 
the movable plate to the guard ring since these objects are at the same 
potential. 


Example. An Absolute Coulombmeier and Voltmeter, A rearrangement of 
equation ( 12 ) will show that 

Q = V2toAfp (13) 

The physical arrangement shown in Fig. 12 might therefore be used to measure 
Q in terms of the mechanical quantities A and /. 

The potential difference between the plates is 

E= $,d = -d= ^ (14) 

Co \ coA 

since it is known from equation ( 11 ) that a = V 2 e(/,,/A. The arrangement 
shown in Fig. 12 may therefore he used to measure potential difference in 
terms of A and/and hence function as a voltmeter. This method of measuring 
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potential difference is not used except in certain educational laboratories 
where the demonstration of the principle of forces on charged surfaces is of 
more importance than the voltage measurement itself. 

10. Energy Stored in an Electric Field. If we assume that the plates 
shown in Fig. 12 are energized as indicated and think of moving the 
upper plate an incremental distance (Al) upward, we find that the work 
done is 

AW = fp Al = Al [See equation (11).] (15) 


provided the plate is moved only an infinitesimally short distance (so 
that fp remains essentially constant) or else E is increased in order to 
hold fp constant during the period of the movement of the plate. 

The work expended by the operator is given in ecjuation (15) and 
appears in the form of energy stored in the added increment of electric 
field, namely, the incremental volume A Al. The stored energy per unit 
volume is then 



2e 

(joules/cu m, in mks units) 


( 16 ) 

(16-a) 


where 6 is expressed in volts per meter and e = eoer- 

Example. Consider two rectangular metal plates (10 m X 0.1 m) separated 
by a dielectric material which has an €r — ir and a thickness of 0.0004 m 
(or 0.4 mm). 

Let it be required ,to find the total energy stored in the ele(!tric field which 
exists between the two metal plates if these plates are maintained at a poten¬ 
tial difference of 2400 volts. 

g = = 6 X 10® volts/m 

0.0004 

P'2 

W - w X (volume) = -— X 0.0004 
2 

or 

W = 0.2 joule 

This energy may be stored in the electric field simply by momentarily sub¬ 
jecting the plates to the 2400-volt potential difference. If a good grade of 
dielectric is employed this energy remains stored for a long time (several days 
at least) and may be released at any time during this period (say by a screw 
driver having an insulated handle), and the stored energy will manifest itself 
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in an electrical discharge which flashes and sounds lik^ a miniature discharge 
of lightning. 

11. Breakdown or Dielectric Strength of Insulating Materials. The 

magnitude of & at which an insulating material ^^breaks down/’ that is, 
ceases to function as an insulator, is called the dielectric strength of the 
material, and is frequently tabulated in handbooks in the secondary 
unit, kilovolts per millimeter. The dielectric strengths of some of the 
more common insulators are showm in Table I together with the relative 
permittivity (or dielectric constant) and resistivity where the latter 
values are well defined. The dielectric strength of a material varies 
widely with the conditions under which the tests are performed, that is, 
with the shape of the electrodes employed, the moisture content, the 
temperature, and so on. Tests are usually carried out on samples which 
are about 1 or 2 mm in thickness; and the results of these tests must be 
applied with caution to thicknesses which are more than about ten times 
the thickness of the test sample. 

The dielectric strength of a material is not related in any definite or 
known manner to the dielectric constant (or relative permittivity, €r) 
of the material as may be seen from Table I. 


TABLE I 



Dielectric 

Dielectric 

Resistivity 

Material 

Strength 

Constant 

(ohms/cm cube) 


(kv/mm) 

€r 

(approx.) 

Air (atm. pr., 0°C) 

3 

1.00058 


Bakelito, Micarta-213 

up to 31.4 

5 

5 X 10" 

Glass (ordinary) 

8 to 9 

5 to 9 

9 X 10" 

Miea 

21 to 28 

5 to 7 

up to 2 X 10" 

Oil (transformer) 

10 to 35 

2.5 


Pai)or (impregnated) 

12 to 20 

3 to 4 

6 X 10" 

Rubber (hard) 

70 

2 to 3.5 

1 X 10" 

Wood (ma|)le-paraflined) 

4.6 

4.1 

3 X 10" 


If the S vector becomes sufficiently great in magnitude in an insulating 
material, the forces developed on the otherwise bound charges within the 
molecular structures of the material will be sufficiently great to overcome 
the internal molecular binding forces. The internal structure of dielectric 
molecules is such that under the influence of an & field the center of 
positive charge (within a molecule or group of molecules) is not co¬ 
incident with the center of negative charge. This is shown schematically 
in Fig. 14 where each + and — combination indicates a molecular 
structure containing both positive and negative charges which are 
capable of being shifted slightly within the confines of the molecular 
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structure when subjected to an 6 field. The forces on these molecular 
structures (called dipoles) will under normal potential gradients be in¬ 
sufficiently large to produce any free charge carriers. At the breakdown 
point, however, these dipoles are ruptured and stripped of their internal 
charges. The free charges which are thus produced change the erstwhile 
insulator into a conductor of sorts. Breakdown usually damages the 
insulator permanently because the heat generated by the conduction 
current which follows an internal breakdown chars or otherwise deterio¬ 
rates the material. 

The insulation material of electrical apparatus is designed with factors 
of safety which range from about 3 to 10; owing principally to the fact 


Metal 11 plate 



(0) PLATES UNCHARGED (p) TOP PLATE POSITIVE (C)TOP PLATE NEGATIVE 

Fig. 14. Bound molecular charges experience electrit^ forces. 


that the insulation materials are not strictly uniforip in their dielectric 
strengths. 

Example. One specification or requirement sometimes imposed on insula¬ 
tion material is that the material shall have a dielectric strength such that it 
can withstand twice rated voltage plus 1000 volts. By jated voltage is meant 
the voltage to which the apparatus is normally subjected in actual operation. 

Let it be required to apply this specification to the dielectric material of 
the preceding example where the insulation material is subjected to a poten¬ 
tial gradient of 6 X 10® volts/m at the assumed rated voltage of 2400 volts. 
(See example, Section 10.) 

The paper, which is 0.4 mm thick, is assumed to have a dielectric strength 
of 14 kv/mm. 

This paper can withstand a voltage of 

14 X 0.4 = 5.6 kv or 5600 volts 

Twice-rated voltage + 1000 volts = 4800 + 1000 = 5800 volts 

Hence this particular paper fails to meet the specification in this instance by 
a 200-volt margin. 
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12. Changes in the Electric Field as It Crosses Boundaries. The & 

vector in general suffers a change in magnitude and direction when it' 
passes the boundary between two dielectric media having different 
dielectric constants. That this is true may be seen by applying the 
fundamental principles which have already been considered. 

First, consider the case in which the & vectors are known to cross the 
boundary (between the two dielectrics) at right angles as shown in Fig. 
15. In this case the magnitude of the & vector changes when it crosses 


+ <T 


MATERIAL 1- 

1 - 
! 4 

— 


' D|' 

— Cf,- 

DUUni/AnT 

MATERIAL 2 




1 02' 

’ 6r2 


-<j 


Fig. 15. Sni/Sn2 = Si/82 = er2/cri sincG D is continuous across boundary here. 


the boundary but the direction of the vector remains unchanged. This 
follows from the fact that the D vectors remain unchanged since all the 
electric flux emanating from the positively charged upper plate shown in 
Fig. 15 is known to terminate at the negatively charged plate directly 

2 

- 

Boundary-1 

- 

3 

Fig. 16. Tangential components of & are equal. Sn = Sf2. 



+ 

I 



below. Since the flux and, hence, D are continuous, & = D/eoCr must 
change if €r changes in magnitude while the continuous D vector crosses 
the boundary from the Cri region into the €r 2 region. Thus, 


&2 ®n2 


— (6 normal to boundary) 

Crl 


(17) 


where the subscripts n refer to normal components of the 6 vectors. 

Where the 6 vectors are tangential to the boundary as shown in Fig. 
16, it follows that they must be equal in magnitude since the voltage 
drop from points 1 to 2 in this figure must be the same as the voltage drop 
from points 4 to 3 if the actual 6 field is tangent to the boundary. This 
follows from an application of Kirchhoff’s emf law around the 1234 loop 
shown in Fig. 16. If we assume that the distances 23 and 41 in this loop 
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are infinitesimally small, Kirchhoff's voltage law reads 
Vi2 + Vs4 = &tlh2 + = 0 

and since Z 34 is the negative of I 12 

S<i = S <2 (S tangential to boundary) (18) 

If an fii vector meets a boundary between two dielectrics at some 
angle 61 as shown in Fig. 17, it wdll in general suffer a change in both 
magnitude and direction. The Si vector, upon entering material 2 from 
material 1, will take on a new value, say &2 as shown in Fig. 17 if €r 2 > €ri. 
The relationship between di and 62 may be established in terms of the 



MATERIAL | 
€r, 


Fig. 17. Illustrating Sni/Sn2 = er2/€ri, 6n/S<2 = 1, and (tan 0i)/(tan 62 ) 

= «r2/€rl. 


two principles just developed for the normal and tangential components 
of the S vector. By breaking both Si and S 2 into normal and tangential 
components as shown in Fig. 17, we find 

Sni _ er 2 sin 01 

^n2 Crl ^2 Sin 02 

by the normal component principle stated in equation (17). Also 

Sn Si cos 01 

= 1 = ir-T (20) 

(^t 2 ^2 cos 02 

if we consider the tangential components in light of equation (18). 
Combining equations (19) and (20) we have 

^ - 5:? ( 21 ) 

tan 02 Cri 

If, for example, €r 2 = 2 €ri and 0 i is known to be 45°, then 


tan 02 = tan 0i — = 1 X 0.5 or 02 = 26.6° 

Cr2 

From the development preceding equation ( 21 ), it is plain that this 
equation accounts only for the change in er at the boundary and does 
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not apply to non-isotropic media. Neither does it^ apply to boundaries 
where charge distributions are present which act as sources or sinks of 
electric flux, because in these cases the D vectors change in magnitude 
as they cross the boundary. Boundaries of this kind will be encountered 
when we consider batteries, thermocouples, and the like in Chapter XIV. 

13. Gauss’ Theorem Applied to Cylindrical Charge Distributions. 
Charge distributions which are essentially cylindrical in shape are 
frequently encountered in practice; particularly in transmission line 
work and in vacuum tubes having electrodes which are coaxial cylinders. 
It is usually of importance to be able to determine & at any point in the 
immediate vicinity of these charge distributions. If the conductors are 
very long relative to the distance of separation, as is usually the case in 


—(E 
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A 
/ * 
I 

j» 


\ \ 

' (T ' 

-I-^ 

I 


I 


I per unit / 




length 


\ / 

\ / 

\ / > 

_/ 

n n 

uni t 
length 

Fig. 18. An enclosing (or Gaussian) surface about a uniformly distributed line 

charge. 


transmission lines, the electric field established by a single cylindrically 
distributed charge is such that the & vectors are directed radially out¬ 
ward from a positively charged wire (or radially toward a negatively 
charged wire). 

The problems usually encountered in practice can be attacked by 
assigning a surface charge density of +(t units of charge per unit length 
to one of the conductors and — cr units of charge per unit length to the 
other conductor. The actual magnitude of these charge densities is 
usually immaterial but the process of assigning these charge densities 
places the conductors in the same energized state as would the application 
of a potential difference to the conductors. It turns out that the potential 
difference developed between the conductors (as a result of assigning a 
units of charge to the conductors) is directly proportional to the magni¬ 
tude of (T. 

The result of assigning +a units of charge per unit length to a cylindri¬ 
cal conductor is shown in Fig. 18. A cylindrically shaped enclosing (or 
Gaussian) surface of the type shown in Fig. 18 will be crossed or pierced 
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at only the 2tx(1) surface since the ends of this right cylinder are 
parallel to the flux lines and hence not pierced by the flux lines. From 
Gauss’ theorem, we can write directly 



Fig. 19. Cross-sectional view 
of long coaxial conductors. R 
is inside radius of outer conduc¬ 
tor; r is the radius of inner con¬ 
ductor. 


2x^(1) 


<r 

2tx 


( 22 ) 


where Dx is the flux density, say in cou¬ 
lombs per square meter, at any radial 
distance x from the axis of the charged 
conductor; and the associated & vector 
at this point is 


volts/m (23) 

t2‘KX 

€ has its usual meaning, €o€r, and eo = 
l/(36x X 10^) in the units employed in 
equation (23). 

As applied to the coaxial cylinders 
shown in Fig. 19, we note that 


&x = - volts/m directed radially inward (23-a) 

€2tX 


If r is the radius of the inner conductor (and R the inside radius of the 
outer conductor as shown), the potential difference between the con¬ 
ductors, written as a function of <r, is 


t/i? €2 x t/r X 


(18XlO^)<r, R 

-In — 

€r r 


(24) 


The minus sign ia the first integral accounts for the fact that we are 
proceeding in the —x direction as we sum up 6 dl from x = R to x = r. 
It follows that 


V 

a 


18 X 10^ R 

-In — 

r 


volts/coulomb/m 


(25) 


It will be observed that the right member of the above equation is a 
function only of the ratio of the dimensions and the €r of the insulating 
material between the two conductors. Although equation (25) will be 
of some immediate use in the problems of the present chapter, it will 
take on added importance when the subject of capacitance is discussed in 
Chapter XIII. 

A cross-sectional view of the two conductors of a parallel-wire line is 
shown in Fig. 20. The conductors have dimensions normal to the page 
which are relatively great compared to Z), the center-to-center separation 
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of the line wires. Let it be required to find the potential difference 
between the two line wires as a function of the magnitude of the arbi¬ 
trarily assigned charge density a. This problem differs from the coaxial 
problem just considered in that the charged conductors taken individu¬ 
ally produce & vectors which are coincident in direction only along the 
line joining the axes of the two conductors; and, along this line, the 
magnitudes of these two individual components of the resultant 8 are 
equal only at the point midway between the two conductors. 

We may proceed to write an expression for the resultant 6 along the 

/ D —r 

^res. dx; or we 

may calculate first the voltage drop from a to 5 in Fig. 20 due to the +a 
line charge, then the voltage drop from a to 5 due to the — <r line charge, 
and finally apply the principle of superposition to find the resultant 
voltage from a to h. Since the latter method is capable of extension to 

+ a £% fv -aCoulombs/meter 

charge '^chorU 



Fig. 20. Cross-sectional view of parallel-wire transmission line. D is the center- 
to-center separation; r is the radius of each conductor. 

more than two line charges (and in fact will be used later where four 
line charges are involved) it will be applied to the two-wire case in order 
to illustrate the procedure. (The same principle might have been applied 
to the coaxial problem presented above, but this is given as a student 
exercise. See Prob. 25.) 

Considering first the +<t line charge only, 


Vah (due to +< 7 ) = 


/ D—r nL 

18 X lOV r^-''dx 


I 8 XI 0 V, D-r 

= -In- volts (26) 

Cr r 

Shifting our attention now to the y = 0 origin in Fig. 20 and considering 
only the —a line charge, 


Vab (due to —a) = jT (. — dy) = jf 


18 X lOV , D - 

-In- 

Cr r 
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The minus sign used in connection with dy in the first integral accounts 
for the fact we are integrating in the —y direction as we proceed from 
point a (which is Z) — r distance from 2 / = 0) to point b (which is r 
distance from the origin). 

By combining the component voltages calculated in equations (26) 
and (27), the actual voltage that exists between the conductors is 
obtained: 


36X10V, D-r 

V ah ^ -m volts 

€r r 


(28) 


Again it is seen that the ratio F«/,/<r is a function only of the ratio of 
physical dimensions D — r and r and the relative permittivity of the 
medium intervening between the two line wires. 

Equation (28) applies to those cases where the centers of the line 
charges are essentially coincident with the axes of the conductors because 
we have taken our origins at the conductor (tenters. If the distance of 
separation D is about twenty times the radius of a conductor r, equation 
(28) is essentially correct. With D less than about lOr, the attraction 
between the +<t line charge and the —a line charge shifts these two line 
charges toward one anotlier somewhat, and to obtain correct results 
in this case we shift the origins used in Fig. 20 toward one another 
slightly (but still well within the conductors). The detailed manner in 
which this proximity effect is accounted for is considered later. 

The electric field map of the region in the vicinity of two equally and 
oppositely charged cylindrical conductors is shown in Fig. 21. The lines 
joining the conductors are & lines, and the circles enclosing the con¬ 
ductors are equipotential lines, the straight vertical line being the true 
or absolute zero potential line. 


Example. Let it be required to find the force experienced by an electronic 
charge ( — 1.6 X coulomb) and the associated acceleration when the 

electron finds itself in the electric field established by the two charged cylinders 
shown in Fig. 19. The known data are 

€r = 1 R = 2A cm r = 0.5 cm 
potential difference between conductors = 300 volts 


Making use of equations (23-a) and (25) we find that, for x measured from 
the center of the inner conductor, 





300 

0.5 


- newtons/ coulomb 
l.blx 
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It will be remembered from equation (1) that newtons per coulomb is as much 
a unit of 6 as is volts per meter which we have been using in the last few sec¬ 
tions where voltage calculations were involved. Hence 


, (300)(1.6Xl0-'«) 

f=^= - 77^ - 


3.06 X 10-*^ 

X 


newton 


Since this force is plainly directed toward the outside conductor the sign of 
Q in the above expression is not considered, because in general it is easier to 



Fig. 21. Electric field map of the region near two long parallel conductors. 

remember that +0 goes in the -fS direction and that —Q goes in the — S 
direction (except in generators) than it is to account for these simple facts 
in the equations. 

Since the mass of an electron is 9.1 X kg, 

, / 3.06 X 10-1^ 3.36 X 

acceleration a = — =-— =- m/sec 

m 9.1 X 10-3»a: x 

With this acceleration, it is apparent that the electron (if not otherwise 
restrained) will stay in this field only a relatively short period of time. The 
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problem of determining the time of flight, say from the outer surface of the 
inner conductor to the inner surface of the outer conductor, is interesting 
but not particularly simple. See Prob. 31. 

PROBLEMS 

1. A charge of 2 X 10~® coulomb is located in a region where the 6 vector has a 
magnitude of 500 volts/cm. Express the magnitude of the force experienced by this 



(+ 2 X lOr®coulomb) 


Fig. 22. Illustrating x and z components of the vector S. Point P is in the xz plane 

and 2 / = 0. 

2. In Fig. 22 is shown a 4-2 X 10“® coulomb charge at the origin of a set of right- 
angled axes. What are the magnitudes of the resultant S vector, the x-axis component 
Sx, and the 2 :-axis component Sz at point P? A free-space medium is assumed. 

3. Assume that a charge of 6 X 10~^ coulomb is uniformly distributed over the 
surface of a metal sphere having a radius of 1 cm. Find the potential difference 
between the surface of the sphere and a point which is 10 cm from the center of the 
sphere. €r = 1. 

4. Consider two parallel metal plates of relatively large area separated in air by a 
distance of 0.002 m as shown in Fig. 23. A hypothetical test charge of 10”^® coulomb 
placed between the plates (and not too near an outer boundary) experiences a force 
of 0.000005 newton directed from plate B to plate A. 

Which plate is at the higher potential, and by how many volts? 

6. Refer to Fig. 24. The charge shown is assumed to be uniformly distributed 
over the surface of the sphere. 

(a) Calculate the values of both E and S at Z = 1, 2, and 3 m and compare your 
results with those shown on the graph. 

(5) What is the area under the S versus I curve between / = 2 and / = 3 m ex¬ 
pressed in volts? 

6. Refer to Fig. 23. Assuming that the plates are maintained at a potential differ¬ 
ence of 2000 volts find the magnitude and direction of the & vector in the electric 
field between the plates. 
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7. Refer to Figi 5, page 166. 

(а) Find the force which an electron will experience at point N if the charged 
conductors are maintained at a potential difference of 1200 volts and the distance of 
separation of these conductors along the mid-section where point N is located is 
2 cm. 

(б) What would be the approximate value of the force experienced by an electron 
in its travel along one of the two outermost flow lines shown in Fig. 5 as the electron 
crossed the CC equipotential line? 



Fig. 23. Two parallel conducting plates equally and oppositely charged. See 

Probs. 4, 6, 19, and 22. 



Fig. 24. Illustrating that area under an & versus I curve equals voltage. See 

Probs. 5 and 11. 

8. (a) Add one more flow line (or 6 line) to the outer edge of Fig. 5, page 166, by 
graphically extending the equipotential lines in the directions dictated by the princi¬ 
ples of curvilinear field mapping. 

(b) From the graph obtained in (a), determine the approximate value of the & 
vector at the point where the outermost flow line crosses the CC equipotential line, 
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assuming that the conductors are maintained at a potential difference of 1000 volts 
and that the mid-section separation of these conductors is 2 cm. 

Note: Since the outermost curvilinear square which will be obtained between the 
B and C equipotential lines is relatively large it should be subdivided into at least 
four parts before part (6) is answered. Wherever the opposite sides of a curvilinear 
square turn out to be distinctly different in size and contour, the square should be 
subdivided in accordance with the principles of mapping fields to see that it is truly a 
curvilinear square. If the square in question will not subdivide indefinitely (that is, 
into 4, then 16, and so on, smaller squares), the supposed curvilinear square is in 
error and adjustments must be made in either the equipotential lines or the flow lines 
or both until this type of subdivision is possible. 



Fig. 25. Electric field mjip surrounding a long conductor of irregular cross-section. 
The cross-sectional view shown here illustrates how lower radii of curvature produce 
greater magnitudes of fi. Sc^e Prob. 9. 

9. In Fig. 25 is shown a two-dimensional field map in the region adjacent to a 
conductor of somewhat irregular shape. If Ei = 1000 volts, E 2 = 600 volts, and the 
distance I shown in the figure is 1.0 cm, find the magnitude of the & vector just out¬ 
side the conductor at point h; also the magnitude of the 8 vector just outside the 
conductor at point c. 

10. Assume that a long metal rod could be given an instantaneous uniform 
negative surface charge density, that is, an equal number of excess electrons per unit 
area over the entire surface. Explain, qualitatively, the nature of the redistribution of 
surface charge which would immediately set in. Under what condition would an 
electron originally at the center section come to rest before it reached the end of the 
rod? 

11. What is the electric flux density in coulombs per square meter at Z = 2 m in 
Fig. 24? Assume that the 5 X 10~^ coulomb charge is a small spherically distributed 
charge. 
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12. What is the electric flux density in coulombs per square meter and the corre¬ 
sponding value of S at a point 10 cm from the surface of a metal sphere which is 
charged with —3 X 10""^ coulomb? The diameter of the metal sphere is 10 cm, and 
= 1 . 


13. A small metal object located not far above the earth’s surface is deprived of 
one billion of its free electrons. Assuming that this metal object is the only body in the 
vicinity (except the earth), draw a two-dimensional sketch (not a map) showing the 
origination and the termination of the electric flux in the vicinity of the object. What 
amount of electric flux emanates from the metal object? 



Fig. 26. Illustrating three equipotential lines which encircle a flat conductor. 
Completion of the map will show the relative amount of electric flux which threads its 
way from the upper surface of the upper conductor to the lower surface of the lower 

conductor. See Prob. 15. 

14. Derive a general expression for the potential at a point midway between two 
small equal charges (-j-Qeach) which are spherically distributed charges separated 
center-to-center by a distance T). The midway point referred to is on a line joining 
the charge centers, and potential is to be reckoned relative to true or absolute zero. 

15. In Fig. 26, the heavy lines represent the cross-sections of two long flat con¬ 
ductors which are maintained at a potential difference of 2000 volts and immersed 
in a large vat filled with transformer oil of the kind specified in Table 1, page 179. 

The equipotential lines shown in the figure have been evaluated by methods which 
are somewhat more advanced than we care to consider here. Another and corre¬ 
sponding set of equipotential lines encircle the lower conductor but are not sho^m in 
Fig. 26. Complete the field map at least above the zero potential line and determine 
the approximate amount of electric flux which crosses an 8-sq in. section of the zero 
poUmtial surface which is 1 in. in length normal to the plane of the page and 4 in. in 
length cither side of the vertical center. 
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16. An electron is situated between two flat parallel plates and just outside the 
negative plate. The plates are separated from one another by 0.01 m of air and have a 
potential difference of 1000 volts. 

(a) With respect to the positive plate as a zero datum plane, what potential 
energy does the electron possess? 

{h) Starting from rest, the electron travels unimpeded to the -f- plate. What 
kinetic energy does the electron possess when it reaches the + plat^e; and what 
becomes of this energy when the electron is stopped by the plate? 

(c) What is the duration of the travel time in part (b). 

17. What is the electric flux density between two parallel plates which are sepa¬ 
rated from one another by 2 mm of glass (€r = 8), if the plates have a potential 
difference of 500 volts? What is the total charge per plate if the plates are 40 cm x 80 
cm in area? Assume uniform flux distribution; that is, neglect fringing. 

18. What is the total energy stored in the electric field of Prob. 17? 

19. What mutual force of attraction is developed on the parallel plates shown in 
Fig. 23 if the plates are 40 cm x 80 cm in area and energized with 1000 volts? (cr * 1.) 

20. The electrometer shown in Figs. 12 and 13 has a movable plah^ which is 
circular, and the r dimension is 7.5 cm. The plat(*s are separated by a distancie of 
d = 0.2 (;m. What is the magnitude of the (charge on the movable plate when 0.025 
kg of weight is required to overcome the electrical attraction develoixjd on the mov¬ 
able plate. 

21. What voltage must be applied to the i)lates of the electrometer doscrilnsd in 
Prob. 20 to make it operate in the manner specifitjd there. 

22. What would be the maximum rated voltage allowable in connection with the 
parallel plates shown in Fig. 23 if air is the dielectric material and the sjxjcification for 
rated voltage is ‘ ‘ the breakdown strength of the dielectric shall be twice rated voltage 
plus 1000 volts.” 

23. Assume that a solid copper sphere 1 cm in radius can be deprived of one free 
electron in every billion atoms of copper in which there are 8.4 X 10^^ atoms per 
cubic centimeter. Find the potential gradient at the surfac^e of the sphere and com¬ 
pare the value thus found wdth the breakdown strength of air. Calculate & on the 
basis of the copper sphere being the only body in the vicinity oi a large and perfectly 
evacuated region. Wliat would be the result of ejecting the charged sphere into air? 

24. An 6 vector in air is knowm to impinge upon a surface of distilled w^ater 
(€r = 80) at an angle of 45°. Make a sketch showing the change in direction and 
magnitude of the S vector as it crosses the boundary from air to water, considering 
only changes caused by change in Cr. 

25. Refer to Fig. 27. 

(fl) What number of coulombs of electric flux crosses the unit length Gaussian (or 
enclosing) surface shown if the conductors are equally and oppositely charged with 
1500 statcoulombs per foot of axial length? Assume that all data are converted to 
mks units and that unit length in Fig. 27 is 1 m. Ri = 1.0 in.; R 2 = 4.8 in.; and 

ejp = 1. 

(No. of) coulombs 1 

Note: 


statcoulomb 


3 X 10 
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(h) What is the potential difference between the conductors calculated with the 
aid of equation (24)? 

(c) What is the potential drop from x — Ri to x ^ R 2 if only the -\-(T line charge 
is considered present; if only the —c line charge is considered present? Apply the 
principle of superposition and compare with the result found in (6). 



Fig. 27. Application of a Gaussian surface which encircles a unit length of the 
inner conductor of a coaxial cable. See Prob. 25. 

26. Given two line ('harges as shown in cross-section in Fig. 20, page 185. 

(a) Make a plot of the magnitude of the resultant & vector versus x from 
a: = r = 4 mm to x = D — r = 0.10 m if the line wires are maintained at a potential 
difference of 1000 volts with air as the dielectric. 

(h) Compare the S X I area under the curve obtained in (a) with the known 
potential difference of 1000 volts. 

27. What is the magnitude and direction (relative to the -fx direction) of the 
resultant & vector at a point which is 2 cm directly above the center of the -j-o’ line 
(tharge shown in Fig. 20, page 185, if the voltage difference Ix^tween conductors is 
1000 volts, r = 4 mm, D = 10.4 cm, and €r = 1? 



the X axis the potential due to the elementary charge, q dy, Ex =-===_. 

47rc \/x' 


See Prob. 28. 
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28. In Fig. 28 is shown a uniformly distributed line charge which is d = 1 m in 
length. The charge which is presumably distributed over this length totals 2 X 10“*^ 
coulomb, and the surrounding medium is air. Find the absolute potential at x = 0.5 
m and at x = 3.0 m due to the distributed line charge which as shown runs from 
?/ — 0 to y = d: (a) either by deriving the general expression for the absolute 
potential at points along the x axis due to the line charge element s, or (5) approxi¬ 
mating the cornict result by lumping the entire charge at the point y — d 12^ x = 0. 

The general expression for Ex referred to in (a) turns out to be 

47r€o€r X 

and to slide-rule accuracy the results obtained with this expression are Eo.h == 260 
volts and J5^3.o = 58.8 volts. 

29. Two metallic spheres each 2 cm in diameter arc equally and oppositely charged 
with 5 X 10“^ coulomb. These spheres are separated in air from one another by a 
center-to-center distance of 2 m. 

What is the potential gradient at a point midway between the spheres on the line 
which joins the centers of the spheres? 

30. What is the potential difference between the spheres described in Prob. 29? 

31. Consider an electron which is initially at rest at the surface of the inner of two 
concentric cylindrical conductors that arc energized with a potential differencje of 300 
volts, the inner conductor being negative. The ratio of the iniu^r radius of the outcir 
conductor to the radius of the inner conductor is 10. Inner conductor radius =0.1 cm. 

Find the length of time required for the elec^tron to travel across the free-space 
medium between the conductors. Assume that the electron is unimpeded by any 
force but that of inertia. 
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The Magnetic Field 


1. An Initial Concept. The physical facts illustrated in Figs. 1-a and 
1-b will be considered briefly in order to introduce a concept which is 
fundamental to the study of the magnetic field. In considering Fig. 1-a, 
for example, the two current-carrying conductors which are shown 
deformed under the mutual forces of attraction might be thought of as 
being less rigid than the other parts of the two circuits since all current- 
carrying elements in both circuits experience forces of a similar nature. 

The two current-carrying loops of Fig. 1-a are known experimentally 




Fig. 1. Current-carrying conductors exjierience mutual forces of attraction or 

repulsion. 

to experience mutual forces of attraction, and the two loops shown in 
Fig. 1-b are known experimentally to experience mutual forces of re¬ 
pulsion. Bus bars and heavy conductors in large machines must be well 
braced to prevent deformation when short-circuit currents flow as they 
do when faults like line-to-line contacts and undesired grounds appear on 
the system. 

To begin with, it should be realized that the forces shown in Fig. 1 
are essentially due to the movement of charge /. The magnitudes of the 
forces developed by the electric field (that is, by the & vector) in a case 
of this kind are insignificantly small compared to the forces which are 
produced by the moving charges, namely, by /. We might, for example, 
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open the circuits shown in Fig. 1-a and let the batteries charge the wires 
electrostatically over the entire lengths of the wires, and the electric 
forces developed in this low-voltage system would not be comparable in 
magnitude to the forces which are developed when current is permitted 
to flow through the conductors. 

We are, therefore, confronted with forces which act on moving charges 
and which cannot be accounted for in terms of electric field theory. It 
is only in terms of magnetic field theory that the forces illustrated in 
Fig. 1 and various other electromagnetic phenomena can be explained. 
In the early development of magnetic field theory, we shall employ 
current-carrying loops (or turns) like those shown in Fig. 1 as the origin 
or source of the magnetic field, in much the same manner as w^e em¬ 
ployed stationary charges as the origin of the electric field. 

Since the magnetic field established by a current-carrying loop de¬ 
pends upon the magnitude of the current I and upon the length of the 

loop Ij we shall symbolize the source of the magnetic field as II or as^/ dl. 

The loop around the integral sign implies only that the I dl elements of 
which the current-carrying loop is composed are to be considered as 
acting around the entire loop. In symbolizing the source of a magnetic 

field as ^ / dlj we are not implying that any actual integration need be 

performed. We are implying, however, that the source of magnetism is 
dimensionally the product of current and, distance^ two physical quantities 
that are well established. 

It will be shown presently that a current-carrying loop has all the 
properties that are to be expected of a magnetic field source, and lat er 
it will be shown that a magnetic field encircles or links with any current 
path. 

2. Magnetic Poles as Sources of Magnetic Lines. The commonly 
accepted version of a magnetic field is that a magnetic field is any region 
in which an ordinary compass needle is acted upon by forces that 
tend to align the S-to-N axis of the needle in a particular direction as 
illustrated in Fig. 2. A continuous path which is defined in direction by 
the S-to-N axial direction of a small exploring compass of the type shown 
in Fig. 2 is called a magnetic line. This is the only physical significance 
which need be attached to a magnetic line for the present. After it has 
been shown that current loops are the equivalents of magnetic poles, the 
magnetic line as used here will be replaced with a well-defined magnetic 
vector; but in the early stages of the development of magnetic field 
theory, the resultant force which acts on a compass needle to align it in 
the magnetic field is our most tangible asset. 
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The small region near the end of a bar magnet, from which most of 
the magnetic lines appear to emanate, is called a north pole, and the 
small region near the other end, into which these lines appear to enter 
the magnet, is called a south pole. 

Even though a magnetic pole is a poorly defined region near the end 
of a magnet and even though a north pole must always be complemented 



Fig. 2. Exploring the magnetic established by a bar magnet with the aid of 

small compass needle. 


with a south pole, Coulomb, employing long slender bar magnets and 
a torsion balance, was able to deduce the following: 


/ = Mo 


M1M2 

47rr^ 


(in rationalized units) 


( 1 ) 


where / is the mutual force of attraction or repulsion between Mi and M 2 
Ml and M 2 are the pole strengths of the apparent sources of 
magnetic lines 

Mo is the permeability of free space, the numerical value of which 
is 4ir X 10~^ in rationalized mks units 
r is the center-to-center separation of Mi and M 2 . 


We realize, of course, from our experience with bar magnets that like 
sources (or like M’s) repel one another and that unlike sources (or unlike 
M’s) attract one another. 

The experimentally determined relationship given in equation (1) is 
useful to the extent that it tells us what to expect from a source of 
magnetism. Pole strength M will not be classed as a new or undefined 
quantity since all experimental evidence points to the fact that current 


flowing in a closed 




is actually 


the source of mag- 
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netism. Dimensionally then 

M = IH^ 

and from equation (1) 

MO = (l-a) 

Mo is the property of free space (or air) which permits magnetic forces of 
attraction and repulsion to manifest themselves through free space. 
Although the dimensional expression for mo given in equation ( 1 -a) is 
rather meaningless from a physical point of view, it will be useful later 
when magnetically developed forces and magnetically generated voltages 
are investigated. 

The Product mo€o. As an artifice for remembering the numerical value of 
either mo or eo if one of them is known, we have the following relationship 
which holds in any systematic set of units: 

1 

Mo€o = - 

where c is the velocity of light expressed in the system of units being used. 
Without attempting to show just why the product Moeo should turn out to be 
the reciprocal of the velocity of light squared, we shall show from Coulomb^s 
inverse square laws that we should expect the product Moeo to be the reciprocal 
of some velocity squared. From these two laws, 

/ = for electric forces [from equation (1), Chapter II] 

/ = for magnetic forces [from equation (1-a)] 

Equating the right-hand sides of these dimensional expressions, we have 

= Q 2 /- 2/-2 = = t ;-2 

Hence the product mo€o is shown to be dimensionally the reciprocal of velocity, 
l/v, squared. In rationalized mks units, 

Moeo = (47r X 10 ') ^^g) = 9 “ ? 

In unrationalized mks units. 

Mo eo = (10 (g ^ jQo) = 9 X 10'« “ ? 

3. Current-Canying Loops as Sources of Magnetic Lines. Let us 

observe the result of replacing the north and south poles of the bar 
magnet and compass shown in Fig. 2 with current-carrying loops as 
indicated in Fig. 3 . To begin with, we must realize that a current- 
carrying loop is two-faced) viewing from in front of one face an observer 
sees current directed in a counterclockwise direction; for example, if he 
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looks at the bar magnet from the observer position shown in Fig. 3 . But 
this same loop, if viewed from the opposite face, would appear to have 
current flowing around the bounded surface, clockwise in direction. Two 
definitions which take into account the two-faced nature of a current- 
carrying loop are: 

(1) A north pole is that side of a surface (which is bounded by 
current) around which an observer sees counterclockwise directed 
current. 

( 2 ) A south pole is that side of a surface (which is bounded by current) 
around which an observer sees clockwise directed current. 

A current-carrying loop may be either a north pole or a south pole 
depending solely upon how it is viewed by an observer who is directly 
in front of one face of the loop. An outside or more aloof observer, of 



Fig. 3. Current-carrying loops as sources of magnetism. 

course, sees the current-carrying loop both as a north pole and as a south 
pole. It is fundamental to all magnetic circuit theory that magnetic lines 
close on themselves, that is, any one line is continuous. A magnetic line 
which appears to emanate from one face of a current-carrying loop 
returns to the other face and in so doing completes a circuital path which 
renders it continuous. This is somewhat different from an electric field 
line which is defined in direction by the direction which a test charge 
would follow in an electric field. Whereas an electric field line (or flow 
line) originates at a positive charge and terminates at a negative charge, 
a magnetic line (or flow line) is continuous and must alw^ays link with 
the closed path of the moving charge which produces it, the linking 
being in the sense that neighboring elements of a chain link with one 
another. 

A careful study of Fig. 3 will show that an observer at the indicated 
position sees a clockwise-directed current (or a south pole) when he 
looks toward S of the compass, and that he sees counterclockwise- 
directed current (or a north pole) when he looks at N of the bar magnet. 
Thus two current loops carrying oppositely directed currents (to an 
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observer between the loops) experience mutual forces of attraction. 
(This conclusion agrees with the known physical facts shown in Fig. 
1-a.) Two current loops carrying similarly directed currents (to an 
observer between the loops) experience mutual forces of repulsion in 
agreement with the physical facts illustrated in Fig. 1 -b. 

The permanent magnets shown in Fig. 2, the bar and the compass, 
may be replaced as shown in Fig. 3 with equivalent current-carrying 
loops which for the present are merely closed paths around which 
electric charge is in motion. Experiments of an advanced nature^ actually 
indicate that permanent magnetism is produced by electrons spinning 
on their own axes in somewhat the same manner as the earth spins on its 
axis of rotation. The picture is not quite this simple but in an elementary 
way we can readily visualize that any space-distributed charge which is 
spinning about some axis of rotation constitutes a current loop (or several 
current loops in parallel) since charge in motion around a closed path is 
our only requirement for the current loop which we have symbolized as 

I dl. With this concept in mind, we shall later find that ferromagnet¬ 
ism and permanent magnetism are not basically different in origin from 
the magnetism which is produced by current-carrying coils. 

Even though ^ I dl is a, meas¬ 
ure of the magnetism which is 
produced by a current-carrying 

coil, ^ I dl is not employed di¬ 
rectly in the evaluation of this 
magnetism for reasons which will 
become apparent later. 

4. Magnetomotive Force 7 . 
The source of magnetism is called 
magnetomotive force, abbrevi¬ 
ated mmf, and symbolized by T. 
Magnetomotive force is customarily measured in ampere-turns {NI) 
without regard to the length of the turns. For the two-turn coil shown 
in Fig. 4 , for example, the magnetomotive force is 

7 = NI = 2 X 10 = 20 amp-turns (of mmf) ( 2 ) 

The ampereAurn is the primary unit of mmf in rationalized mks units, 
and, although dimensionally the same as the ampere, the ampere-turn 

^‘^The Physical Basis of Ferromagnetism,” by R. M. Bozorth, The Bell System 
Technical Joumaly Vol. XIX, No. 1. 




Fig. 4. A magnetomotive force establish¬ 
ing magnetic lines which link with the 
current paths. 
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signifies a magnetic property of the current-carrying coil which is usually , 
not associated with the ampere itself. 

Magnetomotive force is to the magnetic circuit (or field) what electro¬ 
motive force is to the electric circuit (or field). As such magnetomotive 
force is called magnetic potential rise, and it acts across the faces of a 
current-carrying coil directed from the south pole face to the north pole 
face. The positive direction of the magnetic potential rise through the 
faces of a coil defines the positive direction of the magnetic lines. (See 
Fig. 4-b.) 

The Right-Hand Rule. The determination of the positive direction of the 
magnetic lines (or of the magnetic potential rise through the faces of a current- 
carrying coil) may be readily made in terms of the right-hand rule. If the 
fingers of the right hand are thought of as encircling the current-carrying 
coil in the direction of +/, the thumb points in the positive direction of the 
magnetic lines. 

As applied to Fig. 4-a, the +/ direction is clockwise (indicating a south 
pole), and an application of the right-hand rule specifies the magnetic lines as 
being directed into the plane of the page. 

In Fig. 4-b, where a cross-sectional view of the two-turn coil is illustrated, 
the -f and • symbols indicate the directions of the current, either into the page 
in the case of -h or out of the page in the case of • . (This symbolization may 
be easily remembered if one thinks of + as the feathered tail of an arrow going 
away from the observer and the • as the point of an on-coming arrow'.) With 
the aid of these symbols, the direction of around the coil is readily en¬ 
visioned, and the application of the right-hand rule becomes a routine 
procedure. 

Cases w'ill arise where a portion of a current loop in the form of a long 
straight conductor wdll be considered the source of magnetic lines. In such a 
case the magnetic lines encircle the conductor having a positive direction 
which agrees with the direction of the fingers of the right hand if the thumb is 
pointed along the wire in the direction of -f/. 

6. Magnetic Potential Drop, U, We have considered mmf (T) as a 
well-defined and easily calculated source of magnetic lines, and we know 
from the fundamental circuital nature of these magnetic lines that this 
mmf projects its effects around the various closed paths which link 
with A/ in the sense previously referred to. It is for this reason that 
magnetomotive force is considered as magnetic potential rise, analogous 
to electromotive force (or electric potential rise) in an electric circuit. 
That is, NI as we have evaluated it in the preceding section may be 
considered the battery of the magnetic paths or circuits which link with 
NI. 

We may further consider that any closed path which links with NI 
amp-turns of mmf (or magnetic potential rise) consumes this mmf in the 
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same way that a dissipative electric circuit consumes the emf (or electric 
potential rise) of the electric circuit. Then around any closed path which 
links with NI mmf there must be a corresponding amount of magnetic 
potential drop which we shall here symbolize as U to designate the fact 
that we are speaking of the magnetic 'potential drops which appear along 
the closed paths that link with NL 
Kirchhoff's emf law applied to the magnetic source and to the magnetic 
circuit along which the magnetic potential drops occur would then read 

y - [/ = 0 or y = C7 (3) 


After means have been found for evaluating U from known physical 
data (like voltage drops = RI in the electric circuit), equation (3) will 
become a very important relationship because practically all the strictly 
magnetic problems encountered in engineering practice are solved with 
the aid of this equation. 


dUl 

6. The H Vector Defined as — 

aUii 


Let attention be focused on 


the arrow direction of one of the magnetic lines shown in either Fig. 4 
or Fig. 5. As we proceed in the arrow direction we encounter drops of 
magnetic potential in much the same manner as we encounter voltage 
drops in the dissipative portions of an electric circuit as we proceed in 
the +fi direction around an electric circuit. Where an S vector is defined 


in electric field theory as 


dV’ 

dli 


the H vector in magnetic field theory 


is defined as 


H 


■ d\i 


^ AU\ 

or simply H = —- ) 
V Ai / 


(4) 


where the subscript max. implies that 1 is to be directed along the 
magnetic lines which would be mapped out with an exploring compass. 
(See Fig. 2 or Fig. 5.) The primary unit of H in rationalized units is 
plainly ampere-tums per meter. 

Where we know At/, say between two magnetic equipotential planes 
which are separated by the distance M, we calculate the average value 
of H over this distance simply as AU/Al; but before doing so we shall 
consider briefly what is meant by a magnetic equipotential plane. 

By definition, a surface, all points of which are pierced normally by 
H vectors, is a magnetic equipotential surface. Although these surfaces 
are of importance in graphical or analytical mapping of magnetic fields, 
they are little used in magnetic circuit theory or practice. They lack the 
uniqueness possessed by electric equipotential surfaces as will be 
demonstrated. 
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Let it be required to find the magnetic equipotential planes in the 
magnetic field surrounding the long straight conductor shown in Fig. 5. 
The complete current-carrying loop is not shown in 
Fig. 5 because the return conductors are presumably 
far removed from the straight portion of conductor 
which is under investigation. We shall assume, how¬ 
ever, that the straight conductor is ultimately bent 
to the right at both top and bottom ends of the long 
straight portion in such a manner that the north pole 
face of the current-carrying loop is about in the po¬ 
sition shown by the N markings on the exploring 
compasses shown in Fig. 5, It will be remembered 
that magnetic lines emanate out of the north pole face 
of a current-carrying loop. 

From the mapping process indicated in Fig. 5, it 
is clear that the surfaces which will be pierced at 
right angles by the H vectors (or compass lines) will Fig. 5. Exploring 
be planes which pass through the axis of the straight magnetic field 
conductor as, for example, planes Ua and Ub shown 
in Fig. 6. These planes will, of course, extend verti¬ 
cally as far in either direction as the straight conductor can be con¬ 
sidered to be far removed from the other current-carrying elements of 
the current loop. 

From equation (4), we deduce that H Al — AJJ. This means that 
if we follow a known H vector for a distance Al we shall encounter a 
specified number of ampere-turns of magnetic potential drop. The 
logical starting place to begin counting H Al drops would appear to be 
the north pole face of the current-carrying coil, say the Ua plane shown 
in Fig. G. As we proceed to the Vb plane (by way of any path) we shall 
encounter H\l\{— H 2 I 2 ) ampere-turns of magnetic potential drop; and 
if we proceed in a circular path of r radius completely around the con¬ 
ductor as indicated in Fig. 5 we shall encounter 2irrHr amp-turns of 
magnetic potential drop. (The details of this calculation, which are very 
simple, will be given in the following section.) 

Now the plane or surface which is presumably 2xr^r ampere-turns 
below the starting plane in magnetic potential actually occupies the 
same position in space as does the surface from which w^e started.^ It is 

^ In this respect, magnetic equipotential surfaces are different from electric 
equipotential surfaces. Two electric equipotential surfaces (of different potentials) 
can never occupy the same position in space nor can they cross one another. Both 
sides of an electric equipotential surface are at the same potential, whereas the two 
sides of a surface in a magnetic field may differ in potential by the amount of the mmf 
which acts through this surface. 
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possible, however, to avoid ambiguity in most cases if we consider that a 
surface in a magnetic field which lies in the plane of a two-faced current- 
carrying loop is composed of two equipotential faces, one of which is 
higher in magnetic potential than the other by the mmf rise produced 



Fig. 6. U a and V b are magnetic equipotential planes of the magnetic field mapped 

in Fig. 5. 

by the current loop. As applied to Fig. 6, this means that we consider 
the north pole face of Ua as being I amp-turns higher in potential than 
the south pole face of Uaj since a single-turn loop is involved. Under 

Closed A path of Fig.8 


70amp*turns mmf 

(a) (b) 

Fig. 7. Magnetic circuits of a single wire and of a 7-turn coil. 

these conditions it is possible to represent the magnetic circuit as shown 
in Fig. 7-a which is recognized at once as being analogous to the electric 
circuit if we consider NI (/ in this case) to correspond to the battery or 
generator of the electrical circuit. A north pole face of an mmf corre¬ 
sponds to the + terminal of the battery and the south pole face to the — 
terminal. 
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Without the aid of the concepts presented in Fig. 7 we are sometimes 
in doubt just how or where the mmf gets into the magnetic circuit; as, 
of course, it must if we are to employ relationships like that stated in 
equation (3) in the solution of 
magnetic circuit and field prob¬ 
lems. The concepts presented in 
Fig. 7 are simple and straight¬ 
forward provided the (mmf = 

I) which is developed by a cur¬ 
rent-carrying loop (between its 
south pole face and its north 
pole face) is entered into the 
magnetic circuit wherever the 
circuit or path crosses the faces 
of a current-carrying loop. The 
basic concept may, of course, be 
extended to include as many 
current loops as are actually 
present in any particular case, 
as, for example, the seven loops of Fig. 8 which are reduced to circuital 
form in Fig. 7-b. Across each current-loop face, I amp-turns of mag¬ 
netic potential rise are developed. 

7. The Circuital Law of Magnetism. Equation (3) may now be written 
in a more significant manner: 

7 = A/ (around any closed loop) (5) 

mmf mag.pot. drops 

or more elegantly as 

7 = ^ H cos dYadl [from equation (4)] (6) 

where the small circle around the integral sign indicates that the inte¬ 
gration (or the counting up of H dVs) is to be carried out around a closed 
path. If this path links with an mmf, 7 has a finite value equal to the 
NI linked. In case the path selected links with no current loops (in the 
sense that neighboring elements of a chain link), 7 in equations (5) or 
(6) is zero since we have no magnetic battery in the circuit. 

Either equation (5) or equation (6) represents the circuital law of 
nmgnetism. This law is basic to all magnetic circuit problems because 
this mmf law of magnetism occupies the same position in magnetic 
theory that Kirchhoff’s emf law occupies in electric theory. The elegant 
form shown in equation (6) should not be construed to mean that the 



Fig. 8. The magnetic potential drop once 
around either path A or path B is 70 amp- 
turns. 
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operations involved are necessarily difficult to perform. Several examples 
of a basic nature will be given to show the ease with which H can be 
calculated in cases involving cylindrical symmetry. 

Even though the path taken in a magnetic field does not follow a 
magnetic line as, for example, the closed path B in Fig. 8 , this path is 
nevertheless acted upon or energized with NI ampere-turns of mmf if it 
links with this amount of mmf. Where the path selected does not follow 
a magnetic line, cos 0 ]h in equation ( 6 ) has some value other than unity 
because in this case dX considered as a vector is not directed along the 
same path as the vector H. For purposes of calculations, we almost 
always select a path in a magnetic field which coincides with the H 
direction because in so doing we not only make cos 0 ]h equal to unity in 
equation ( 6 ) but we have a path which can usually be followed with 
more ease than can an irregular path; assuming, of course, that we know 
from symmetry or otherwise the direction of the H vectors in the 
magnetic field. If the magnetic (or H) lines cannot be visualized, field 
mapping or detailed point-by-point calculations of a kind to be con¬ 
sidered later must be resorted to in order to find the directions of the 
magnetic lines. 

Example 1. Single Straight Conductor H\s. Lot it be required to evaluate H 
at a radial distance r from the straight conductor shown in Fig. 5, the top 
view of which is illustrated in Fig. 7-a in circuital form. 

Owing to the cylindrical symmetry which exists, we know that H is constant 
in magnitude at any point along the 27rr path. The application of equation (6) 
to this simple case will show that 

7 = Hr ^ dl 


where 7 = 1 (the current linked by the 27rr path) 

^ dl = 27rr (the circumference of the circular path). 

Hence 

I = 2TrHr or Hr = —^ amp-turns/m 
27rr 


(7) 


where the direction of the H vector is plainly along the circular path. 

Equation (7) is sometimes referred to as the Biot-Savart law, after the men 
who discovered this fact experimentally and proved that H is constant in 
magnitude around any circular path of r radius about a long straight current- 
carrying conductor. 

It will be observed from equation (7) that the magnitude of the H vector 
decreases as the radial distance r is increased. The planes of equal mag¬ 
netic potential in this field are shown in Fig. 6, and they have been dis¬ 
cussed in the preceding section. A two-dimensional magnetic field map of the 



THE CIRCUITAL LAW OF MAGNETISM 


207 


region in the vicinity of the conductor can readily be constructed with the aid 
of a compass and a straightedge. 

Example 2. Parallel-Wire Transmiftsion Line H\9. Let it be required to 
evaluate the resultant H at any point between two long current-carrying 
conductors (such as shown in cross-section in Fig. 9) on a line joining the 
centers of these conductors. 

The result obtained in Example 1 may he applied to each of these long 
conductors in turn; then the resultant magnitude (of H) may be obtained 
simply as Hx + Hy since these component vectors are similarly directed along 
the straight line joining the conductor centers. Thus 

ffx = -L /^res. = /-(—) amp-tums/m (8) 

27ra; 27ry 27r \ xy / 


where the x origin is at the center of the /out conductor of this transmission 
line and the y origin is at the center of the Ln conductor, as shown in Fig. 9. 



Fig. 9. For calculating H’s between conductors of a parallel-wire line. 


The plotting of the resultant value of II between the two wires is left as a 
student exercise at tlie close of the cliapter. 

Example 3. Interpretation of a Magnetic Field Map. The complete map of the 
magnetic field in the immediate vicinity of two current-carrying wires is the 
same as that given in Fig. 21, page 187, In viewing this map as a magnetic 
field maf) we see the H paths as the circular paths which enclose the conductors. 
We visualize the straight line joining the conductors as the north pole face and 
as the south pole face of the current loop which is linked by the H paths. The 
inmf or magnetic potential rise from, say, the bottom of this line to the top of 
this line is in this case I arnp-turns, and this amount of mmf projects itself 
into space in the form of II Al magnetic potential drops along each of the H 
paths of which there are eleven shown in Fig. 21, page 187. The straight H 
path shown meets at infinity to meet the requirement that all H paths close 
on themselves. The planes of equal magnetic potential are shown in cross- 
section in Fig. 21 by the curved lines joining the two conductors, and it 
should be realized the same value of II Al magnetic potential drop exists 
between any two adjacent lines regardless of their physical separation. The 
greater the value of Al between these lines, the less the magnitude of H in 
order to maintain the equality of H Al between the lines. 

The important lesson to be gained from this example is that all the H paths 
which link with the I amp turns of mmf established by the current loop (that 
forms the transmission line) experience precisely the same mmf as they cross 
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the straight line joining the conductors. Hence all the H paths shown in Fig. 
21, page 187, may be considered to be in parallel and energized with the same 
magnetic battery, 

8. Coaxial Cable H’s. In the cross-section of the coaxial cable trans¬ 
mission line shown in Fig. 10, it will be assumed that I amp of current 
flow in each conductor, the current in the inner conductor being directed 
out of the page to produce H paths as indicated and the current in the 

outer conductor being directed into 
the page. It will be observed that 
one conductor of the current loop 
completely encircles the other con¬ 
ductor in this type of transmission 
X oxts As a result of this geometrical 

configuration, there is no particular 
surface which can be designated as 
the seat of mmf. 

The mmf which produces any of 
the H^s shown in Fig. 10 is equal to 

the current which is encircled by 
Pig. 10. For j^akulatmg H’s in a co- g 

thought of as distributed throughout 
the entire length of the H path. In other words, a finite distance exists 
in the +H direction between the south pole face and the north pole 
face of the magnetic battery, the distance being the circumference of the 
circular H path. It is as if this distributed battery were short-circuited. 

Several different values of H are present in the coaxial cable, and they 
will be calculated in the order in which they appear, the center of the 
inner conductor being the starting point. In each case the circuital law 
of magnetism will be employed in the evaluation of H. 

(a) Inside the inner conductor where x < r, the J in equation (6) 

is only /; uniform current density is assumed over the cross- 

sectional area of the conductor. Therefore 

-y / = 27ra:iI7i or Hi = amp-turns/m (9) 

r zirr 

provided Xi < r. It will be observed that inside the inner conductor of 
the cable H increases linearly in magnitude as Xi (the distance from the 
center) increases. 

(b) In the region between the two conductors shown in Fig. 10, the 
value of H 2 is plainly 




amp-turns/m 


( 10 ) 
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since the 2 tX 2 circular path in this region links with all the current of 
the inner conductor but none of the current of the outer conductor. 

(c) In the region occupied by the outer conductor (where Vi < x < To) 
in Fig. 10, the value of is obtained from equation (6) by noting that 
a 27rX3 circular path links with or has within its circumference an mmf of 


I ~ 


inner t 


XTo — 
outer t 


{Tq^ - 3 ^ 3 ^) J 

- r^) 


amp-tums 


since the current in the outer conductor is oppositely directed to the 
current in the inner conductor and only partially linked by the 2 TrXz 
path. Substituting values into equation (6) as before, 




{tq^ - Xs^) I 

2wX3 (r„^ — r/) 


amp-turns/m 


( 11 ) 


provided X 3 is restricted to values not less than Vi, the inner radius of the 
outer conductor, in keeping with the derivation given. 

It will be observed that at X3 = ro, II 3 = 0. This is in keeping with the 
fact that outside the outer conductor of the coaxial cable there is present 
no magnetic field which is due to the conductor currents. If equation (6) 
were applied to a circular path where x > the mmf linked by this 
path would be zero since both +/ and —I would be enclosed within the 
path. 

9. Evaluation of H Employing Ampere’s Law. Except in special cases 
like those involving cylindrical symmetry, H is not constant in magnitude 
throughout the entire length of the magnetic line along which H is 
directed. The parallel-wire line considered in Fig. 9 is an example, but in 
this case the problem of finding H was solved (in a restricted sense) by 
applying the principle of superposition to the cylindrical fields established 
by each of the long conductors. 

The evaluation of the vector H at any point in the magnetic field (say 
at point p) is accomplished (at least formally) by: 

(1) subdividing all the current-carrying conductors in the neighbor¬ 

hood of point p into small (I dx) elements as indicated in Fig, 

11 ; 

(2) finding the incremental or, better yet, the infinitesimal value of 

H due to each (/ dx) element, namely, dHp (at point p); 

(3) summing up all the dHp’s at point p (in vector form) to find Hp. 

In a general case the procedure outlined above represents a staggering 
amount of work and is usually not attempted except along certain lines 
or planes which are so symmetrically located to all the (/ dx) elements 
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in the neighborhood that arithmetical summation of the dHp’s is 
possible. 

The method to be employed is based upon an experimentally de¬ 
termined relationship known as Ampere’s law which reads 


dH^ = 


{I dx) sin^y^^^ 


amp-turns/m 


( 12 ) 


where dHp is the infinitesimal free-space value of H at point p 

(I dx) is an infinitesimal length of current-carrying conductor 

I is the straight-line distance between (/ dx) and point p 

sin is the sine of the angle between 1 and (/ dx) extended. 


A careful study of equation (12) and Fig. 11 will show that only the 
component of (/ dx) which is perpendicular to 1 is effective in establishing 



dHp] and that the direction of dHp (considered as a vector) due to any 
(I dx) element is circularly directed around the axis of (7 dx) considered 
as a vector. It is expected that some thought may be recjuired on the 
part of the reader before the full implications of these statements are 
evident to him. We shall, however, proceed on the basis that Ampere’s 
law as stated is correct because it has been checked in the light of 
critically conducted experiments and because in any known case in free 
space (or air) equation (12) yields answers which agree with the circuital 
law of magnetism. Obviously, no one ever measured dHp which is due 
to a single (/ dx) current-carrying element. 

Referring to Fig. 11, it will be seen that, in the plane which is at right 
angles to the direction of {I dx), 


dHpf — 


(/ dx)r 


(since sin $ = sin 90°) 
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and dHpr is directed tangent to the circle (of radius r) which lies in the 
plane. See Fig. 11-b. The right-hand rule previously discussed may be 
employed to find the positive direction of dS.p around the circle. 

For points which are not in the plane normal to the direction of (Z dx), 
the expression given for dllp in equation (12) is rather awkward to 
handle, so we change from the variable x to the variable a as shown in 
Fig. 12 and in so doing replace {dx sin Q) in equation (12) with its 
equivalent value {I da). This change of variable will in some cases make 
the work of summing up the dllpS much easier because Ampere’s law 
then reads 


dUp = 


{II da) 


(/ da) 
4:Trl 


(13) 


In this form, the summing up of all the dHpS due to all the (Z dx) 
elements along the straight wire shown in Fig. 11 is an easy matter. 



Example 1. The Short Straight Conductor. Let it be required to find the 
magnitude of Hp at point p in Fig. 11 due to a relatively short section of 
conductor as shown in the illustration. The total length of conductor will be 
taken such that the left end of the conductor subtends an angle — a 2 , and the 
right end of the conductor subtends an angle as measured from point p; 
the a — 0 origin is as shown in Fig. 11. 

Using equation (13) and recognizing that Z is not a function of a and that 
r/l = cos a, we have 


or 


Hp 


1 _ 

47r 


da 
a2 ^ 



cos a da 


Hp = 



47rr 


(sin «i -h sin 0 : 2 ) amp-turns/m (14) 
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Equation (14) might, for example, be applied successively to the four sides of a 
rectangular shaped loop to find the magnitude of H at the center of the loop, 
where for any one side ai — a 2 and r is the perpendicular distance from the 
center of this side to the center of the rectangular loop. This problem will be 
left as an end-of-chapter exercise. 

If the section of conductor under consideration is very long compared with 
r, and if point p is taken not too close to one end, both ai and a 2 in equation 
(14) approach t/2 and equation (14) reduces to the long-wire case given in 
equation (7). 

Example 2. The Circular Conductor. Refer to Fig. 13. Let it be required to 
find the magnitude of H at any point along the axis of the circular loop. It 
will be observed that only one component of the dHp produced by any {Ir da) 
current-carrying element actually enters into the summation process because. 



Fia. 13. The resultant H vector at point p is obtained by summing the dHpa’s due 
to all the (Ir da) elements of the current-carrying conductor of the circular coil. 


as shown in Fig. 13, diametrically opposite current elements produce riHpi 
and dHp 2 , the vertical components of which cancel one another. The vertical 
components which cancel are shown as dotted lines at point p. 

The problem tKen reduces to that of summing up all the dHp„’s produced 
by the various (Ir da) elements around the loop. Since all the are 

directed along the same line (the central axis of the circular loop) they may be 
added arithmetically. Using the form shown in equation (12) for dHp and 
recognizing that in this case dx of equation (12) is replaceable by (r da) we 
have 


dli p a ~~ dH p cos 


and since cos — r/s, 


Ir^ 

dH pa ” I da 

47rs*^ 


Ir da 
47rs2 


cos 


Inasmuch as a is the only variable and it is measured in the plane of the coil 
as shown in Fig. 13, the problem of finding Hpa is simply that of summing up 
the dof’s around a circle; and in angular measure (that in which da is ex¬ 
pressed) this sum is plainly 27r radians. 
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Formally, / 

Jj,2 ^2ir Jy.2 r "|2ir j^2 


Or, since s = Vr^ + in Fig. 13, 

Ir2 


Hna — 


2(r2 + a2)3/2 


amp-turns/ m 


(15) 


(16) 


where a is the distance from the center of the circular turn measured along the 
central axis of the turn. 

If instead of the single turn shown in Fig. 13 we have N turns which are 
tightly packed together, equations (15) and (16) need only be multiplied by 
N to obtain Hpa which results from the N turns. For example, the magnitude 
of H at the center of N tightly packed turns is 

NI 

H center = — amp-tums/m (17) 


A tightly packed coil of turns is one in which the cross-sectional area of all the 
wires that form the coil is contained within radial and axial dimensions which 
are small relative to the radius of the coil, say 5 per cent. 


10. Solenoid Arrangement of Turns. If N turns of a current-carrying 
conductor are uniformly distributed along a central axis as shown in 
Fig. 14, the resulting arrangement is called a solenoid. Since the magnetic 
flux </), which is established across the center cross-section of a long 
solenoid is very often used as a standard in calibrating ballistic galvanom¬ 
eters to read flux (or, more precisely, change of flux), the method 
whereby this flux is calculated will be outlined below. As might be antici¬ 
pated, the center-section flux in which w^e are chiefly interested (as well 
as the flux across any other section) is a function only of the dimensions 
of the solenoid and the current carried by the turns. Since the latter 
quantities can be measured quite accurately, there is obtained an equally 
accurate standard of magnetic flux if it is assumed that 0 can be 
evaluated as a function of the dimensions of the solenoid and the current. 

With N turns distributed uniformly along the axial length of the 
solenoid as shown in Fig. 14, it is plain that there are N/l turns per unit 
length. Neglecting the spiral of the actual winding, and assuming that 
the wire diameter is small compared with the radius r of the solenoid we 


have 



turns in the elemental distance da shown in Fig. 14. 


Distance a is measured along the central axis of the solenoid. In order 
to be able to use equation (16), we select the origin of a as being at any 

NT 

arbitrary point p along the central axis. In so doing the — da mmf 

L 
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established over the elemental distance da shown in Fig. 14 will manifest 
itself at point p in the form of an elemental field intensity vector dHpa- 
In accordance with the derivation of equation (16) we realize that 
is directed along the central axis, and from this equation we also know 
that the magnitude of dUpa is 


d//pa = 


{N da)Ir^ 
2l{r^ + 


( 18 ) 


Now, by letting a become the independent variable (all other factors on 
the right-hand side of the above equation being constant), we may sum 

up the effects of all the elemental mmFs, namely, all of the (t-) 

mmf’s which contribute to the establishment of the resultant H at 
point p. 

The summation process is carried out by integrating with respect to 
a between the limits of a = — [{1/2) — d] and a = \{l/2) + d] because 



Fig. 14. A-turn solenoid of length I and radius r with linear measure along the 
axial Icngtii reckoned from point p in terms of variable distance a. 


it is over this length that elemental mmFs are present and it is over this 
length that we know that the resultant H vector is directed along the 
central axis. The actual details of the summation process are shown be¬ 
low. Starting with equation (18), 

iV/^2 ^(//2)+d 

21 X(//2)+. (r^ + 

21 


NI 


( 

i+'') , ( 



21 

-f- 

1_I 

(i + 

2-1 

1/2 “ 

1 p 

+ 

G-')] 

1/2 


(19) 


where Hpa is expressed in ampere-turns per meter if I is expressed in 
amperes and the distances in meters. 
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At the center point, C in Fig. 14, d = 0 and equation (19) reduces to 

NI NI 

-«a(oenter) ^ ^ ( 47-2 _|_ ^2^1/2 (19-a) 




and if 4r^ is small relative to the expression given above reduces simply 
to 

NI 

^a(oenter) = “ amp-tums/m (20) 

At the ends of the solenoid where d = Z/2, equation (19) reduces to 

^a(end8) = 2(r^ + 

and If is small compared to P 


HaieudB) = amp-turns/m 


It will be observed that the end values of Ha (the field intensities along 
the central axis) are precisely one-half the center-section value of Ha 
in the case of the long solenoid. 

Example. The magnetic field intensity vector H which crosses the mid- or 
center section of a long solenoid is essentially constant over the entire face of 
this section (as may be proved either experimentally or by some involved 
calculations). It will be shown in Sections 11 and 12 that the magnetic flux, 0 
crossing the center section of the solenoid may be calculated as 

. fiNI(7rr^) , 

<#>(ceiiter) = l^HA = -^- webers (23) 

where /x = /xo = 47r X 10“^ since the solenoid is presumed to have an air core 
N is the total number of turns 
1 is the current in amperes 

r is the radius out to the center of the conductor, as shown in Fig. 14, 
expressed in meters 

I is the axial length of the solenoid expressed in meters. 

Equation (23) is used in connection with the long-solenoid method of calibrat¬ 
ing ballistic galvanometers. 

11. Definition of the B Vector. Thus far our attention has been di¬ 
rected almost exclusively to the evaluation of the magnetic field inten¬ 
sity vector H. No particular significance has been attached to the H 
vector aside from the fact that H Al produces a magnetic potential drop. 
The real value of the magnetic intensity vector H from a practical 
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point of view is that H can be used to define, and evaluate directly, a 
most important physical quantity called the magnetic flux density 
vector and symbolized by B. This B vector is defined as 

B = fiR = MoMrH webers/sq m (in mks units) (24) 

where H is expressed in ampere-turns per meter if rationalized mks units 
are used 

Mo = 47r X 10“^ is the permeability of free space or air 

Mr is the relative permeability of the medium in which H and B act. 

Wherever an H vector exists, a B vector also exists and, provided Mr 
and H can be evaluated, the value of B follows immediately from equa¬ 
tion (24). 

12. Magnetic Flux <|). It has been shown that H is a space-distributed 
vector which has as its origin current loops (NI); hence by equation 
(24) it follows that magnetic flux density is a space-distributed vector 
having the same origin. Since B is selected by definition to be the magnetic 
flux density vector, the product of B and the area A which is pierced at 
right angles by the B vector will by definition l)e the magnetic flux which 
crosses area A. Magnetic flux is measured in webers in mks units and is 
symbolized by 0.^ Thus the amount of magnetic flux (A0) which crosses 
any increment of area AA is 

A0(rnagnetic flux) = B • A = i? COS ^A webers (in mks units) (25) 

The A’s simply imply that the quantities following are specified in¬ 
crements. The significance of the 
above equation is illustrated in Fig. 
15 where B^y represents the space- 
averaged value of B over the small 
patch of area AA. The angle 0 is the 
angle between the B vector and the 
area AA considered as a vector. (It 
will be remembered that the direc¬ 
tion of a vector area is normal to the 
face of the area.) After multiplying 
the component of B which is normal 
to the face of the area by the area we obtain the magnetic flux that 
pierces or crosses the area. 

® Another commonly used unit of magnetic flux is the cgs line or maxwell. As will 
be shown later the maxwell, as a unit of measure, is 10® times smaller than the weber. 
Actually the weber is too large a unit of measure of magnetic flux for most practical 
purposes, and the maxwell is too small a unit, as will become more evident as we 
proceed. 



Fig. 15. The flux crossing area aA is 
the normal component of the space- 
averaged value of flux density over 
AA times aA. 
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In the following chapter we shall consider in some detail the physical ^ 
meaning of magnetic flux and magnetic flux density. In the examples 
which are now given to illustrate the use of equation (25) we shall 
simply consider magnetic flux as the 'projected^effect of some current- 
carrying loops which are in the neighborhood. The analogy between 
magnetic flux considered as the projected effect of moving charges and 
electric flux considered as the projected effect of stationary charges may be 
helpful from a conceptual point of view. 

The evaluation of the space-averaged value of the B vector over some 
specified area is encountered in many problems which require a knowl¬ 
edge of the amount of magnetic flux which crosses the area. Usually the 
B vector varies at the most in only one direction, that is, along one 
dimension of the specified area. If we can find the space-averaged value 
of B along this dimension, then plainly this averaged value represents 
the average value of B over the entire area. 

Formally, we find the space-averaged value of JS, say along the x 
direction, to be 

J5av. =- / B^dx (26) 

•C2 ^xi 

where X 2 and Xi are constants which are defined by the end points of 
the line along the x axis which bounds the specified area and along which 
we presumably know Bx as a function of the variable x. 

The reader should appreciate the fact that, after the operations which 
are indicated in equation (26) are performed, the value of Bav. Is the 
same, to ordinary engineering accuracy, as that which might be obtained 
by either of the two following methods. 

(1) Take several equally spaced values of the variable x and evaluate 
Bx at each of the selected values of x; then divide the sum of the BxS 
found by the number of BxS to obtain Bav.- (In certain cases some 
judgment must l)e exercised in choosing the number and placement of 
these equally spaced values of x,) 

(2) Plot a curve of Bx versus x from the relationship which expresses 
Bx as a function of x. Measure the area under this curve in terms of 
squares. Then, since one side represents so many webers per square 
meter and the other side so many meters, depending upon the scale 
employed in plotting, the area may be readily converted into webers per 
meter which, if divided by the base X 2 — oci expressed in meters, yields 
the space-averaged value of B along the line from x = Xi to a: = X 2 . 

Method (2) is a graphical method of performing the operations in¬ 
dicated in equation (26). This brief reminder concerning the evaluation 
of space-averaged values is given in order that the reader will treat the 
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integral signs employed in the following examples for what they are; 
simply short methods of finding Hav. which, to the accuracy normally 
required, could have been found by less formal methods. The integra¬ 
tions should not detrac|i the reader^s attention from the problem at 
hand, namely, the calculation of magnetic flux crossing a surface, since 
the integrations can always be ignored and the indicated operations 
performed otherwise. 

Example 1. Let it be required to find the magnetic flux which crosses the 
a X b area in Fig. 16, expressed as a function of 



Fig. 16. Sinusoidal space distribution of B along the x axis. 


Since the B vectors are normal to the face of the area in question, the 
problem reduces to finding the space-averaged value of B over this area. The 
variation of B along the a dimension of the area may in this case be written as 



where is the magnitude of the flux density vector at any point x from the 
x = 0 origin 

^max. is the maximum magnitude of the flux density at x = a/2. 

The factor sin (7rx/a) is simply an analytical expression which allows Bx to be 
equal to at x = a/2, and to be zero at x = 0 and at x = a, and at the 
same time describe the sinusoidal space variation of Bx which is specified in 
Fig. 16. 

The average value of a sinusoidal variation over one-half cycle of the 
variation is either known to be 2 /tt times the maximum value or else evaluated 
as 

^xay. “ ~ -®max. sin { - x'^ dx = 

a Jo \a / TT 

Hence 

<t>axb^ B^yA = 0.637B^ax.(a X b) 
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Example 2. Magnetic Flux Inside a Coaxial Cabl^. Let attention be focussed 
on the coaxial arrangement of current-carrying conductors shown in cross- 
section in Fig. 10, page 208. The first step in finding the magnetic flux which 
circulates (or exists) in the region between the two conductors (fi < x < r in 
Fig. 10) is to visualize a well-defined area which is pierced by the flux. The 
visualization of areas pierced by magnetic flux is usually the most important step 
in magnetic field problems. 

Let it be required to find the magnetic flux that pierces the rectangular 
area in Fig. 10 which is bounded by (1) the x axis between x = r and x = n; 
(2) 3 km of axial length, which is directed normal to the plane of the page in 
Fig. 10 under the following specified conditions: 

r = 0.5 cm r, = 2.5 cm / = 50 amp pr of medium = 1 
The magnitude of H which pierces the specified area is known to be 

H — —^ amp-turns/m {r < x < ri) 

2Trx 


and also from previous (considerations we know that H does not vary along the 
axial length of the cable provided we keep about 10 or 15 cm (in this case) from 
the very ends of the line. 

Thus the problem reduces essentially to that of finding the space-averaged 
value of B along the x direction of the area in question. As a function of x, B 
may be written 


/ 50 10 “^ 

B = poll = po - = 47r X 10“’' - =- weber/sq m 

27rx 27rx x 


Then 


B dx = 


10-5 ^.025 

(0.025 - 0.005) Jo.ooo 


Bav = 0.5 X lO-'* (in = 0.5 X lO-’Cl.C!) 

V 0.005/ 


dx 

X 


= 0.805 X 10 ^ weber/sq m 


The magnetic flux which pierces the specified area is then 

0 = 5av.(/4) = 0.805 X 10-3(0.02 X 3000) = 0.0483 weber 


Calculations of this kind are widely used in inductance calculations which are 
considered later. 

Example 3. Magnetic Flux between Two Parallel Wires. Refer to Fig. 9, 
page 207. Let it be required to find the magnetic flux that pierces the area 
which is bounded by (1) the straight line joining the surfaces of the conductors, 
that is, from x = r to x = /) — r; (2) 3 km of axial length of this parallel-wire 
transmission line under the following specified conditions: 


D = 0.50 m r = 0.005 m / = 100 amp pr of medium = 1 
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The problem may be solved in either of two ways; by applying the principle of 
superposition to the flux established by each wire separately, or by making use 
of the expression which has been derived for the resultant value of H in the 
region over which we desire to know the magnetic flux. [See equation (8).] Of 
the two methods, the first is much the easier from a mathematical point of 
view, but in this case we choose to use the expression in equation (8) and let 
the reader check the result by the principle of superposition. 

Since in equation {^) y — D — 


Hr^ = 


I(x + D - x) _ ID 
2Trx(P — x) 2Tr(Dx — x^) 


amp-turns/m 


■^res. “ f^oHres. ~ 


(47r X 10-^) (100) (0.5) 
27r(0.5x - x^) 


= 10 - 


(0.5x “ x^) 


The space-averaged value of ^rea. is obtained in the usual manner: 

B - — dx _ 12l_T_ _L In 

“ 0.49 Jo.ooo (0.5a: - a:^) “ 0.49 [ 0.5 '' a: Jo.oos 

If the reader is not familiar with this particular integral he may readily check 
it if he knows that {d/dx)(\n y) = {\/y){dy/dx) where 2 / is a function of x, 
which in this case we shall take as (0.5 — x)/x. Then 



1 / -X - 6.5 + x\ _ -0.5 

L V X / 

(0.5 — a:) \ x^ ) (0.5x — a:^) 


x 


which, when the outside coefficient of ( — 1/0.5) is considered, shows that the 
expression which was taken for the integral can be differentiated to equal the 
expression under the integral sign. This is the test for all integrals. 

After substituting in the limits in the expression for we find that 
^av. = 37.5 X lO-'Sveber/sq m and, since the area involved is (3000 X 0.49) 
sq m, the magnetic flux is 0.551 weber to slide rule accuracy. 


13. Continuity of Magnetic Flux. The fact that magnetic lines 
(whether they be the H vectors or the B vectors) close on themselves fol¬ 
lows from the fact that the theory of magnetism is based on the circuital 
law. See equations (5) and (6). The circuital law of magnetism demands 
that the H or B lines be linked to the current loop as the neighboring 
elements of a log chain are linked. 

This concept of magnetism leads to the conclusion that over any closed 
surface there is as much inwardly directed flux as there is outwardly 
directed flux. If, for example, we consider the region which is bounded by 
the six flat surfaces shown in Fig. 17 we note that any flux density line 
like the a line which crosses surface o'ab^c' outwardly will, to complete 
its circuit, have to cross some other surface, say surface oabc^ inwardly. 
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Whether the a line has its origin (that is, crosses the face of a current 
loop) inside the region or outside the region mkkes no difference. If a 
flux density line like the line has its origin within the region and its 
circuit never takes it outside the region, it represents neither outwardly 
directed flux density nor inwardly directed flux density since it never 
crosses the closed surface which bounds the region. 

These facts may be written symbolically: 

IiBa cos AA = 0 (over a closed surface) (27) 

This equation merely states that the net outwardly directed magnetic 
flux over a closed surface is zero. This concept is of little use in an 



Fig. 17. Magnetic flux outwardly directed over a closed surface equals zero. 

elementary course but it is of importance in wave propagation studies. 
It is presented here merely to show how the circuital nature of the 
magnetic flux density vectors demands that there be no termination 
point or area for magnetic flux. This concept contrasts sharply with the 
corresponding situation in the electric field: 

ZD A cos AA = \I/ = Q (over a closed surface) (28) 

where Q is the net or surplus electric charge within the interior of the 
closed surface. This will be remembered as Gauss^ theorem and as a 
very useful device in finding the distribution of the electric flux lines in 
the vicinity of symmetrical conductor arrangements. The corresponding 
equation in magnetic field theory, equation (27), is not nearly so helpful 
since the current loops which are the sources of the magnetic flux do not 
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enter this equation; they are only linked to it by way of the circuital law 
of magnetism. 

14. Summary. The important facts which have been presented thus 
far in the study of the magnetic field are: 

(1) The H vector can, at least formally, be evaluated in terms of the 
current loops {NI) to which the closed H loop is linked. 

(2) The flux density vector B follows directly from the product of ix 
and H. 

(3) The magnetic flux crossing any specified area A is evaluated as 
Bav. • A = fiav. cos 0 ]b A. 

The fact that the permeability of free space, mo, is dimensionally equal 
to//“^, where/is force and / is current, forms the basis for two important 
applications of magnetic field theory which are considered in the next 
two chapters. 


PROBLEMS 

All results in this set of problems are to l)e expressed in rationalized mks units. 

1. What is the ‘^pole strength’^ of each of two like magnetic poles if at a distance of 
separation of 2 cm in free space (or air) they exhibit mutual forces of repulsion of 0.9 
newton? 

Note: Pole strengths are expressed simply in terms of unit pole strengths of the 
particular system of units employed; for example, if rationalized mks units are 
employed in connection with equation (1) the pole strengths are expressed in 
rationalized mks pole strengths. 

2. What is the current equivalent around a circular patli of 1 m radius (on a time 
averaged basis) if a charged particle of H-0.2 coulomb is circulating around this path 
at a uniform speed of 10 rps? 

3. On the basis of 1 amp times 1 m (in a closed k)op) l)eing the equivakmt of a unit 
magnetic pole, what is the magnetic pole strength equivalent of the cir(;ulating charge 
described in Prob. 2? 

4. What magnetic potential rise is developed by a 10-turn coil which carries a 
current of 5 amp? 

5. What is the magnetic potential drop around any closed path which links with 
the 10-turn coil of Prob. 4? 

'6, A round wire 0.4 cm in radius has a current density of 200 amp sq cm. What is 
the magnitude of the magnetic field intensity H around the circular periphery of the 
wire? 

Note: Owing to symmetry, the magnitude <jf H is constant at all points along the 
circular path. 

7. Two parallel rectangular surfaces (each 0.8 m x 0.5 m in area) are separated 
from one another by a distance of 4 mm in air and are maintained at a magnetic 
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potential difference of 4.0 amp-turns by current loops which surround the surface^. 
Find the magnetic potential gradient in the region between these two surfaces. 

8 . In Fig. 18 are shown (in cross-section) seven long straight conductors. Each 
conductor carries 2 amp directed out of the plane of the page as indicated by the 
• symbols. What magnetomotive force is linked 
by the circular ahca path? By the irregular ahdca 
path? 

9. What is the numerical value of Hr in Fig. 18 
at point a if //cond. is 2 amp and r = l/ir m? 

10 . Employing equipotential surfaces as shown 
in Fig. 6 , page 204, show that the HI magnetic 
potent ial drop around the ahdca path in Fig. 18 
is the same as the magnetic potential drop 
around the circular path. 

11. Assume that the cross-section of seven con¬ 
ductors shown in Fig. 18 is that of a huge squan^ 
coil of wires, the cross-section shown being near 
the center of one side. The side of this coil which 
is parallel to the one shown in cross-section is 
directly above the cross-section shown in Fig. 18. 

As in Prob. 9, //cond. = 2 amp and r = I/tt rn. 

Draw the equivalent magnetic circuit of the 2TrrHr circular path which shows the 
mmf rise at the physical place in the circuit where the path crosses the face of the 
current loops. Designate on this equivalent circuit the numerical value of the mmf 
as well as the polarity of this mmf; — representing the south pole face of a current 
loop and -f the north pole face of a current loop. The total mmf may be represented 
as a single source. 

12 . The inner conductor of the coaxial arrangement shown in Fig. 10, page 208, 
is assumed to be carrying 25 amp directed out of the plane of the page, and the outer 
conductor 25 amp directed inwardly. 

r = 0.5 cm u = 2.5 cm r© = 2.6 cm 

(a) Find Hiatx = xi = 0.1 cm. 

(5) Find H 2 at x = 0:2 = 1 .0 cm. 

(c) Find Hz&ix — xs — 2.55 cm. 

(d) Find /f© at a: = 2-3 = 2.60 cm. 

13. The parallel wires shown in Fig. 9, page 207, are assumed to be carrying 100 
amp directed as shown. The radius r of each conductor is 0.5 cm, and the c-to-c 
separation of these conductors {D) is 0.50 m. 

(a) Which is the north pole face of the loop formed by these wires and the end¬ 
connecting circuits? 

( 6 ) What mmf is produced by this loop? 

(c) Make a plot of the resultant magnitude of the H vector (along the straight 
line joining the conductor surfaces) versus x (the distance from the center of the 
left-hand conductor). 



Fig. 18. Cross-sectional view 
of seven long straight conduc¬ 
tors. See Probs. 8, 9, 10, and 11. 
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Note: The mmf of the loop itself is not included unless an equivalent circuit is 
being drawn, even though the line here selected coincides with the face of the current 
loop. The plot in question is to extend from x = 0.005 m to x — 0.495 m. 

(d) What is the space-averaged value of H along the x axis from x = 0.005 m to 
X = 0.495 m determined by the graphical method which divides the area under the 
curve by the base line of the curve? 

14. What is the magnitude and direction of the H vector which exists at a point 
0.50 m directly above the center of the left-hand conductor shown in Fig. 9, page 207, 
if / = 100 amp, r * 0.005 m, and D = 0.50 m? 

Note: Employ the principle of superposition and specify the direction of the 
resultant H vector relative to the +x-axis direction using positive (or counterclock¬ 
wise) angular measure from this reference. Compare the general direction of the 
resultant H vector thus obtained with the direction of the circles which enclose the 
left-hand conductor of Fig. 21, page 187, considering that this conductor is carrying 
current directed out of the page, and selecting a point which is directly above the 
conductor by about the distance of separation of the conductors. This comparison is 
necessarily only qualitative. 

15. Determine the magnitude and direction of the H vector in Fig. 9, page 207, 
due to both line conductors at a point which is at x = — 0.50 m (that is, to the left of 
the left-hand conductor) if 

/ = 100 amp r « 0.005 m D — 0.50 m 

16. Find the magnetic field intensity H at the ct^nter of a tightly pa(;ked coil of 20 
circular turns if the effective diameter of this coil is 10 in. and the current is 150 ma. 


17. Derive the expression for the resultant magnetic field intensity U at the center 
of one square-shaped turn which carries I amp and has a single-side kiiigth of s m. 


18. Refer to Fig. 13, page 212, and find the summation of all the H dVs along the 
central axis from a point which is 10 in to the left of the cross-sectional view to a 
point which is 10 m to the right of the center of the coil; assume that the single-turn 
coil carries I amp in the direction indicated by the + and • symbols and that the 
radius of the circular turn is 0.1 m. 

Note: This problem may be solved either graphically or analytically, and in eitluT 
case an answer which is accurate to within 2 per cent is satisfactory; or the answer 
may, in view of the numbers specified and the aijcuracy desired, be written down from 
inspection. To check the latter type of answer one may note that, for the variable a 
measured from left to right. 


d(Hpa da) 
ZiHpada) 


-Ir^da 
2(r2 -h a^)^ 



/ 

“1+10 

a 

/-10 { r ^ + 

2 

_(r“ + a ^)^0-10 


amp-turns 


19. A long distributed single-layer coil of wire of 1000 turns is measured and found 
to have the following dimensions: 

axial length I = 1.80 m radius of circular turns r = 0.05 m 


From equation (19) it is known that the magnitude of H directed along the central 
axis of the coil is the following function of d, where d is distance measured along the 
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central axis (in either direction) from the point which is midway between the ends of^ 
the coil: 


Nir (0.5/+ d) (0.5/-d) “I 

“ 21 l[r^ -f (0.5/ + ^ [r2 + (0.5/ - 


(a) Evaluate Hpd for d = 0, d = 0.3/, d =* 0.4/, and for d = 0.5/; for I amp. 

(h) Plot a curve of Hpd over the entire length of the coil, that is, from d =* 0.5/ to 
d = — 0.5/ versus d. 

(c) Determine the magnetic potential drop from d = 0.5/ to d « — 0.5/ from the 
area under the curve plotted in part (6). 


20 . Determine the magnitude and direction of the H vector at points pc and Po 
which both lie in the plane of the rectangular coil shown in Fig. 19 to a reasonable 
degree of accuracy by neglecting the effects of 
the short sides. Point pc is at the center of the 
coil and point po is 11 cm from the center of 
the coil. 

21 . What is the flux density at the center of 
a tightly packed coil of 20 circular turns if the 
effective diameter of this coil is 25 cm and the 
current is 150 ma? Relative permeability, Mr = 1. 

/ 22. What is the flux density at the center of 
ori'c square-shaped turn which carries 20 amp and 
which has a single-side length of 30 cm? (fir = 1.) 



23. What is the flux density at a point midway between the two line conductors 
shown in Fig. 9 and on the straight line joining the surfaces of the conductors if 
I = 100 amp, D — 0.50 m, and r = 0.005 m? (The relative permeability of the 
medium is unity.) 

24. Consider a rectangular area of 10 cm by 50 cm which is near a long straight 
wire that is carrying 100 amp. The current-carrying wire lies in the plane of the rec¬ 
tangular area, and the 50 cm dimension of the area is parallel to this wire. The dis¬ 
tance from the wire center to the nearest 50 cm side of the area in question is 8 cm. 

Find the magnetic; flux crossing the 500-sq-cm area. 

25. What is the flux density at. a point, expressed in webers per square meter, 
if it is known that the flux density at this point is 5000 maxwells/sq cm? It is further 
known that 1 weber s 10® maxwells or (No. of) webers/maxwell is 10“®. 

26. What is the quantity of magnetic flux which crosses the mid-cross-sectional 
area of the 1000-turn coil described in Prob. 19 if it is known that the H vector is uni¬ 
formly distributed over this entire area and that, as a very good approximation, the 
value of H is N1/I amp-turns/m at the mid-section? In this case, 7 = 4 amp, and 

Mr = 1. 


27. The two sides of the rectangular area shown in Fig. 16, page 218, are: a » 21 
cm, 6 25 cm. At a; = 7 cm (from x = 0 in Fig. 16) the flux density has a known 

value of 0.00866 weber/sq m. As indicated, the flux density along the x direction has a 
sinusoidal space distribution between x = 0 and x = 21 cm (in this problem). The 
flux density does not vary along the y direction. What amount of magnetic flux 
crosses the a X b area? 
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28. Refer to Fig. 10, page 208, and consider that we are dealing with a 3-km 
length of this coaxial line, the conductors of which are presumably copper. The 
current per conductor is 25 amp. Determine the total flux that pierces or crosses the 
rectangular area which is bounded by: (1) the x axis between a; *= 0 and x ^ ri; 
(2) 3 km of axial length. 

r = 0.5 cm = 2.5 cm Tq = 2.6 cm Mr = 1 (throughout) 

The relative permeability of copper is essentially unity. 

29. Repeat Prob. 28 for the area which is bounded by: (1) the x axis between 
a; « 0 and x = ro] (2) S km of axial length. 

30. Refer to Fig. 9, page 207, and consider that we are dealing with a 3-km length 
of this parallel-wire line, the conductors of which are presumably copper. Determine 
the total flux that crosses the rectangular area which is bounded by: (1) the x axis 
between x = r and x — (D — r); (2) 3 km of axial length of line. 

D = 0.50 m r = 0.005 m / = 100 amp Mr = 1 (throughout) 

Note: It is expected that the student solve this problem by applying the prin¬ 
ciple of superposition. See page 220. 

31. Repeat Prob. 30 except for the area, which is here considered to be bounded 
by: (1) the x axis between a: = 0 and a: = D; (2) 3 km of axial length of line. 



CHAPTER IX 


Magnetic Forces 


1. Dimensional Prediction of Magnetic Forces. Since magnetic field 
theory as outlined in Chapter VIII was originally based on forces which 
were known to exist between current-carrying loops, it is to be expected 
that this theory should be capable of accounting for forces which are 
developed on current-carrying conductors. The magnetic flux density 
vector B which was given a somewhat arbitrary unit of measure in 
Chapter VIII now takes on added significance both from the point of 
view of the units employed in expressing it and from the point of view of 
its dimensional characteristics. 

The flux density vector may be expressed dimensionally as 

B = ( 1 ) 

since-Mr equation (24) on page 216 is a dimensionless numeric, as will 
be shown more clearly in Chapter XL From equation (1-a), page 198, 
we know that from a dimensional point of view 

MO = (2) 

and from equation (4), page 202, we know" from this definition of H that 
dimensionally 

H = (3) 

Hence the dimensional expression for B becomes 

B = (4) 

or since 

B = ( 5 ) 

where / represents force and v velocity, as should be evident. 

An examination of equations (4) and (5) will show that magnetic 
flux density is a physical quantity which, how^ever arbitrarily defined, 
expresses: (1) the force per unit current of unit length, that is, per unit 
{II), or (2) the force per unit charge of unit velocity, that is, per unit 
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{Qv), There is no fundamental difference between these two concepts 
since the second was derived directly from the first; for example, a unit 
charge possessing unit velocity directed around a loop of unit length 
would pass any point of the loop once each second and, since I = Q/t^ 
this moving charge represents unit current over a unit length of circuit. 
With respect to any particular section of the circuit, the current in 
question is, of course, a time-averaged value of current. 

On the basis of this dimensional investigation, the dimensional forms 
shown in equations (4) and (5) may be arranged as algebraic equations 
to read 

/ = hiBIl (6) 

/ = k^BQv ( 7 ) 

and if our units of B have been selected properly, as they have in a 
systematic set of units, the proportionality constants, k\ and ^ 2 , reduce 
to unity. Then, in systematic units, equations (6) and (7) become 

/ = BIl (8) 

/ = BQv (9) 

where the force / is given in newtons if B is expressed in webers per 
square meter, I in amperes, I in meters, Q in coulombs, and v in meters 
per second. Other systematic units may also be employed in these 
equations. 

The dimensional investigation which was employed in arriving at 
equations (8) and (9) has been given largely to let the reader appreciate 
what might be expected from the physical quantity B which entered 
magnetic field theory simply by way of definition. The reader should, 
however, accept equations (8) and (9) as basic laws of nature, for 
example, as he accepts the law of gravitation. It must be realized that 
magnetic field theory, like any other theory, is devised for the purpose 
of tying together physically observed phenomena which, without the 
aid of a consistent theory, would appear as so many isolated facts. 

The electrical engineer employs equations (8) and (9) to account 
quantitatively for a wide variety of phenomena; from motor action in 
huge electromagnetic machinery to the deflection of a fine stream of 
electrons in a magnetic-deflection cathode-ray oscillograph. The re¬ 
mainder of this chapter is devoted to the interpretation of these equations 
under various conditions encountered in engineering practice. 

Since the dimensional derivation employed in this section does not 
take into account the directional properties of the vectors B, 1, and v, it 
is to be expected that the simple forms of the basic laws given in equa- 
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tions (8) and (9) will have to be examined moi?e carefully and in the 
light of the relative orientations or directions of the vector quantities 
involved. 

2. Right-Angle Relationships between Vectors (71), B, and f. Al¬ 
though its directional properties have not as yet been considered, it is 
plain that force f, in equations (8) and (9), is a vector quantity which 
will be defined in some manner by the vectors (71) and B in one case 
and by v and B in the other. 

The manner in which the f direction is defined by the relative directions 
of (71) and B is shown in Fig. 1. If the (71) element is directed normally 



Fig. 1 . Magnetic forces are directed at Fig. 2. The direction of mag- 
right angles to the plane in which B and the netic forces, 

current-carrying conductor are located. 


to the direction of the flux density vector as illustrated, the force 
developed on (or in) the (71) element is directed at right angles to the 
plane in which (71) and B are located. In this case, equation (8) applies 
directly, but for completeness we add, mentally, the direction of the 
force as it appears in nature. 

The statement that “the force f is directed at right angles to the plane 
in which (71) and B are located” needs further qualification in order 
that the correct direction along the normal be clearly understood. 
Various rules have been devised to specify this direction; all are artifices 
designed to help us remember the direction known, from experiments, 
to be correct. One of the simplest procedures to follow, particularly where 
the conductors are shown in cross-section as they are in Fig. 2, follows: 
(1) Think of grasping the conductor with the right hand so that the 
thumb points along the axial length of the conductor in the direction of 



230 


MAGNETIC FORCES 


positive current (+/1). The fingers will then encircle the conductor in 
the positive direction of the magnetic field which is established by the 
current-carrying conductor itself. (2) Locate the side of the conductor on 
which the encircling flux (established by the conductor) opposes the 
original flux (the flux that exists at this point without the current- 
g carrying element present). (3) 

The force is then directed to- 
C - Force f ward the region where the en- 

^ , circling flux directly opposes the 

Right hand screw original flux. 

(if) The examples given in Fig. 2 

WB should help to clarify the appli- 

■n o rnt.- 1 rx /nxx -i.* catiou of this method, the ap- 
Fiq. 3. Think of turning (71) to B position . , . , . i 

to obtain direction of force. plication being much simpler 

than the verbiage indicates. In 
connection with the application of this rule for finding the direction of 
force, it will be remembered that the symbol + indicates that the 
vector quantity considered is directed into the plane of the page and 
that the symbol • indicates that the quantity is directed out of the 
page. 

A more concise rule than the one given above is illustrated in Fig. 
3. It is known as the right-hand screw rule. Here the slot in the head of 
a right-hand screw is first thought of as coinciding in direction with the 
direction of the (/I) element. 


Fig. 3. Think of turning (71) to B position 
to obtain direction of force. 


/ iBsine 


Then, the slot is turned (through . /[Bsinp^ 

the smaller angle) to the B direc- 

tion, and the right-hand screw ^ -f=(B8ine)(iu 

travels in the, force direction. 

Since this rule is so easily applied 
to any point in space and to 

moving charges with equal facil- 4- Force is directed normal to the 

... .1 1 , plane in which B and (71) lie but is re- 

ity It IS widely used. 

If, m the plane m which (7l) Pig p 

and B are located, B is not di¬ 
rected normally to the direction of (71), B in equation (8) must be 
replaced with the component .of the total B vector which is normal to 
(71) considered as a vector. As illustrated in Fig. 4, the component of 
the total B vector which is normal to the direction of the current- 
carrying element (71) is B sin We may either write equation (8) 
in the form 

/ = 5 sin (II) (8-a) 


- f=:(B8ine)(IU 


Fig. 4. Force is directed normal to the 
plane in which B and (71) lie but is re¬ 
duced in magnitude over that shown in 
Fig. 1. 


/ = 5 sin (II) 
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or remember that the value of B which appears in equation (8) is the 
component of the actual B which is normal to the direction of the current- 
carrying conductor. 

The component of B which is parallel to the current-carrying conductor 
(B cos 6) does not develop force on the conductor. If, for example, the 
conductor shown in Fig. 1 were turned through 90° so that the direction 
of (71) coincided with the direction of B the magnetic forces shown in 
Fig. 1 would be reduced to zero. In most practical situations, a maximum 
force is desired from a given B and a given (71), and the conductor is 
placed with its axial length at right angles to the direction of the magnetic 
field as illustrated in Figs. 1 and 2. 



(a) (b) 

Fig. 5. Adjacent conductors carrying currents in the same direction experience 
mutual forces of attraction; if carrying oppositely directed currents these conductors 
experience mutual forces of repulsion. 

Example. Refer to Fig. 5-a, and consider a 2-m section of the parallel 
current-carrying conductors which is midway between the supports. It will be 
assumed that the conductors are sufficiently long so that each ware taken 
separately will produce a circular magnetic field about its axis which can be 
evaluated as 

B = MoMrH 

where 77 = 7/27rr amp-turns/m. It will be assumed further that the current 
density is uniformly distributed over the cross-sectional area of each con¬ 
ductor or else that the distance of separation which we employ has been so 
chosen as to account for the fact that moving charges experience forces which, 
in this case, make for higher current densities in the portions of the conductors 
which face one another. Stated more briefly, we propose to neglect proximity 
effect^ which in this case would make for higher forces than we shall obtain 
in our calculations. 
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Let I = 500 amp, and let the center-to-center separation of the conductors 
be 1 cm. Then, if the effect of the local field established by the conductor 
itself is neglected, the magnetic flux density at the center of this conductor is 

B = HdHrH = (47r X 10“^) (1) ( 2 ^ X 0 Ol ) weber/sq m 

and the force on a 2-m section of each conductor is 

/ = 57/ = (0.01) (500) (2) = 10 newtons (or 2.25 lb) 

It is suggested that the reader draw a cross-sectional view of the conductors 
shown in Fig. 5-a and apply the rule illustrated in Fig. 2; not only for the 
practice of using that rule but also to see that the directions of B and (71), 
the magnitudes of which are used in the above force equation, are directed 
normally to each other. 

The observer method which is described in Chapter VIII may also be used 
for finding the direction of the magnetic forces between two current-carrying 
conductors. To apply this method to Fig. 5-a, for example, the observer 
places himself between the two loops (which in this case have a common 
return path) by placing himself betw^een the two parallel conductors. If he 
looks to the right he sees what appears, to his limited range of vision, to be 
counierdockwise~^\vQeX(ii\ current, whereas if he looks to the left he sees clock- 
mse-directed current. He decides, therefore, that the two loops or at least 
the portions of the loops that he observes will be attracted toward one another 
as would a north pole and a south pole of two permanent magnets. 

3. Right-Angle Relationships between Vectors v, B, and f. If it is 

recognized that 

Qv = ill) Q = I\ (10) 

then any of the rules for finding the directions of forces on current- 
carrying conductors apply equally well to forces on moving charges. 
The symbol O in Fig. 2, for example, may be interpreted as a positive 
charge directed out of the page and, since this moving charge constitutes 
a current, it sets up its own localized magnetic field (shown by the dashed 
circle) in precisely the same manner as the moving charges which 
constitute current flow within a conductor. 

In applying the right-hand screw rule to moving charges, it is simply 
necessary to replace the (71) vector shown in Fig. 3 by the (Qv) vector 
and think of turning the (Qv) vector to the B position; the right-hand 
travel of this operation defines the direction of the force exerted on the 
moving charge. This operation is illustrated in Fig. 6 where the magnetic 
(or B) field is indicated as being directed out of the plane of the page by 
the • S5anbols. Simply thinking of turning the v vector to coincide with 
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the B vectors produces the right-hand rotation which defines the 
direction of f. In the case shown in Fig. 6 one thinks of turning the v 
vector out of the page through an angle of 90® in order that it coincide 
in direction with the B vectors which are directed out of the page. 


tv 




f 


♦Q 


0 =] 




B 


Right-hand screw 

( q ) rbt 

Fig. 6. Think of turning the v vector into the B vector position (toward the reader) 
to obtain the right-hand screw direction which gives the direction of the force. 


In finding the forces on moving negative charges, it is usually simpler 
to reverse the direction of v (that is, reverse the direction of travel) 
and then treat the resulting ( —Q)(--v) as a positive (Qv) for which 
the various rules have been formulated than it is to formulate another 
set of rules. A negative charge moving in any direction (say, in the +v 
direction) is equivalent to a 'positive charge moving in the — v direction. 

If, in the plane in which (Qv) and B are located, B is not directed at 
right angles to the direction of the vector (Qv), 

/ = 5 sin {Qv) (9-a) 


as illustrated in Fig. 4 if (Qv) is thought of as replacing (/I), 


B = 645 Maxwells per sq. In, 



Fig. 7. An electron moving across a magnetic field in the manner 
shown will spiral about a vertical axis. (See Prob. 20.) 

Example 1. Illustrating the Use of Equation (P-a). In Fig. 7 is shown an 
electron which is traveling instantaneously through a magnetic field at an angle 
of 30° relative to the direction of the B vectors. The v vector as shown is in 
the plane of the page, as are the B vectors in this case. 

The component bf v which is parallel to the B direction produces no mag¬ 
netic force, and we need consider only the component of v which is normal 
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to the direction of the B vectors, namely, Vn in Fig. 7. Since the sin 6 term in 
equation (9-a) may be associated with either B or v to obtain the effective 
components, we here choose to associate this term with the total v to obtain 
an effective or normal component of v of 

Vn = 10® sin 30® = 5 X 10® m/sec 


Magnetic flux density is often stated in the hybrid units indicated in Fig. 7, 
namely, maxwells per square inch or “lines’" per square inch. Until maxwells 
are considered more properly as a unit of measure of magnetic flux, we shall 
simply note that (No. of) webers/maxwell = lO"^ or 1 weber = 10^ maxwells. 
Hence we make the required transformation to inks units: 


webers 
sq m 


maxwells ^ webers ^ sq in. 
sq in. maxwell sq m 


= 645 X 10- 


10 ^ 


webers/sq m 


The instantaneous force exerted on the electron shown in Fig. 7 is 

/ = BQvn = (10-2) (1.6 X 10-'*') (5 X 10®) = 8 X lO”'® newton 

Thinking of turning (—Vn) 90® to coincide with B tells us that the force 
is directed into the plane of the page. (It will be l emembered that an ele(;tron 
is a negative charge, the magnitude of which is 1.6 X lO"*^® coulomb.) 

A little consideration will show that the electron in Fig. 7 will not continue 
to stay in the plane of the page owing to the force which directs it into the 
plane of the page. The velocity v shown in Fig. 7 acquires a component which 
is directed into the page, and this component of velocity associated with the 
B vectors causes a spiraling motion, the details of which are left to the reader. 
(See Prob. 20.) - 

Example 2. Electrons in a Cathode~Ray Tube. Cathode-ray tubes which 
utilize magnetic deflection are used extensively in television systems and 
elsewhere. Without going into detail, we shall assume that the construction 
of the tube is such that electrons, in a narrow beam, travel from the electron 
emitter shown in Fig. 8 to the viewing screen along an undeflected path unless 
these moving charges encounter a region where a magnetic field exists. 

Actually, the electron path is directed through a magnetic field, the inten¬ 
sity and time variation of which is controlled by current-carrying coils that 
are placed outside the glass envelope of the tube. It will be left for the reader 
to check the direction of deflection of the beam of electrons shown in Fig. 8. 

Let it be assumed that the electrons enter the magnetic field shown in 
Fig. 8 with a velocity of 1.8 X 10^ m/sec, which is the order of magnitude nor¬ 
mally encountered in cathode-ray tubes having 1000-volt power supplies. If 
electrons having this velocity enter a magnetic field so that (Qv) is normal to 
the direction of the flux density vectors as shown in Fig. 8, then for a specified 
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flux density (of, say, 0.01 weber/sq m) the magnetio force developed on each 
of the electrons is 

f = BQv (0.01)(1.6 X 10-i®)(l.‘8 X 10^) = 2.88 X 10“^^ newton 

This force deflects the electron somewhat as indicated in Fig. 8. 

Although the force is numerically small and acts on the electron for only 
the period of time in which the electron is in the magnetic field, the overall 
effect on a mass of 9.1 X 10”^^ kg will be significant. The desired effect is 
to make the fluorescent spot (where the electron beam strikes the viewing 
screen) describe a luminous path on the viewing screen which is a visual 


Viewing screen 




Fig. 8. Illustrating the basic principle of magnetic deflection 
of a beam of electrons in a cathode-ray tube. 


replica of the time variation of the current in the exciting (or mmf) coils 
which produce the magnetic field. Thus we see the time variation of this 
current by way of the forces developed on moving charges. 

4. Motor Action. Practically all electric motors operate on the princi¬ 
ple of magnetic forces developed on current-carrying conductors, that 
is, the BIl principle.^ The magnetic field is usually established by coils 
of current-carrying conductors wound on iron cores located on the 
stationary member of the motor. The current-carrying conductors on 
which the magnetic forces are developed are usually placed on the 
movable member, and whether or not they are placed on the movable 
member they are called the armature conductors. 

The basic principle of motor action (or BIl effect) is illustrated in 

^ Small motors like those used in electric clock mechanisms and in some electric 
shavers often employ pieces of iron in place of the more conventional current-carrying 
conductors. The pieces of iron (or poles) are, however, reducible to current loops, and 
even though these equivalent current loops are difficult to evaluate in practice the 
principle of operation of these small motors is not fundamentally different from that 
of the larger and more conventional motors. 
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Fig. 9, where the 40-cm cross bar represents the armature conductor. The 
armature conductor of this hypothetical motor is supplied with a current 
from battery E through conducting rails as indicated and is located in 
a magnetic field, the B vectors of which are shown to be directed into 
the plane of the page. The magnitude of B is specified in “lines^^ per 
square inch in order to introduce this commonly used unit of measure¬ 
ment. The term ‘‘line'' refers to a cgs line or maxwell of magnetic flux. 
The number of webers per maxwell is 10”®, or one weber (as a unit of 
flux measurement) is 10® times as large as a maxwell. Before lines per 
square inch (or maxwells per square inch) can be used in mks equations 
they must, of course, be transformed in one way or another to webers 
per square meter. This transformation may be made in an orderly 
sequence of steps as shown below, or it may be made in any haphazard 



Fig. 9. A linear velocity motor. 


manner provided the number of lines per square inch specified is trans¬ 
formed to the equivalent number of webers per square meter. One orderly 
method of transformation is 

(No. of) webers __ webers 

sqm ” JfW- ^ ^ sq m 

10 "^ 

= 6450 X 10”® X —r == 0.10 weber/sq m 
6.45 

If it is assumed that the armature conductor of Fig. 9 is supplied with 
a current of 60 amp, the force developed on this conductor is 

/ = BIl = (0.10) (60) (0.40) = 2.4 newtons (or 0.54 lb) 

and the mechanical work done by this force in moving through a distance 
of D equal to 5 m, say, is 

W^mech. = /D = 2.4 X 5 = 12 newton-meters or joules (8.83 Ib-ft) 

If we know that, as a result of the type of load which is connected to 
the armature conductor, the conductor completes the journey of 5 m 
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along the rails in a period of 0.8 sec, the time-averaged power developed 
by this motor is ^ 

■Pmeoh. = ^ joules/sec or watts 


Expressed in horsepower, this motor develops 15/746 or about 0.02 hp 
since 


(No. of) hp/watt = 


1 

746 


or 1 hp = 746 watts 


It is left for the reader to determine in which direction the motor runs 
for the battery polarity shown in Fig. 9 and to decide what the effect 



(Q) CROSS-SECTIONAL VIEW OF AN (b) DEVELOPED DIAGRAM OF CURRENT- 
ELEMENTARY TWO - POLE MOTOR. CARRYING CONDUCTORS LOCATED IN A 
EACH CONDUCTOR IS 1 UNITS INTO MAGNETIC FIELD, THE DENSITY OF WHICH 
THE PAGE. IS SINUSOIDALLY DISTRIBUTED 

Fic.. 10. 

would be of always reversing the battery polarity at the end of each 
journey of D meters of travel. See Prob. 13. 

A more practical type of motor than the one described above is 
pictured in cross-section in Fig. 10-a where the armature conductors 
indicated by the © and O symbols are mounted on the movable or 
rotating member of the machine. In this case, one-half the total armature 
current (/ in Fig. 10-a) is directed to the conductors facing the north 
pole and the other half is directed to the conductors facing the south 
pole, through a sliding contact arrangement called a commutator. The 
details of this arrangement are not important here except to note that 
the commutator must obviously furnish the armature conductors facing 
a north pole with current which is oppositely directed to the current 
which is furnished to armature conductors facing a south pole if the 
motor is to run. 
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A study of Fig. 10-a will show that if the armature conductors facing 
the north pole are always fed with current as indicated (regardless of 
rotation), these conductors will all tend to develop counterclockwise 
rotation, as will the belt of conductors facing the south pole if they are 
continuously fed with current which is directed out of the page. 

Since the space distribution of the magnetic flux density is not uni¬ 
form from brush to brush, allowance for this fact must be made in 
determining the time-averaged force which is developed on each con¬ 
ductor as it travels from brush to brush. If uniform speed of rotation is 
assumed, the time-averaged force on a conductor is determined simply 
as since B is the only variable involved; the symbol l' repre¬ 

sents one-half the total armature current since each conductor receives 
only one-half the total armature current, / in Fig. 10-a. 

The torque developed by the motor illustrated in Fig. 10-a is 

T = N{B^yVl)r m-newtons (11) 

where N is the total number of armature conductors 

5av. is space-averaged value of B under one pole face expressed 
in webers per square meter 
V is the current per conductor expressed in amperes 
I is the axial length of the conductors expressed in meters 
r is the radius at which the Bf l force acts, expressed in meters. 

The mechanical energy (or work) developed by this motor, expressed 
in terms of the circumferential displacement d of any one conductor in 
time A^, is 

TFniech. = /d = /(27rr X rps X M) 

= /r[27r(rps)] A^ 

= To) At (12) 

where T is torque, w is the angular velocity expressed in radians per 
second, and At is the period of time in seconds required for one conductor 
to travel the circumferential distance d which was employed in the 
derivation of equation (12). 

Since motor power is the time rate of the motor's ability to do work, 

P^ech. = ^ = To, (13) 

where, if torque T is expressed in meter-newtons and angular velocity co 
in radians per second, Pmech. is given in watts. 

Equation (13) expresses the power of a rotating machine much more 
concisely than do some of the hybrid expressions often used for this 
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purpose. One of these hybrid expressions with which the reader is un¬ 
doubtedly familiar reads 


mech. 


2«T(rpm)/ 
33,000 ^ 


In electrical calculations even mechanical power is usually handled in 
watts, and the conversion to horsepower is made later (if the occasion 
demands it) on the basis of 746 watts being the equivalent of 1 hp. 

The manner in which motor performance is calculated in a case where 
the flux density space distribution is sinusoidal (as pictured in Fig. 
10-b) is outlined in the following example. In practice, the space dis¬ 
tribution of the flux density is usually much more rectangular in shape 
than the smooth sine wave distribution shown in Fig. 10-b. The latter 
is used here since it can be averaged without resorting to point-by-point 
graphical methods. 

Example. D-C Motor Calculations, Let it be required to find the torque and 
power developed by the d-c motor armature shown in Fig. 10 and the effi¬ 
ciency of this armature if it is so connected to a mechanical load that it re¬ 
volves at 3000 rpm. The known data are 

Voltage applied to the brushes, F = 36 volts 
Total armature current (/ in Fig. 10-a) = 20 amp 
Total number of armature conductors iV = 24 
Axial length of each conductor ? = 20 cm 

Radius at which each conductor is from axis of rotation, r = 10 cm 
Space distribution of flux density as shown in Fig. 10-b. 


The maximum value of B (40,000 lines/sqin.) is first converted to the 
corresponding number of webers per square meter as previously done in this 
chapter. Thus 

10 ^ 

^rnax = 40,000 X 10“^ X -= 0.62 weber/sq m 

6.45 


Since Ba = -^max. sin a as indicated in Fig. 10-b, the average value of B from 
brush to brush is 


In this case 


1 B r “ a = JT 2 

Rav. = " I ^max. sin a da = ' — cos a = - 

TT Jo L Ja=0 ^ 

Rav. = 0.637 X 0.62 = 0.395 weber/sq m 


From equation (11), 

torque T = NB^^Vlr = (24) (0.395) (y) (0.2) (0.1) 


or 


T = 1.895 m-newtons (using a slide rule) 
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The speed of rotation is reduced to radians per second: 

oj = rpm X X — = 3000 X — X 27r = IOOtt radians/sec 
rpm rev 60 

Hence the power developed by the motor is 

Pmech. = T'w = 1.895 X IOOtt = 595 watts (or 0.798 hp) 

The input to the motor armature is the product of the voltage applied to its 
terminals and the current which enters and leaves these terminals. The input 
power in this case is VI = 36 X 20 = 720 watts, and so the armature effi¬ 
ciency V is 

watts output 595 

fj ==-= - = 0.827 

watts input 720 

The reason that the motor does not convert its entire input (720 watts) to 
mechanical power is that the current flowing through the resistance of the 



Fig 11. Oppositely directed forces are developed on electron at plate center. 


brushes and armature conductors develops heat power losses which, 

of course, do not contribute to the mechanical power developed by the arma¬ 
ture. The efficiency of large armatures operating at high voltages may be 
greater than 0.98. 

6. Moving Charges under the Influence of Both & and B Fields. 

(1) Determination of the Qefnie Ratio of the Electron, In Fig. 11 is shown 
a somewhat mofe detailed diagram of the cathode-ray tube than that 
shown in Fig. 8; although several of the refinements whereby a narrow 
beam of electrons is obtained at the t;o position are still not shown in 
Fig. 11. The essential feature of the electrodes shown to the left of the 
vq position is that these electrodes (which are sometimes referred to as 
the electron gun) produce a narrow beam of electrons at the t;o position. 
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As shown, the region in the vicinity of the Vq position is essentially at 
ground potential, so that the velocity which th^ electrons have at this 
position remains essentially constant from the vq position to the screen 
unless these electrons are acted upon by either magnetic forces or 
electric forces or both. 

The velocity of an electron at the position shown in Fig. 11 may be 
determined from a knowledge of the potential difference between this 
position and the position in the electron gun where the velocity of the 
electron is essentially zero. This potential difference is indicated in Fig. 
ll as E and, for the sake of illustration, a numerical value of 1000 volts 
has been assigned to this potential difference. It will be observed that 
the positive electrode of the ^^gun’^ is grounded and that the other 
electrode which is connected to E is held at ~ 1000 volts or 1000 volts 
below ground potential. (The path whereby the electrons return from 
the screen to the electron emitter is not shown since it tends to com¬ 
plicate the diagram.) 

At the — E volt position in the electron gun, an electron has a potential 
energy relative to ground potential of EQe joules, where Qe is the charge 
of the electron. In losing this potential energy as it travels from the —E 
position to the position (or ground potential region) an electron gains 
a corresponding amount of kinetic energy. From this fact, the velocity 
of the electron at the position may be calculated since 


0,5meVo^ = EQe 

or _ 

2EQe 

where nie is the mass of the electron. 

If, instead of permitting the electron to travel to the screen undis¬ 
turbed at velocity 2 ^ 0 , we apply a potential difference Ep to the parallel 
plates shown in Fig. 11, the electron will find itself in an electric field 
as it passes between these plates. The magnitude of the & vector is 
readily calculated as Ep/d, where d is the separation of the parallel 
plates. Hence the electric force developed on the electron is 

E 

/el == ^Qe = *“ Qc (newtons, in mks units) (16) 

d 

This force will be directed in the —8 direction since the electron is a 
negative charge. If this were the only force acting on the electron from 
the vq position to the screen, the electron would strike the screen at a 
position somewhat above the point shown in Fig. 11. Assume, however, 



(14) 

(15) 
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that a magnetic field is established by current-carrying coils, the faces 
of which are normal to the B vector shown in the illustration. An electron 
crossing this magnetic field normally will, of course, experience a mag¬ 
netic force which is equal to 

/mag. = BQeVQ (newtous, in mks units) (17) 

In finding the direction of this magnetic force, we form a +(Qv) 
vector position by reversing the ( — Qv) vector shown in Fig. 11, since 
the moving charge is a negative one in this case. Then, thinking of 
turning the + (Qv) vector to the B direction gives a right-hand screw 
motion which is directed downward, thus telling us that the direction 
of the magnetic force is downward or along the +S direction. Thus 
/mag. is directed exactly opposite to /ei.. 

It is possible to adjust the magnitude of either 8 or B to make /mag. 
= /el., and when this adjustment is made the luminous spot on the 
screen is brought back to the position it has when neither of the two 
forces is acting on the electron beam. Under balanced conditions (/mag. = 
/el.) it follows from equations (16) and (17) that 

= ^Qc (18) 

a 


and since is known from equation (15) to be V2EQelmc we may write 


or 


^,2EQe _E/ 

rrie dP 

Qe ^ gp" 

Me 2EdPB^ 


(19) 


Thus is shown one method of measuring the charge-to-mass ratio of 
the electron in terms of two potential differences, a length d and a 
magnetic flux density. Assuming that all the quantities on the right- 
hand side of equation (19) can be measured to two- or three-significant- 
figure accuracy, the result will be 1.76 X 10“ for the charge-to-mass 
ratio in mks units. This result corresponds to the ratio where 

Qe — 1.6 X 10“^^ coulomb and me = 9.1 X 10“^^ kg, the values which 
have been used for Qe and nie throughout this text. 

The measurement of the Qelrrie ratio has served to illustrate a situation 
where both electric and magnetic forces act simultaneously on a moving 
charge. We are concerned here neither with the details nor with the 
accuracy of this method of measuring Qelrrie as compared with other 
methods of making the same measurement. 
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Example 1. Let it be required to find the numerical value of Vo in Fig. 11 
if the value of Qeltrie is known to be 1.76 X 10^^ and E (in Fig. 11) is 1000 volt's. 
From equation (15), 


2^0 


= . = V2(1000)(1.76 X 10“) = 1.88 X 10' m/sec 

\ me 


Example 2. Let it be required to find the magnetic force developed on an 
electron at theB position in Fig. 11 if B = 2.66 X 10~^ weber/sq m, E = 1000 
volts, and it is assumed that we know Qe= 1.6 X 10“^® coulomb. 

From example (1), vo = 1.88 X 10^ m/sec. for E = 1000 volts. Hence 

/mag. = BQeVo = (2.66 X 10-3)(1.6 X 10“^®) (1.88 X 10^) = 8 X lO-^^ newton 

Example 3. Let it be required to find the electric force developed on an 
electron at the & position in Fig. 11 if = 500 volts and d = I cm. 

/el. = ^Qe ^ ^ = 8 X 10“^® newton 


The arrangement shown in Fig. 11, if operated as specified in these examples, 
would give a null indication of the luminous spot. 

(2) Description of the Cyclotron. The cyclotron is a massive electro¬ 
magnetic device in which positively charged particles (usually hydrogen 
nuclei) are accelerated, step by step, to extremely high velocities. After 
the particles have acquired millions of electron volts of kinetic energy^ 
the}^ are directed into the atomic nuclei of chemical elements with a 
view toward effecting transmutations of these elements. (An example 
of one type of chemical transmutation which can be effected in this 
manner is shown in Fig. 13, page 47.) 

The basic operating principle of the cyclotron is diagranuned in Fig. 
12 w^here in (a) only one of the two hollow electrodes (called D plates) 
are shown. The relative positions of the two hollow electrodes to one 
another may be visualized by thinking of sawing a flat tin can along a 
diameter to form the two electrodes. The region in which the electrodes 

^ A freely moving particle which has a charge equal to that of the magnitude of an 
electronic charge (1.6 X 10~^® coulomb) acquires 1 electron volt of energy {QE) if it 
falls through a potential drop of 1 volt. An electron (—Qe)in Fig. 11 , for example, falls 
through a potential difference of —1000 volts in going from the — electrode to the 
t’o or +E position in the cathode-ray tube. As a result of its loss in potential energy 
the electron gains (—Qe) (—1000) or 4-1000 electron volts of kinetic energy because 
the definition employed in specifying electron volts of energy reckons Qe as unity. 
The 1000 electron volts of kinetic energy gained by the electron in Fig. 11 is very 
small compared to the tens or hundreds of millions of electron volts of kinetic energy 
developed by the cyclotron and other particle accelerators employed in nuclear 
physics. 
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are located is pierced by a magnetic field as indicated, and the two 
electrodes are energized electrically with a potential difference which 
reverses its polarity in synchronism with the period of time required 


B 



One of two hollow electrodes 
( 0 ) 



(b) 


Fig. 12. Illustrating one electrode and a top view of the spiraling path 
which is executed by -\-Q in the interior of a cyclotron. 

for the charged particle to complete a semicircular journey within the 
interior of one of the electrodes. 

The details of the high-voltage, high-frequency oscillator employed 
for the purpose of alternately reversing the polarity of the & field are 
not important here. The reader may, if he chooses, think simply of the e 
generator shown in Fig. 12-b as a battery, the polarity of which can be 
alternately reversed to synchronize with the period of time required for 
a charged particle to execute one-half cycle of its spiral journey. 

To start a cycle of events which takes place within the cyclotron, we 
may imagine that the positively charged particles are injected into the 

gap between the two hollow electrodes at 
the Si position at the instant that this 
electric field vector is directed as shown in 
Fig. 12-b. Si forces these positively charged 
particles in the direction indicated on the 
Si vector, that is, from + to —. Some of 
these charged particles may be collected 
by the —Ei electrode, but the particles 
which are midway between the top and 
bottom surfaces of the hollow electrode are 
essentially freely moving particles once 
they are between the flat surfaces maintained at the same potential. 
These freely moving particles are, of course, subjected to magnetic (or 
BQv) forces which cause them to execute a semicircular path within the 
interior of the Ei electrode. That this path is semicircular may be seen 
from an inspection of Fig. 13 if it is recognized that, since v is constant 


mv2 



fi mag. 


Fig. 13. Illustrating that, for 
mv^/r — BQv, the path exe¬ 
cuted is circular where 
Vi = V2 — Vz. 
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within the interior of the electrode, the equilibrium condition 


mv" 


= BQv 


(20) 


demands that the radius of gyration r be constant. (It will be remembered 
that the centrifugal or outwardly directed force on a mass m which is 
not traveling in a straight line is mv^/r where r is the radius of curvature 
of the path. It must also be remembered that the BQv force in this case 
does not increase v since it is normal to v at all places.) The radius of 
the semicircular path taken by the particles after they leave the ac¬ 
celerating force due to &i is, from equation ( 20 ), 


mvi 



( 21 ) 


After completing the approximate semicircular journey within the 
interior of the Ei electrode, the particle enters the 62 gap where 62 , as 
a result of reversal of the generator polarity, is so directed as to increase 
the velocity to V 2 which is greater than Vi, the velocity with which the 
particle enters the 82 gap. This increase in velocity is the result of the 
particle (already at vi velocity) falling through a second potential drop 
which is nicely timed to be present in the 62 gap with the polarity as 
shown at the instant the particle arrives at the 82 gap. Hence 


r2 = 


7nV2 


( 22 ) 


is greater than ri because of the increased velocity. 

The particle spirals outwardly as shown in Fig. 12 -b with ever- 
increasing velocities (and hence kinetic energies) until it has sufficient 
energy to shatter some atomic nuclei and effect certain chemical trans¬ 
mutations. 

The fact that it takes the particle precisely the same period of time 
to complete any one of its semicircular excursions (regardless of the 
ever-increasing radius) makes it possible to employ an alternating 
potential difference of fixed frequency to effect the necessary reversals of 
the 8 field. The time required to execute the first semicircular portion of 
the path shown in Fig. 12-b is 


Ti 


— (since vi is constant) 

Vl 


(23) 


and the time required 
path is 

T 2 


to execute the second semicircular portion of the 

V2 


(since V 2 is constant) 


(24) 
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For Ti to equal T 2 it is necessary that the r/v ratios be equal, and from 
equations (21) and (22) it may be seen that 


ri r2 m 

vi V 2 BQ 


(25) 


If we neglect any change in the m/Q ratio which might arise as a result 
of the particle attaining velocities which are comparable to the velocity 
of light (3 X 10® m/sec), the right-hand member of equation (25) is 
constant and Ti and T 2 of equations (23) and (24) are equal.^ 


Example. Consider a cyclotron in which the hydrogen nuclei are given 
increases in kinetic energy of 36,000 electron volts each time these particles 
cross the gap between the two hollow electrodes. (This means simply that the 
nuclei which have the same charge as the electron, exc^ept for sign, fall through 
a potential difference of 36,000 volts each time they cross the gap; the po¬ 
tential difference being supplied to the gap by the a-c generator or oscillator 
shown in Fig. 12-b.) 

Let it be required to determine the kinetic energy of one of the nuclei and 
the radius of the path, r 2 , as the particle enters the 63 gap in Fig. l2-b if the 
particle enters the 61 gap at essentially zero velocity and the magnetic flux 
density is constant at 0.80 weber/sq m. It is known that to two significant 
figures the mass of the hydrogen nucleus is 1.7 X 10“^^ kg, and the charge is 
1.6 X 10“^*'^ coulomb. 

During its passage across the Si gap the nucleus acquires a velocity of 


Vl 



2 (36,000) (1.6 X 10-^ 
1.7 X 10-27 


= 2.60 X 10® m/sec 


in accordance with equation (15). This is the velocity which is associated with 
a particle having a mass of 1.7 X 10-27 kinetic energy of 36,000 

electron volts. 

The radius of the first semicircular portion of the path is 


ri = 


mvi (1.7 X 10-27) (2.60 X 10®) 


BQ 


(0.8) (1.6 X 10-19) 


= 3.46 X 10 2 m (or 3.46 cm) 


in accordance with equation (21). Any particle having the same mv/Q which 
entered a magnetic field having a density of 0.8 weber/sq m at right angles to 
the B direction would likewise be forced to follow a circular path of 3.46-cm 
radius. 

Upon reaching the 62 gap, the nucleus which is being investigated acquires 
an additional 36,000 electron volts of energy, and now it has a total of 72,000 


® The relativistic changes in mass are small for velocities less than 5 X 10^ m/sec, 
and in any case have little place in a beginning text. Even neglecting this change of 
mass, a hydrogen nucleus which finally acquires 10 million electron volts of kinetic 
energy has a velocity of only about 4.3 X 10^ m/sec as determined from 0.5m«;2 = EQ. 
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electron volts of kinetic energy. The velocity which ;s associated with 72,000 
electron volts of kinetic energy is 


V2 



= 1.41 X = 3.68 X 10* m/sec 


and the corresponding radius of the V 2 path is 

n = 1.41ri = 4.88 X lO'^ m (4.88 cm) 


Thus it is that the positively charged hydrogen nucleus (which is initially 
obtained by stripping a normal hydrogen atom of its one orbital electron) is 
spiraled outwardly in the cyclotron and finally directed on to the target as 
shown in Fig. 12-b. 


6. Summary. The subject of magnetically developed forces may 
be summarized briefly as: Current-carrying conductors and moving 
charges in the presence of a magnetic field experience (BIl) and (BQv) 
forces respectively. 

The magnetic vector H is useful in force calculations only in so far as 
it provides an analytical means of evaluating the magnetic force vector 
B. (B = MOMrH). 

Magnetic flux density B may be considered as the force per unit (/I) 
or the force per unit (Qv) wdth due regard for the angular displacements 
between the directions of the vectors B and (71) and between B and 
(Qv). 

An additional unit of measurement of magnetic flux (the maxwell or 
the cgs line of flux) has been introduced because it is so widely used in 
both engineering and physics and because we shall soon have occasion 
to use this unit of magnetic flux in connection with ferromagnetic 
circuits where the published data (in the form of curves) is almost 
universally presented in terms of maxwells (or lines) per square centi¬ 
meter or in terms of maxwells (or lines) per square inch. 

Only two new relationships (which are viewed as fundamental laws of 
nature) have been introduced in this chapter: 

(1) Magnetically developed force, 

/mag. = BJl = Blln 

where Bn is the component of B which is normal to 1 or 
In is the component of 1 which is normal to B. 

(2) Magnetically developed force, 

/mag. = BnQv = BQVn 



248 


MAGNETIC FORCES 


where Bn is the component of B which is normal to v or 
Vn is the component of v which is normal to B. 


The direction in which acts is obtained by observing the direction 
of right-hand screw travel which results from turning the vector (71) or 
(Qv) through the smaller angle to the B position in space. 

In the last section of this chapter and in a few of the problems which 
follow, some use is made of the fact that the centrifugal force acting on 
a physical body which is moving along a curved path is 


/centrifugal 


mv 


where m is the mass, v the velocity, and r the distance between mass m 
and the center of gyration. It is presumed that the reader has encountered 
the derivation of this relationship in his study of physics or mechanics. 


PROBLEMS 

1 . What is the magnitude of the magnetic force developed on a 50-cm section of 
the current-carrying conductor shown in Pig. 1, page 229, if the magnitude of the 
current is 150 amp and the magnitude of the flux density is 0.08 weber/sq m? Are the 
force vectors shown in P"ig. 1 properly directed for the specified directions of B 
and 71? 

2 . It is known from experimental measurements that a magnetic field (which is 
directed northward and downward at an angle of 45® from the ceiling of a room) is 
uniformly distributed throughout the region occupied by the room and that the 
magnitude of the B vector is 0.05 weber/sq m. A single-turn rectangular coil 
(5 m X 1 m) is placed in a vertical east-w'est plane with the short sides perpendicular 
to the floor and this coil carries a current of 100 amp. 

(а) What is the magnitude of the force experienced by each of the long sides? 

(б) What is the magnitude of the force experienced by each of the short sides? 

3. Refer to the current-carrying coil described in Prob. 2. Imagine yourself at the 
west end of the room in the plane of the rectangular coil. As you view the upper coil 
side in cross-section you see current directed toward you. 

(a) Draw a cross-sectional view of the upper coil side as you view^ the situation, 
indicating the current direction by means of an appropriate symbol, the B direction, 
and the f direction. 

(b) Draw an end view of the short coil side nearest you and show the directions of 
(71), B, Bn, and indicate by symbol or state the direction of the force on the short coil 
side relative to your position. 

4. (a) Check the direction of the repelling magnetic force shown in Fig. 5-b, 
page 231, by (1) the cross-sectional view method shown in Fig. 2, page 229; (2) the 
right-hand screw rule. 

(b) Determine the magnitude of this repelling force which is developed over a 
50-cm section of conductor near a point midway between the supports if 7 =» 500 
amp and the distance of separation of the two currents in this section (center-to- 
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center) is 2 cm. The assumption may be made that the 5P-cm section is a very sma^J 
fraction of the total length of the conductors and that over the 50-cm section the 
wires are straight and parallel. 

5. A 100-m length of straight wire carrying 150 amp is stretched horizontally 
above the surface of the earth with the axial length directed from east to west, the 
direction in which the current flows. The earth’s magnetic field in this locality is 
directed normally to the (/I) direction and has a horizontal density component of 
2 X 10"^ weber/sq m (directed northward) and a vertical component of 4 X 10”^ 
weber/sq m (directed downward). 

(а) Find the horizontal component of the magnetic force developed on the 
current-carrying wire and specify its direction, north or south. 

(б) Find the vertical component of the force and specify its direction, up or down. 

(c) What is the magnitude of the resultant force developed on the wire? 

6 . Refer to Fig. 9, page 236. Find the magnitude and direction of the force de¬ 
veloped on the 40-cm conductor if battery B supplies this conductor with 120 amp. 
(The + symbols indicate that the flux density vectors are uniformly distributed and 
directed into the plane of the page, and it will be remembered that “lines” refer to 
maxwells of magnetic flux.) 



Fig. 14. Driving element of a permanent-magnet type of instrument. 

(See Prob. 9.) 

7. Consider the case where an electron is in stable equilibrium l(mv^/r) —BQv] in 
a circular path with the v vector always directed normally to the direction of the B 
vector. If the magnitude of v is 10® cm/sec and the magnitude of B is 0.0562 weber/sq 
m, find: 

(a) The radius of the circular path. 

(b) The angular velocity expressed in radians per second. 

(c) The revolutions per second. 

8 . A hydrogen nucleus (Q = 1.6 X 10“'^ coulomb and m « 1.7 X 10~^ kg) is 
in stable equilibrium [ (mv^/r) = BQv] when it is spinning in a circle which is 1 ft in 
radius in a magnetic field, the flux density of which is 0.5 weber/sq m. 

At what number of revolutions per second is the charged particle moving about the 
circular orbit? 

9. A cross-sectional view of the driving element of a permanent magnet (or 
D’Arsonval) type of instrument is shown in Fig. 14. The effective axial length of the 
conductors (only two of which are illustrated) is 4 cm directed into the plane of the 
page. The magnetic flux density in the air gap is uniformly distributed, directed as 
shown, and has a magnitude of 0.050 weber/sq m (or 500 maxwells/sq cm). 

Find the number of turns of wire (that is, the number of conductors in one coil 
side) which is required to produce a driving torque of 200 cm-dynes if / « 10 ma. 
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Specify direction of rotation. Note: A dyne is unit of force which is 10 ® times smaller 
as a unit of measure than the newton. 

10. Refer to Fig. 15. Assume that the magnetic flux density B is uniformly dis¬ 
tributed as shown and has a magnitude of 0.0667 weber/sq m. When the h terminal 
of the coil is connected to the positive terminal of a supply battery (and the a terminal 

to the negative terminal) a current of 15 amp 
flows through the coil. 

{a) Find the total force exerted on the coil 
sides which are 30 cm in length when the coil is 
in the position shown, and specify the direction 
of rotation (as observed from the terminal end 
of the coil) whi(;h this forcie would tend to de¬ 
velop if the coil had an axis of rotation along the 
center dashed line. 

(6) What is the magnitude of the force devel¬ 
oped on the 20-cm ends of the coil in the position 
shown? 

11. Determine the torque which is developed 
by the current-carrying coil described in Prob. 
10, Fig. 15, that tends to produce rotation about 
the central axis, and express the result in meter- 
newtons and in (;entimeter-dynes. 

If the coil were fnie to rotate about the central 
axis, would it revolve (continuously under the in¬ 
fluence of the magnetically developed torque? 
P^xplain. (It, is assumed that the coil sides always 
carry currents directed as shown in Fig. 15-b re¬ 
gardless of the coil position.) 

12. (a) If it is known that B = 1290 max- 
w(clls/sq cm, what is the value of B exi)ressed in 
maxwells per square inch? 

(6) What is the value of B referred to al)ove expressed in webers per square 
meter? 

13. Refer to the “linear-velocity” motor shown in Fig, 9, page 236. Assume that 
the armature conductor (the sliding cross bar) is supplied with 120 amp from the 
battery through a reversing switch which is not shown in Fig. 9. This reversing switch 
reverses the polarity of the armature current once each second at the instant the 
armature conductor has reached the end of its 10-m excursion back and forth along 
the rails. (It is assumed that these 10-m excursions are gradually stopped with spring 
bumpers or the like which occasion no loss of energy to the working cycle.) 

(а) How many pound-feet of work might be performed by this motor in the course 
of "a 10-hr day? 

(б) What horsepower is developed by this motor? 

14. Refer to the d-c motor which is shown in cross-section in Fig. 10-a, page 237. 
If, instead of the sinusoidal space distribution of flux density shown in Fig. 10-b, the 
distribution is as shown in Fig. 16, find the armature torque, the power developed 
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mechanically, and the efficiency of the armature under tlje following known condi¬ 
tions: 

voltage supplied to the brushes = 110 volts 

total current supplied to the armature (/ in Fig. 10-a) = 30 amp 

total number of armature conductors = 100 (not the 24 shown) 

axial length of each conductor = 20 cm 

r (in Fig. 10-a) = 10 cm 

speed of rotation. = 1500 rpm 

15. Show qualitatively by means of a diagram that the magnetic forces developed 
on each of two electrons which are traveling side by side along straight parallel paths 
(as, for example, in a beam of electrons) tend to nullify the electric forces of repulsion 
which these charges experience. 



16. Consider a freely moving electron (Qe = — 1.6 X 10“^® coulomb and = 
D.l X 10“'^^ kg) which has a velocity of 10^ cm/sec directed due north in a horizontal 
plane. 

At a point 100 cm from a reference point (a^o, 2/o) in the horizontal plane, the 
electron traveling in the +2/ or north direction encounters a “wall” of magnetic flux 
that is directed vertically downward, the magnitude of the flux density of which is 10 
maxwells/sq cm. 

(а) What side thrust is experienced by the electron when it encounters the 
“wall” of magnetic flux? 

(б) At what point in the x-y plane does the electron leave the magnetic field? 

(c) What length of time is required for the electron to travel from the reference 
point (xo, 2/0) back to the point where the path of the electron crosses an east-west 
line running through the reference point? 

17. Refer to Fig. 17. What is the kinetic energy of the hydrogen nucleus (Q = 
1.6 X 10“^® coulomb and m = 1.7 X 10~^ kg) if it possesses a velocity of 5 X 10® 
m/sec? Express the result in joules and in electron volts of energy. 

18. What number of volts of potential drop would be required to give the hydrogen 
nucleus shown in Fig. 17 its velocity of 5 X 10® m/sec? 

19. Assume that the hydrogen nucleus shown in Fig. 17 is moving in a free-space 
region between the two “walls” of magnetic flux and that no forces act upon this 
freely moving particle when it is between the two “walls.” 

(a) What will be the nature of the path traversed by H"*"? 
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(6) What period of time is required for again to be midway between the two 
“walls’' after it leaves the position shown in Fig. 17, assuming that vo = 5 X 10® 
m/sec? 


20. (a) Determine the radius of the circular motion produced by Vn in Fig. 7, 
page 233. 

Note: Vn produces a circular motion of the electron about a vertical axis in Fig. 7 
which is not influenced by the fact that Vp combined with the circular motion causes a 
helical path to be traced out by the electron. 


(6) Find the length of time required for the electron to execute one circular path 
about a vertical axis in Fig. 7. 
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Fig. 17. A hydrogen nucleus midway between two “walls” of magnetic flux. 
= 5 X 10® m/sec. (See Prob. 17, 18, and 19.) 


21. (a) How many circular paths are traced out by the spiraling electron in 
Prob. 20 (Fig. 7) in the length of time required for the electron to travel 1 m in the 
B direction. (Motion in the B direction is due solely to Vp.) 

(b) Show that the pitch of the helix, that is, the unit lengths traveled along the 
axis of the helix during the time required for the electron to execute one revolution 
of circular motion, is in general 

27r 

— Vp 

where w is the angular velocity in radians per second produced by Vn. 

22. Refer to Fig. 11, page 240. Assume that the Qe/nie ratio is known to be 
1.76 X 10^^ (in mks units), E = 1000 volts, d = 1 cm, and that B is an unknown 
quantity. 

Experimentally Ep is adjusted to a magnitude of 141.4 volts in order to obtain a 
null indication of the luminous spot on the viewing screen. 

Determine the magnitude of R, neglecting all fringing effects and assuming that 
B is uniformly distributed over the same axial length of the electron beam as is 6. 

23. Refer to Fig. 12-b, page 244. What is the correct frequency in cycles per 
second of the e generator (or oscillator) if B = 0.8 weber/sq m and hydrogen nuclei 
are used as the projectiles? 

Note: One cycle of frequency includes two reversals of polarity. 

24. Refer to Fig. 12-b, page 244. A hydrogen nucleus (Q = 1.6 X 10“^® coulomb 
and m = 1.7 X lO"'^ kg) starts with essentially zero velocity at the + side of the 
6i gap and receives from the electric field 36,000 electron volts of kinetic energy 
each time it crosses the gap between the two hollow electrodes. If B = 0.8 weber/sq 
jn, what length of time is required for the charged particle to appear at the 64 gap? 
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25. Refer to the cathode-ray tube diagram in Fig. 11. Assume that the deflecting 
plates are 1.88 cm long in the Vo direction and that the distance from the midpoint' 
between the plates (where the 6 vector is shown) to the screen is 20.94 cm. The 
plate-to-plate separation is d = 1 cm. 

If ^ * 1000 volts as shown, Ep = 100 volts, and R = 0, at what point will the 
electron beam strike the screen relative to the undeflected striking point shown in 
Fig. 11, Neglect fringing and consider the screen as an essentially straight or plane 
surface. 

26. Consider two equal and like charges to be traveling side by side in straight 
parallel paths which are separated from one another by a distance r. As a fairly 
reasonable value of the magnetic field intensity due to either of these single moving 
charges, assume 

Qv 

H =-5 (in rationalized units) 

47rr'^ 

even though this expression cannot be derived readily from any of the concepts given 
in this text. A free-space medium is postulated. 

At what velocity is the electric force of repulsion (based on D = 0/4irr^) com¬ 
pletely nullified by the magnetic force of attraction? 

27. (a) What is the magnitude and direction of the magnetic force developed on 
the 100-m length of wire described in Prob. 5 if the wire is changed in position by 
rotating it 90® in the horizontal plane in a counterclockwise direction (when viewed 
from below)? 

(6) What is the angle between the resultant B vector and the 71 direction in the 
new position? 

28. Show that the magnetic force on a current-carrying conductor may be ex¬ 
pressed as 1 X B per unit current, (See page 16.) 

29. Show that the m^ignetic force on a moving charge may be expressed as 
V X B per unit charge. (See page 16.) 
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1. Elementary Dimensional Investigation of Generated Voltages. An 

elementary dimensional analysis is often helpful in correlating a new 
concept with concepts which are older or better established in our minds. 
Electric potential or voltage, for example, has previously been considered 
as work per unit charge and is therefore expressed dimensionally as 

E = W^Q-^ = (1) 

where W represents work, the product of force times length, and the 
superscripts attached to all terms on the right-hand sides (including 
even the first power terms) indicate that the dimensional properties of 
the left-hand member is under investigation. With proper choice of 
units these dimensional expressions can often be used directly as working 
algebraic equations as, for example, equation (1) has been used many 
times in the form W = EQ joules of work or energy. 

A large portion of Chapter IX has been devoted to the development 
of the concept of 

/ = BW ( 2 ) 

Combining the dimensional expressions given in (1) and (2) yields 

E = BW (3) 

or, since v = 

E = (4) 

where </> symbolizes magnetic flux. Equations (3) and (4) are often 

referred to as the Blv and the d<i>/dt concepts respectively of magnetically 
generated voltages. 

Algebraic working equations which agree with experimental measure¬ 
ments^ may be formed from these dimensional expressions. The funda- 

^ A straight antenna which is cut by the magnetic flux of a radio wave that is 
traveling at the velocity of light relative to the antenna is an interesting example. 
In this case the voltage generated in the antenna per unit length (AE/Al) may be 
calculated in terms of Bv, and the calculated values agree with those obtained 
experimentally and with those calculated in terms of the electric field intensity &. 

254 



THE SINGLE-CONDUCTOR CONCEPT 


255 


mental working equations for voltage gradient and for total voltage, 
generated by a time-varying magnetic flux are 

AE 


Al 


= Bv (or e — Bv Al for a single conductor) 


A0 dfji 

E = — (or e = — for a single loop) 
At at 


( 5 ) 


( 6 ) 


where Al is the incremental length of the single conductor and A<f>/At is 
the time-averaged rate at which magnetic flux pierces the faces of a 
single-turn coil. The lower case letter e indicates that instantaneous 
voltages may be calculated in terms of instantaneous velocities or 
instantaneous time rates of change of magnetic flux. Since equations (5) 
and (6) are fundamental laws of nature, they may be used in any 
systematic set of units. 

It is to be expected that careful consideration will have to be given 
to the manner in which the angular displacements of the vectors B and 
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Fig. 1. A conductor of Al hmgth moving through a magnetic field with velocity v. 
(v and B are at right angles in this case.) 


V affect the magnitude and direction of the vector AE/Al = — 8. Care¬ 
ful consideration will also have to be given to the precise meaning of 
A<j>/At (and of d<t>/dt) through a closed loop before these expressions can 
be employed effectively in the solution of problems. 

2. The Single-Conductor Concept. It has been shown that electric 
charges moving relative to a magnetic field experience side thrusts or 
BQv forces. If, then, a conductor with its many loosely held.orbital 
electrons is moved relative to a magnetic field as shown in Fig. 1, it may 
be anticipated that these loosely bound negative charges will experience 
the same magnetically developed forces as if they were individual charges 
moving relative to the magnetic field. In the case shown in Fig. 1, the 
negative charges of the metallic conductor are forced to the lower end 
of the conductor while the positive charges within the molecular structure 
of the metal are tightly bound to this structure. The result of the motion 
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of the conductor relative to the magnetic field is that of making the 
lower end negatively charged which, of course, renders the upper end 
positively charged since the conductor overall is electrically neutral. 

Since the 6 vector of electric circuit theory is directed in the + to 
— direction and since potential rise E is from — to +, it is evident that 
in Fig. 1 

H-- = — S (within the conductor) (7) 

A1 

Over any particular length of conductor (AZ) which is in a region of 
uniform flux density, this potential gradient {AE/M) may be evaluated 
as 

^ = B sin V = BnV = Bvn (8) 

where AE/Al is given in volts per meter if B is expressed in webers per 
square meter and v in meters per second. 

The symbol Bn implies that if the BnV form of equation (8) is em¬ 
ployed, only the component of B which is normal to the direction of v 
is to be used; whereas if we choose to associate the sin 0]]® term with y, 
only the component of v which is normal to the direction of B is to be 
used. (The corresponding situation has been considered in some detail 
in connection with magnetically developed forces.) If the conductor 
shown in Fig. 1, for example, were to be moved in a plane which is 
normal to the plane of the page, v and B would have the same (or di¬ 
rectly opposite) directions, sin 0^® would be equal to zero, and no 
voltage gradient would be developed along the axial length of the 
conductor. 

There are several rules (or artifices) which will help us remember the 
correct direction of + A.^/Al along a conductor without resorting to the 
details illustrated in Fig. 1-a. P'or example, the direction of + AE/ A1 may 
be found by applying the right-hand screw rule which is illustrated in 
Fig. 1-b. To find the direction of -+-AF/A1, we think of turning the v 
vector through the smaller angle to the B vector position, and the result¬ 
ing direction of right-hand screw travel tells us the direction of + AE/Al, 
(It will be remembered from Chapter IX that we turned v into the B 
position to determine the force on a moving charge.) In cases where B 
moves and the conductor is stationary relative to the observer, the 
observer thinks of B as stationary and the conductor as having the 
velocity since the rule is so framed. 

The voltage rise per unit length or potential gradient is always normal 
to the plane in which B and v are located, whether B and v are displaced 
from one another by 90° as shown in Fig. 1-a or by some other angle. 
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Another scheme which is often employed to tell the correct direction, 
of +AJ5/A1 along a conductor is illustrated in Fig. 2. Here we think of 
the moving conductor “bending’’ the flux lines. Then, if the fingers of 
the right hand are placed around the conductor to coincide in direction 
with the direction of the “bend,” the thumb points in the +A.B/AZ 
direction along the conductor. The scheme works nicely on cross- 
sectional views but otherwise is usually more cumbersome than the 
right-hand screw rule. 

Three situations arise in practice where the single-conductor concept 
of generated voltages possesses an advantage over the loop concept: 
(1) In d-c generator windings (where all conductors are connected to 
all other conductors), it is usually simpler to visualize the individual 



(GENERATED VOLTAGE 
DIRECTED INTO PAGE) 



(GENERATED VOLTAGE 
DIRECTED OUT OF PAGE) 


Fig. 2. A scheme for finding the direction of the potential gradient AE/Al. 


conductors than it is to visualize the two conductors (which are under 
opposite poles) that form the closed loop. (2) In a straight antenna the 
magnetic flux cuts across a single conductor, thereby producing relative 
motion between the conductor and the magnetic flux density vector, 
even though in this case B moves and the conductor is stationary. (3) In 
metal disks revolving in asymmetrically located magnetic fields. 


Example 1. The conductor shown in Fig. 1 will be assumed to be moving in 
the plane of the page at a velocity of 10 m/sec. If B — 0.05 weber/sq m and 
the length of the conductor (AZ) is 3 m, 

AE 

— = By = (0.05) (10) = 0.5 volt/m (directed as shown) 

and 

F = 0.5 X 3 = 1.5 volts (potential difference between ends of Al) 

Example 2. Consider a 5-m length of wire mounted in a horizontal plane 
above the wing of an airplane which is traveling due north at a velocity of 
9 km/min in a locality where Rvert. of the earth’s magnetic field is 4 X 10""® 
weber/sq m, and Bhonz, = 2 X 10“”® weber/sq m directed due north. 
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Let it be required to find the potential difference between the ends of the 
5-m conductor if its axial length is along the east-west direction. 

Either the specified components of the magnetic field may be combined as 

vert. ^ + Biiom} to find the resultant value of B and then equation (8) may 
be employed, or the value of AE/Al due to each component of B may be found 
separately and then combined to give the resultant value of AE/AL Since, in 
this case, the horizontal component of B coincides in direction with the direc¬ 
tion of V, this component of B is non-productive, and the resultant value of 
AE/Al is evaluated simply as 

AE /9000\ 

— = Bvett.v = (4 X 10“^) ( *-) = 0.006 volt/m (directed east to west) 

Al V 60 / 

and 

AE = 0.006 X 5 = 0.030 volt (potential difference) 

It is left for the reader to apply the right-hand screw rule to v and Bvert. 
(which is, of course, directed downward) to check the east-to-west direction 
of the voltage rise which is generated. The ‘^bend'^ rule may also be applied 
(say by drawing a cross-sectional view looking from east to west). 

In this section, only cases where the entire lengths of conductor (Al) 
travel in magnetic fields of uniform density have been considered. 

The method may, however, be extended to include variable or non- 
uniform B by employing space-averaged values of flux density, if 
necessary, over several small increments of the total length, and then 
summing the results with due regard for signs. It should be noted in 
closing this section that, unless the relative velocity between Al and B 
is known, the single-conductor method of calculating generated voltages 
fails completely. 

3. The Loop or Turn Concept. The single-loop law which is stated in 
equation (6) may be applied to N loops or turns if these turns all 
experience the same time rate of change of magnetic flux. Equation (6) 
then reads 

or e = N^ (9) 

At dt ^ ' 

Where N is the number of complete turns which experience the same 
time rate of change of flux, A<t)/Ai yields the time-averaged rate of 
change over a finite interval of time Atj and d(l>/dt gives the instantaneous 
time rate of change of flux and hence the instantaneous value of gener¬ 
ated voltage. 

Faraday discovered this fundamental law about 1833, and equation 
(9) is often referred to as Faraday’s law. Equation (9) is considered by 
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some people to be more fundamental than equation (8), probably because 
it was the first to be discovered and is more gerierally applicable than 
the single-conductor method of calculating generated voltages. 

In order to find the time-averaged value of voltage of equation 
(9)] over a finite period of time A^, it is only necessary to know the 
change in flux that pierces the face of the area bounded by one of the 
turns. More specifically, 

^^av. ^ ^ ^ ^(over period At) (9-a) 

At {12 — t\) 

where is the magnetic flux which pierces the area bounded by one 
turn (or the flux linked by one turn) at time ti 
02 is the magnetic flux which pierces the same area (or links with 
one turn) at time ( 2 . 

It should be noted that whereas over a period of time At might turn 
out to be a very small value (or even zero), the instantaneous generated 



Fig. 3. Magnetic flux piercing the face of a two-turn coil and hence linking with 

the turns of the coil. 


voltages at certain instants during the period At might be very large. A 
simple example will illustrate this point and at the same time make clear 
what is meant by ‘^flux piercing the area bounded by a turn’^ and ^‘flux 
linking with a turn.” 

In Fig. 3, it will be assumed that the two-turn coil is stationary in 
the position shown and that the bar magnet is brought up from the left 
so that the magnetic flux lines emanating from the north pole cut across 
the conductors as indicated at the B 2 and positions. Magnetic flux 
which pierces the face of the coil will either link with the turns of the 
coil or pierce the same face in the opposite direction in avoiding linkage. 
The latter type of flux contributes nothing to the net flux piercing the 
face or to the net flux linkage. The net flux which pierces or crosses the 
face of the area bounded bv one of the turns of a coil times the number 
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of turns is called flux linkage. Specifically, 1 weber of magnetic flux 
linking with one turn of conductor is called 1 weber-turn; 1 maxwell of 
flux linking with one turn is called 1 maxwell-turn. 

Returning now to the problem of calculating in Fig. 3, we shall 
assume that at / = /i the magnet is far removed (or else so oriented) 
that no net flux pierces the face of the coil; <^>1 in equation (9-a) is zero. 
In a period of 2 sec, say, the magnet is brought up to the left-hand face 
of the coil as indicated. During this period of time there is a change of 
flux which is directed from left-to~right across this face. The rule for finding 
the direction of the generated voltage in loops or turns of this kind is: 
point the thumb of the right hand in the direction opposite, to the change 
of flux which the coil face is experiencing at the moment, and the fingers 
will encircle the coil in the +A£/Al direction.^ If, for example, during 
the period M the magnet is brought up to the face of the coil from the 
left (with no backward motions) the left-hand face of the coil will 
always experience a change of flux directed from left to right, and if the 
thumb is pointed from right to left to oppose the change-of-flux direction, 
the fingers of the right hand encircle the coil in such a manner as to say 
that +Ai^/Al is directed into the page on the top coil sides and out at 
the bottom coil sides, as indicated by the + and • symbols respectively. 

If, at the position shown in Fig. 3, 0.025 weber of flux links with each 
of the two turns, then the time-averaged value of voltage over the 2-sec 
period which has been assumed is 


= 


(0.025 ~ 0) 

( 2.0 - 0 ) 


= 0.025 


volt 


At the instant the forward motion of the magnet ceases, the instan¬ 
taneous voltage reduces to zero (since d(l>/dt = 0), and then if the 
magnet is withdrawn the voltage generated or induced in the coil 
reverses its circuit direction from that shown in Fig. 3 because the face 
of the coil is now experiencing a change of flux which is directed from 
right to left. As shown in Fig. 3, the flux itself may be directed from left 
to right, and at the same time the change of flux may be oppositely 
directed owing to the diminution of the amount of flux which is piercing 
the face of the coil. After a little thought has been given to the meaning 
of change-of-flux direction the rule given above is very easily applied. 

^This rule is an application of Lem's law which slates that the instantaneous 
voltage generated or induced in an electric circuit by a time-varying magnetic flux 
acts in such a direction around the circuit as to oppose the change of flux which is 
taking place (at the moment) across the face of the turns of the circuit. 
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Example 1. Let it be required to find the time-averaged voltage generated 
in the two-turn coil of Fig. 3 if the magnet (assumed to possess cylindrical^ 
symmetry) is revolved about its central N-S axis. 

Since, in this case, there is zero change of flux linkage (or no change in flux 
which pierces the face of the coil) the instantaneous, as well as the time-aver¬ 
aged value of voltage, is zero. 

Example 2. Let it be required to find the time-averaged voltage generated 
in the coil of Fig. 3 over a period of M = 0.05 sec if the magnet is revolved 
about an axis which is normal to the plane of the page and centrally located 
between the north and south poles. The speed is 10 rps, and time is to be 
counted from the instant the magnet is in the position shown in Fig. 3, the 
flux linking with a single turn in this position being taken as +0.025 weber. 
At ^ = 0 = /i, 

<#>i = +0.025 weber (directed left to right through coil face) 

At t = 0.05 = ^2, 

02 = —0.025 weber (directed right to left through coil face) 

The value 02 = —0.025 weber is obtained from the fact that at < = 0.05 sec 
the magnet has turned one-half revolution, thus placing the south pole in the 
position directly in front of the left-hand coil face. 

From equation (9-a), 


jE7av. — 2 


(-0.025 - 0.025) 
(0.05 - 0) 


—2.0 volts 


where the minus sign indicates only that the circuit direction of the voltage 
generated during this period of 0.05 sec is directed oppositely to that shown in 
Fig. 3 which was obtained with change of flux directed from left to right. In 
the period here considered the change-of-flux direction has always been from 
right to left, first because of the removal of the north pole and then because of 
the appearance of the south pole. 


4. Time Rates of Change-of-Flux Linkage. The concept of magnetic 
flux lines linking with a single turn, or with N tightly packed turns, has 
been referred to in the preceding section. The Unking of magnetic flux 
with turns of an electrical circuit is in the same sense that neighboring 
elements of a chain link with one another. Flux linkage (A^0) as a con¬ 
cept is of great importance, not only in the calculation of voltages but, 
as will be shown later, in the calculation of inductance or electrical 
inertial effects. 

If the total flux linkage 2(iV'0) of the electrical circuit is known as a 
function of time or if it can be evaluated in some manner, the voltage 
generated in the electrical circuit, due to (A^0) is simply the time rate of 
change of (N<t>), In order to account for the fact that one portion of the 
electrical circuit (say Ni turns) might be linked with a flux (say 0i) 
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which is different from the flux linking some other portion of the circuit, 
we write equation (9) as 


i?a 


At 


or e = 


d(N<l>) 

dt 


(9-b)3 


where is understood to be the summation of all the flux linkages 
(with due regard for sign) of the entire circuit which is being investigated; 
that is, 

{N(t>) = 2(iVi<^i + iV202 + • • • ) (10) 


Then each turn or each group of turns linking with the same flux may 
be considered separately if the occasion demands. 

An electrical circuit might be formed of the two coils {N\ and N 2 ) 
shown in Fig. 4. This may be done by connecting terminal of the Ni 
coil to terminal 2^ of the N 2 coil and then viewing terminals 1 and 2 as 
the terminals of the electrical circuit which is under investigation. Or 
terminal 1^ might be connected to terminal 2 and the circuit between 
terminals 1 and 2' investigated. It might be anticipated that the voltage 
developed between terminals 1 and 2 (with l' connected to 2') due to 
time rates of change of (JS!\<t>\) and {N24>2) would be different from the 
voltage developed between terminals 1 and 2' (with l' connected to 2). 
The details are outlined in the following example, where it is assumed 
that the mmf coil of Fig. 4 establishes sinusoidally time varying fluxes 
01 and 02 which link respectively with Ni and N 2 turns. 


Example. In Fig. 4, let 


and 


01 = 0.04 sin (3770 weber 
02 = 0.03 sin (3770 weber 


These equations mean that the exciting (or mmf) coil establishes a maximum 
flux of 0.04 weber through the Ni turns and a maximum flux of 0.03 weber 
through the N 2 turns, and that the time variation of these fluxes is sinusoidal 
at an angular frequency of 377 radians/sec. Since angular frecjuency co is 
27r times the frequency in cycles per second, an angular frequency of 377 
radians/sec corresponds to 60 cycles/sec. Thus the exciting coil of Fig. 4 

^ The minus sign is employed in connection with these equations simply to warn 
the reader that the voltage rises calculated by these equations are oppositely directed 
to the fingers of the right hand when the thumb is pointed in the direction of the 
change of flux. In later courses where wave propagation is studied, this minus sign 
takes on somewhat more significance than it does here, where we simply calculate 
the magnitude of the average or instantaneous voltage and then apply the right-hand 
rule to determine the direction around the circuit in which the voltage rise takes 
place. 
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connected to an ordinary 60-cycle supply voltage is capable of establishing 
the specified values of and 02- 

{Ni<l>i) = 3 X 0.04 sin (3770 = 0.12 sin (3770 weber-turn 

(^^202) = 2 X 0.03 sin (3770 = 0.06 sin (3770 weber-turn 

During the first quarter of a cycle (after i? = 0 in the above equations) it 
will be assumed that the flux increases from zero, as demanded by the sine 
terms at i = 0, to maximum values which are directed downward through the 
coils Ni and N 2 as shown in Fig. 4 which, of course, only pictures instantaneous 
directions of flux and circuit directions. The maximum values that <t>i and <^2 
can attain have already been sf)ecified as 0.04 and 0.03 weber respectively. 

If terminal 1' of coil 1 is connected to terminal 2' of coil 2, the problem of 
finding the instantaneous voltage between terminals 1 and 2 of the combined 
circuit is simply that of finding cn/ and and combining ew and 62'2 to give 



N2=2 


Fig. 4. Illustrating and (^ 202 )- The voltage rise directions shown on 

'N\ and iV2 apply for a chango-of-flux direction which is downward through the 

faces of N\ and N^ 


the voltage rise from terminal 1 to terminal 2. Thus, by using the instan¬ 
taneous form of equator! (9-b), we find 

eii, = - - [0.12 sin (377<)] = -45.24 cos (377<) volts 
(It 

62,2 = - - [0.06 sin (3770] = -22.62 cos (377t) volts 
(It 

Combining these two results yields 

cj2 = civ + e 2 f 2 = —67.86 cos (377/) volts (for additive connection) 

The minus sign signifies that this voltage is opposite in direction to the direc¬ 
tion of the fingers of the right hand when the thumb is pointed in the direction 
of the change of flux. During the first quarter-cycle after t = 0 the flux is 
directed downward in Fig. 4 and increasing in magnitude in this direction, 
therefore the change-of-flux direction through the coils is downward. An 
application of the right-hand rule will show that the voltage rise during this 
period is from terminal 1 to terminal 2 as shown in Fig. 4. 
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If terminal 1' had been connected to terminal 2, a study of the instantaneous 
circuit directions will show that 

Ci2' ~ C\v “i“ C22' ~ Cii# — C2'2 “ —22.62 cos (377^) volts 

and with this type of connection the coils are said to be connected subtrac- 
tively. In this particular case the maximum magnitude of the generated or 
induced voltage is only one-third as large with the subtractive connection as 
it is with the additive connection. 

In a-c cases of the kind considered here, the investigation of the relative 
polarities of the voltages need be made at only one instant of time. The 
voltages actually go through cyclic variations (as expressed by the cosine 
terms in this case) with alternations which are first in one direction around 
the circuit and then in the other but always with the same relative polarities. 
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Fig. 5. An elementary linear velocity eli^ctrical generator. 

6. Energy and Power Transformations in a Linear Velocity Gener¬ 
ator. It will be assumed that the moving armature conductor of the 
generator shown in Fig. 5 is capable of linear motion along the horizontal 
rails and that a driving force is applied to the armature conductor which 
moves it a distance Ax to the right in time At. Then 


By single-conductor concept: 



By single-loop concept: 

^av. 


At 


or E = Blv 

(Bl Ax) ^ ^ 
At 


( 11 ) 

( 12 ) 


where v is the time-averaged value of the velocity, Ax/A<. 

The direction of the voltage rise E in the armature conductor may be 
obtained by any one of several rules, for example, by; (1) thinking of 
turning vector v out of the page 90° (to coincide with the direction of B) 



ENERGY AND POWER TRANSFORMATIONS 


265 


to obtain +jE/Z downward in the conductor; (2) pointing the thumb of 
the right hand downward to oppose the change-of-flux direction (which 
is upward through the l6op formed by the moving conductor, the rails, 
and the resistance R when the conductor is moved to the right in Fig. 5), 
thus obtaining -\-E m the clockwise direction around the closed loop. 

The generated voltage E drives a current around the loop as indicated 
and, if it is assumed that neither the armature conductor nor the rails 
have an appreciable resistance compared to resistance i2, the electrical 
energy supplied to the load R in time M is 

TFei. = EI RP At (13) 

and the time-averaged value of power delivered to the load over this 
period of time is 

Pel. = ^ = (14) 

Let us see what we pay for the electrical energy which is generated 
and then transformed into heat energy in terms of mechanical energy 
supplied to the generator. It is plain that the applied force must at least 
equal the BIl force in the armature conductor. This backwardly directed 
magnetic force is inevitably present in any electromagnetic generator 
which is delivering current. All frictional and other losses being neg¬ 
lected, the least; mechanical energy which the prime mover would be 
required to supply during the period At would be 

T^niech. = / Ax = (BIl) Ax = El At (15) 

The fact that the mechanical energy supplied by the prime mover must 
at least equal El At follows from the law of the conservation of energy 
as well as from the mathematical equivalence of {BIl) Ax and {Blv) I At, 

The time-averaged value at which the prime mover must deliver 
power over the interval of time At is plainly. 

Pmech. = = El (16) 

where Pmech. is expressed in watts if E and / are expressed in volts and 
amperes respectively. 

Energy taken from an electrical system is paid for in terms of me¬ 
chanical energy delivered to the mechanical-electrical system by the 
prime mover. Every time an incandescent lamp is switched on, for 
example, an additional BIl force appears at the armature conductors of 
the generator (or generators) which will tend to slow down the speed of 
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the generator (thereby reducing the voltage E) unless this added BIl 
force is met with an additional driving force. This additional driving 
force can come only from the prime mover. 

6. The Spinning-Coil Type of A-C Generator. The two-turn rec¬ 
tangular coil shown in Fig. 6 is considered to be located in a region 
where the magnetic flux density is uniformly distributed and directed as 
shown. The power required to maintain this magnetic field through the 
air medium (in which the coil rotates) would probably be greater than 
the power output of the generator, but in spite of this we shall investi¬ 
gate the possibilities of the spinning coil as a source of electrical energy. 
(A more practical type of a-c generator is shown in Fig. 11 which is 
used in connection with Prob. 20. See page 278.) 

Choosing the reference position of the two-turn coil of Fig. 6 as that 
which is labeled ^ = 0, we note that in this reference position maximum 


t = 0 , position 



(a) (b) 


Fig. 6. A two-turn coil rotating in a uniformly distributed magnetic field. 


flux linkage occurs; the B vectors shown ultimately close on themselves 
and thereby link with the turns of the coil. We also note that in the 
reference position the coil sides are traveling in the same direction as 
the B vectors, and hence zero voltage will be generated at t = 0. The 
other way of looking at the situation is to note that no change of flux 
linkage is taking place at ^ = 0 even though the coil face is pierced by 
the maximum amount of flux possible during a revolution. In the 
reference position, 

= NBA = NB(2lr) (17) 

At any instant of time after t = 0 when the coil is displaced by an 
angle Q from the reference position it is plain that the flux linkage is 

{N^)q = NBAs = NB{2lr cos 6) (18) 

where Ae is the area of the coil at angle B which is presented to the 
direction of the flux and through which flux linkages can occur. 
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If the coil is spinning or rotating about the axis shown in Fig. 6 at a 
constant speed S, expressed in revolutions per second, 

radians 

0 -X radians 

sec 

and Q may be expressed in terms S and as a function of time t: 

2t 

G = — t = 2Tr Si radians (19) 

where T is the period of one revolution and S is the revolutions per 
second. 

Thus, from equation (18), (AT^)^ may be expressed as a function of 
time: 

iN<l))t = 2rlNB cos (2x5/) flux linkages (20) 

The time rate of change of these flux linkages is 

g = _ = {2TS){2rlNB) sin {2irSt) 

di 

or 

e = ^irrlSNB sin (2x5/) volts (in mks units) (21) 

Equation (21) informs us that the instantaneous voltage which is 
generated by the revolving coil is directly proportional to the coil area, 
the speed 5, the number of turns N, and the magnitude of the flux 
density 5; also that the time variation of the voltage is sinusoidal, the 
fre(j[uency of this time variation being equal (in cycles per second) to 
the speed 5 expressed in revolutions per second. 

It is only necessary to check the direction of voltage rise around the 
loop at an instant shortly after the coil leaves the / = 0 position. During 
the first quarter revolution after / = 0, the change-of-flux direction is 
from right to left in Fig. 6-a, since the flux linkage which was maximum 
and positive at / = 0 is reduced to zero during this first quarter of a 
revolution. The application of the right-hand rule will show that the 
voltage rise around the coil during this period is ‘‘out” at the upper coils 
sides and “in” at the lower coil sides; in other words, the voltage rise 
is from h to a. Thus e in equation (21) means eha or voltage rise from h 
to a; and the sine term in equation (21) will automatically tell us when 
eha is negative. Physically, terminal a in Fig. 6-b is actually positive 
relative to terminal h during the first half-revolution of the coil. 

Example 1. Half-Revolution Average Voltage Calculation, Let it be required 
to find the time-averaged voltage generated in the 2-turn coil shown in Fig. 6 
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during the period of time in which the coil rotates one-half revolution from 
the i = 0 i)osition, under the following conditions: 

Uniform speed of 1200 i pm, B = 200 maxwells/sq cm or B = 0.02 weber/sq m 

Z = 30 cm 
r = 10 cm 

The calculations maj^ be made either in terms of changes of flux linkage or 
by the single-conductor method, if it recognized that, in the latter, the four 
active 30-cm coil sides are in additive series between terminals h and a. By 
the single-conductor method, 

-^av. ~ NcBlVa,x. 

where Nc represents the four single conductors and v&x. is the time-averaged 
velocity of the conductors which is normal to the direction of B, since only the 
component of v which is normal to B is effective in producing voltage. As 
applied to Fig. 6-a, the horizontal component of the velocity may be ignored 
since it is parallel to the B vectors: 

Vb.w. = ^ ^ = 8 m/sec (over AZ 

T 1 

”2 40 

Hence 

= (4)(0.02)(0.3)(8) = 0.192 volt 

which may readily be shown to be directed from terminal h to terminal a in 
Fig. 6-b. The above result may be easily checked by the N (A0/AZ) method 
of calculation. 

Example 2. Instantaneous Voltages. Equation (21) defines the voltage rise 
from & to a at any instant of time after t — 0. The maximum value of voltage 
that is generated at any one instant of time in the coil shown in Fig. G is, for 
the conditions specified in Example 1, 

i^max. = ^TrlSNB = (47r) (0.1) (0.3) (20) (2) (0.02) = O.OQGtt = 0.3016 volt 

or 2/'jr times the time-averaged voltage over one-half revolution. 

Since equation (21) is derived on the flux-linkage basis, it is plain that N 
in the above expression for Em&x. refers to turnsj not single conductors- 

7. An Elementary Type of D-C Generator. In d-c generators, little 
attention need be paid to the instantaneous voltage which is generated 
in any particular conductor, because sliding contacts render all con¬ 
ductors which are facing a pole (or group of like poles) in additive series 
with respect to the brushes or terminals of the machine. The manner in 
which this is accomplished is illustrated in Fig. 7. It will be observed in 
Fig. 7 that two current paths exist which are in parallel between the 


fsec) 


(over At = id sec) 
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brushes. In the actual machiAe the entire surface would be covered with 
active conductors but only four are shown in Fig. 7 in order to simplify' 
the drawing to a point where it can readily be understood. 

Current coming into the lower brush in Fig. 7 divides at the point of 
sliding contact (upon leaving the brush and entering the generator 
winding), one-half of it going to 
the upper brush by way of the 
active conductors facing the north 
pole; the other half by way of the 
active conductors facing the south 
pole. Current flows in the direc¬ 
tion shown in Fig. 7 when a load 
is connected to the terminals be¬ 
cause, for the direction of rotation 
shown, there is developed a volt¬ 
age rise from the lower (or nega¬ 
tive) terminal to the upper (or 
positive) terminal in each of the 
two parallel paths. Thus there are 
two paths in which voltages are 
developed in this machine, and the two generated voltages are in par¬ 
allel. In determining the voltage developed at the terminals of the 
generator only the voltage developed in one path need be determined, 
since by symmetry the other voltage is identical in magnitude and 
direction relative to the terminals of the machine. 

The straight conductors on the outside surface of the rotating arma¬ 
ture are so placed that their velocities will be always normal to the 
magnetic field which is shown as following the iron core of the armature. 
Actually the air gap between the pole faces and the rotating armature 
is very short, being only a few hundredths of an inch in small machines. 
On a single-conductor basis, only the straight portion of the armature 
winding which is on the surface of the iron core is effective in generating 
voltage; since the ‘finner” conductors do not cut across the magnetic 
field. 

The time-averaged voltage developed by a d-c machine is essentially 
the same as the instantaneous generated voltage if a sufficiently large 
number of active armature conductors is employed. On small machines 
where the number of active conductors is likely to be small, there is 
often a significant fluctuation of the instantaneous voltage about the 
time-averaged value. This fluctuation is referred to as commutator 
ripple^ since the sliding contact arrangement used on modern machines 
is called a commutator. 


I 



Fig. 7. An elementary type of d-c gener¬ 
ator illustrating the two parallel armature 
paths. 
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The calculations are based on the voltage generated in the active 
armature conductors as they cut across the magnetic field, and the time- 
averaged voltage developed by a two-pole d-c generator is simply 

Eslv. = NcB^ylv = NcB^yl(2TrrS) ( 22 ) 

where Nc is the number of active armature conductors in one path 

B^y is the space-averaged value of flux density brush to brush 
I is the axial length of the active armature conductors 
r is the radius at which the active conductors are from the axis 
of rotation 

S is the speed of rotation expressed in revolutions per second. 

If the above information is available or can be evaluated in some manner, 
the problem of finding the voltage developed by this type of generator 
resolves itself into putting numbers into equation (22). 

Example. Refer to the cross-sectional view of the d-c machine shown in 
Fig. 10, page 237. This same machine has been used to illustrate d-c motor 
calculations, and the data specified have been 

Voltage applied to the brushes, F = 36 volts (motor voltage) 

Total motor armature current (7 in Fig. 10-a) = 20 amp 
Total number of armature conductors, N = 24 
Axial length of each conductor, ^ = 20 cm 

Radius at which each armature conductor is from axis of rotation, r = 10 cm 
Space distribution of flux density as shown in Fig. 10-b, page 237. 

Speed of rotation as a motor, 3000 rpm. 

Considering this same machine from a generator point of view we find 12 
active conductors in series between brushes which are cutting magnetic flux, 
the space-averaged density brush-to-brush being 0.395 weber/sq m as pre¬ 
viously evaluated. The voltage generated in these motor conductors, brush- 
to-brush, has a magnitude which is given by equation (22). Thus 

Eav. = NcB^v.l{27rrS) = (12)(0.395)(0.2)(6.28 X 0.1 X 50) = 29.76 volts 

The machine is running as a motor with 36 volts applied brush-to-brush 
which drives it in the counterclockwise direction, as any of the force rules 
will show. Whereas the motor current is directed ^^in^' in the conductors facing 
the north pole of Fig. 10-a, page 237, the generated voltage is directed ^‘out^^ 
in these same conductors, as any of the generator rules will show. For this 
reason the generated voltage in a motor is called back emf. 

The bcuik emf of a motor is less than the applied voltage V by the RI voltage 
drop in the armature winding. In the present case 

7B7 = 36 — 30 = 6.0 volts (to two-significant-figure accuracy) 

Since the motor current I under this condition of operation has been specified 
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as 20 amp, the -resistance of the armature brush-to-brush may be evaluated as 

G 0 

= — = 0.3 ohm 
20 

Since this value of resistance represents the resistance of two equal paths in 
parallel, the resistance of each path is 0.6 ohm. 

8. Governor Action of Back Emf. As shown in the preceding example 
the generated voltage in the armature windings of a d-c machine operat¬ 
ing as a motor is 

^back = V — Rarml (23) 

where V is the voltage applied to the motor terminals 

^arm. resistance, brush-to-brush, of the armature windings 
I is the total armature current which drives the motor. 

The voltage which is generated in the armature winding of any electro¬ 
magnetic motor opposes the motor current and in so doing provides the 
motor with a valve which will automatically produce more or less driving 
torque as demanded by the connected load. 

This automatic valve or governor action is explained simply in terms 
of the back emf. For increase of load, the sequence of the governor action 
is: 

(a) The increased load tends to slow the speed of the machine. 

(b) The slower speed lowers the back emf which varies as the speed. 

(c) The lower back emf (E) permits more current, / = (F — 
E)/Krm. to flow. 

(d) The increase in / provides increase in driving force, f = BIL 
The sequence reverses when the load is lessened so that electric motors, 
generally speaking, need no external governors as do most other types 
of motors. At no load the speed increases to a value which makes the 
back emf essentially equal to the voltage applied to the motor terminals, 
thereby reducing the current to a very small value. 

The product of tlie back emf and the armature current is a direct 
measure of the amount of electrical power which is transformed into 
mechanical power. Since the electrical power supplied to the motor 
terminals {VI) is transformed partly into mechanical power (i^back-^^) 
and partly into heat power which is wasted in the resistance of the 
armature w^indings {RP)j it follows from the law of conservation of 
energy (or powder) that 

VI = ^backl + RI^ (24) 

(input) (mechanical) (heat) 

Thus it is shown that the generated voltage within a motor winding 
(J?baok) is a controlling factor in the operation of the motor and, without 
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a knowledge of this factor, the performance of the motor cannot be 
theoretically predicted. 

Example. In the last example, a motor (supplied with 20 amp at 36 volts) 
was shown to develop a back voltage of 30 volts, to two-significant-figure 
accuracy, and to have an armature resistance of 0.3 ohm. Under this condition 
of operation, 

power input = VI = 36 X 20 = 720 watts 
-Pmech. = ^back^ = 30 X 20 = 600 watts 
heat power = RP = 0.3 X 20^ = 720 — 600 = 120 watts 

If the connected load is lessened to a point where only 300 watts of me¬ 
chanical power are required, the motor automatically adjusts itself to meet the 
condition demanded by ecjuation (24) which, for 300 watts of mechanical 
power and 36 volts applied to the terminals, is 

36/ = 300 + 0.3/2 oj. j2 _ 120/ + 1000 = 0 

This equation may be solved for / to show that the armature current is 
reduced to about 9.0 amp (from the 20-amp value) when the mechanical load 
is reduced to 300 watts (from the previous 600-watt value). 

In solving the above equation for /, it has been assumed tliat I decreases 
for a decrease in connected load, as would be the case physically if the motor 
were operating on that part of its speed-torque curve where less torque is 
accompanied by higher speed. 

Under the lighter load condition (Paxcch. = 300 watts), 

^back = V — Rarm.I = 36 — 0.3 X 9.0 = 33.3 VOlts 
and, since /^back varies directly with speed (assuming constant flux density), 

33.3 

speed under reduced load = —^ X 3000 = 3330 rpm 

30 

In the actual machine the armature current affects to some extent the resultant 
flux density in the air gap of the machine, but this effect (known as armature 
reaction) will not be considered here since it is a subject which is dealt with 
in detail in electrical machinery texts. 

9. Summary. The potential gradient along the axial length Al of a 
single straight conductor moving at velocity v relative to a magnetic 
field is 

— = Bv sin ^3? = ^nV = Bvn (25) 

where Bn = B sin 0]® and v„ = v sin S']®- 
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Equation (25) is simply a “finite increment” form of the more general 
law 



— 6 = Bv n !directed normal to the Bv plane (26) 


and it is by way of this equation that the electric field 6 and the 
magnetic field B are linked together in later courses to explain radio 
wave propagation, a subject which is well beyond the scope of a first 
course. 

The direction of the potential gradient {bEjbl) or {dE is 
obtained from the right-hand screw rule by thinking or rotating the v 
vector (o/ the moving conductor) through the smaller angle to the B 
direction, the resulting right-hand screw motion yielding the direction 
of + {bE/bl) which is normal to the plane in which B and v are located. 

The voltage generated or induced in an electrical circuit is 


E^ 


b{N<t>) 

-or 6 = 

bt 


d{N(t>) 

dt 


(27) 


where (A^</)) represents the resultant flux linkages of the magnetic field 
with the turns of the electrical circuit. Equation (27) represents a 
fundamental law which states that the voltage generated in an electrical 
circuit by a magnetic field is the time rate of change of flux linkages which 
occur within the (circuit. 

The direction of the voltage rise around the electrical circuit at any 
instant of time is obtained by the right-hand rule, the thumb pointing 
opposite to the change-of-flux direction which is occurring at that 
instant through the circuit and the fingers of the right-hand pointing 
in the direction of the voltage rise. 

Since relative motion is involved in equation (25) and since some care 
must be exercised in visualizing all possible flux linkages in equation (27), 
the evaluation of magnetically generated voltages may become an 
interesting problem where neither Bv nor iN<t>) can be readily visualized. 


PROBLEMS 

1. Refer to Fig. 5, page 264. Find the magnitude of the voltage generated in the 
moving armature conductor of this “linear-velocity” generator if Z = 1 m, the 
velocity (directed as shown) is uniform at 10 m/sec, and the magnitude of the flux 
density (uniformly distributed and directed as shown) is 0.22 weber/sq m. 

Check the direction of the generated voltage E shown in Fig. 5 by both the right- 
hand screw rule and the “ bend-of-flux” rule shown in Fig. 2. 

2. The axle of a locomotive truck is 4 ft 8.5 in. (or 1.435 m) in length. The loco¬ 
motive is moving due south at a speed of 120 km/hr in a region where the earth^s 
magnetic flux density is X 10~^ weber/sq m directed downward from a hori- 
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zontal plane with an angle of 63.45°, the horizontal component being directed due 
north. 

(а) Find the current which flows momentarily through the loop formed by the 
axle, the wheels, the rails, and a switch tie-rod (which joins the rails at the bottom) 
if the resistance of this loop is 0.01 ohm. Base calculations on I = E/R. 

(б) Which end of the axle is the positive terminal of the generator? 

3. A straight conductor 1 m in length moves northwest (45° from due north) in a 
horizontal plane at 20 m/sec in a region where Rvert. l^he earth’s magnetic field is 
4 X 10”^ weber/sq m; and Rhoriz. is 2 X 10~^ iveber/sq m directed due north. 

What is the potential difference between the ends of the conductor if the axial 
length of the conductor remains oriented in the N-S direction? 


Ah 

I 

I 

I 

I 

I 
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1—T 

I I 


"Bov=006 weber/sq m- 
-2 meters- 


! 1 i + ' 0 

I I Y 


I 


■ Bav=0.08 webec/sq m - 


-3 meters- 


Fio. 8. See Prob. 5. 


4. The horizontal t^oiiduclor (1 m in length) of Prob. 3 is assumed to rotate in a 
horizontal plane about a vertical axis which is located at one end of the rod, the speed 
of rotation being 10 rps. 

What is the time-averaged value of voltage difference between the ends of the 
conductor? 

5. The straight conductor shown in Fig. 8 is moving in a horizontal plane with its 
velocity directed at right angles to the plane of (and into) the page. The flux density 
distribution over the axial length of the 5-m conductor is as shown in Fig. 8, and only 
the vertical components of B which are shown are present. 

What is the electric potential of the B end of the conductor relative to the A end 
if the velocity is 50 m/sec directed inwardly as specified? 

6. A straight metal rod 1 m long rotates about an axis which is located at one end 
of the rod, the axis of rotation being perpendicular to the axial length of the rod. 
The entire area swept over by the rod possesses a uniformly distributed magnetic 
flux density of 0.01 weber/sq m directed at right angles to the axial length of the rod. 
Find the potential difference between the ends of the rod when the speed of rotation 
is 600 rpm. 

7. A magnetic flux of 10^ maxwells (or 0.1 weber) which initially links with a 200- 
turn coil is reduced to zero in 0.5 sec. 

What is the time-averaged voltage generated in this coil during the 0.5-sec period? 
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8. A coil of 1000 turns encircles the mid-section of a baf magnet, and in this posi¬ 
tion it is known that each turn is linked with 2510 maxw'ells of flux. The coil is 
stationary and the magnet free to move. If by some means the bar magnet is ejected 
from the neighborhood of the coil in a period of 1 sec, find the time-averaged voltage 
generated in the coil during the 1-sec period. 

9. In Fig. 3, page 259, assume that the bar magnet is being moved up to the face 
of the coil so that the B vec.tors (in the process of linking with the turns of the coil) 
cut across the conductors with velocities as shown. 

Check the direction of the generated voltage around the electrical circuit shown in 
Fig. 3 to be “in” at the top and “out” at the bottom by: (a) the right-hand rule 
which points the thumb opposite to the change-of-flux direction; (6) the “bend-of- 
flux” rule, thinking of the “bend” which either or Bz suffers just before “snapping” 
into the linkage position shown in Fig. 3; (c) the right-hand screw rule where the 
conductor velocity vector is turned to coincide with the B direction. 

10. Assume that a 100-turn coil encircles the mid-section of a cylindrical shaped 
permanent magnet, the cross-sectional area of which is 2 sq cm. It is known that the 
time-averaged voltage during the 0.5-sec period required to eject the coil from the 
vicinity of the magnet (say by stretched rubber bands) is 4 mv. 

(а) What is the flux density over the 2-sq-cm cross-sectional area of the magnet? 

(б) What flux emanates from the entire north pole region of the magnet? 

11. Refer to Fig. 4, page 263, where it will be assumed that the current in the mmf 
coil is so controlled that <^i expressed as a function of time is 

01 = 9.6< weber, for t in seconds, and 0 < f sec 

At the end of the J'^ 4 o-sec period, the exciting current attains a constant value after 
which 01 = 0.04 weber (constant). 

(o) What is the instantaneous voltage generated in Ai (of 3 turns) at t = 0.002 
sec? 

(6) What is the time-averaged voltage between terminals l' and 1 of the Ni coil 
during the first 1^40 sec after t = 0? 

(c) What is the instantaneous voltage between terminals l' and 1 at f = 0.005 
sec? 

12. Refer to Fig. 4, page 263, where it will be assumed that the current in the mmf 
coil is so controlled that 0i changers from zero (at t = 0) to 0.04 weber at ^ = }440 
sec linearly with respect to time. During this period 0i is directed downward as 
shown in Fig. 4, as is 02 which changes from zero (at ^ = 0) to 0.03 weber at f 

sec linearly. If terminal 1^ of the 3-turn coil is connected to terminal 2' of the 2-turn 
coil, find 

(a) the instantaneous voltage betw^een terminals 1 and 2 at ^ = 34so sec; 

(b) the time-averaged voltage between terminals 1 and 2 during the J 440 "Sec 
period between ^ = 0 and t — 3^40 sec; 

(c) the effective value of the voltage between terminals 1 and 2 if it is assumed 
that the flux variations are repeated cyclically each 3^40 sec. 

13. Refer to Fig. 9. A portion of the flux established in the surrounding neighbor¬ 
hood by the Aexc. (^oil when switch /S is closed is shown to link with a nearby coil. 
In a 0.2-sec period after switch S is closed the Aexc. coil establishes 0.5 weber of flux 
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(through its center section) of which 10 per cent is assumed to link with the nearby 
or “coupled” circuit. 

(а) During th(^ 0.2-s(^c interval required for the establishnuint of the flux, what is 
the change-of-flux direction through the coupled turns, up or down in Fig. 9, and in 
what direction is the generated voltage rise in the coupled circuit, clockwise or counter¬ 
clockwise? 

(б) What is the time-averaged value of voltage generated in the coupled circuit 
over the 0.2-sec period, if it is assumed that the effective number of “linking” turns 
of the coupled circuit is 4? 



Fig. 9. See Prob. 13. 


(c) When switch S is opened, dotis i 2 flow clockwise or counterclockwise around 
the coupled circuit? 

14. Refer to Fig. 6, page 266. If R = 200 maxwclls/sq cm, I = 30 cm, r — 10 cm, 
and the speed of rotation is 20 rps, find the time-averaged voltage generated in the 
2-turn coil over the 0.02-sec pcjriod which elapses between the time when the coil is 
in the t = 0 position and 0.02 sec later. 

15. Refer to Fig. 6, page 266, and assume that the axis of rotation is changed from 
the central position shown in Fig. 6-b to the lower coil-sid(^ position shown in that 
figure. Assume also that the two conductors which form th(^ lower coil side are of 
such small diametei: that they practically occupy this new axis of rotation. The 
known data are: / = 30 cm, 2r = 20 cm, B = 0.02 weber/sq m, rpin = 1200. 

(a) Determine the time-averaged voltage generated in the two-turn coil during the 
period of time required to (complete one-half revolution starting from the t = 0 
position shown in Fig. 6-a. 

(h) Show that the expression for eba as a function of time under this condition of 
operation is 

Cba = 0,3016 sin (407r0 volt 


16. Assume that the elementary generator-motor combination shown in Fig. 10 
operates under the following conditions with the generator armature conductor 
moving to the right, as indicated, under the influence of a prime mover. 


Generator Data 

Bgen. = 0.010 ohm 
^gen. = 6450 maxwclls/sq in. 
^gen. ~ 31.5 in. 

^^gen. = 105 ft/sec 


Motor Data 

Rm = 0.0156 ohm 
Bm = 3225 maxwells/sq in. 
Im = 63 in. 

Vm — 52.5 ft/sec 
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The combined series resistance of the armature conductors, namely, 0.0256 ohm, is, 
assumed to be the only resistance in the electrical circuit, and the flux densities are 
assumed to be uniformly distributed and directed as shown, ‘^out” in the case of the 
generator and ‘‘in'^ in the case of the motor. 



Fig. 10. A singkvc.onductor generator connected to a single-conductor 
motor. See Probs. 16, 17, 18, and 19. 


(a) Find the internally generated voltage in the generator conductor. 

(b) Find the back voltage generated in the motor conductor. 

(c) Find the terminal voltage of the motor. 

(d) Find the mechanical power developed by the motor in watts. 

17. What is the efficiency of the generator in Prob. 16 and what is the efficiency 
of the motor? Assume that all losses except the heat losses due to RP are negligibly 
small. 

Note: Since the power required to maintain the magnetic fields shown in Fig. 10 
is not taken into account, the efficiencies as here determined arc “armature’^ 
efficiencies. 

18. The generator armature conductor of Fig. 10 is attached to a prime mover 
which drives the conductor forward (to the right) and backward (to the left) in 
simple harmonic motion such that the displacement or distance (from some f = 0 
reference position) is 

a: = 2 sin (50 meters 

if t is expressed in seconds. 

The length of the generator armature conductor is 1 m, and the generator flux 
density (uniformly distributed) is 0.20 weber/sq m. 

(a) What is the value of the voltage generated in this conductor expressed as a 
function of time? 

(5) Describe the general nature of the motion of the motor conductor under this 
condition of operation. 
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19. Assume that the elementary generator-motor combination shown in Fig. 10 


is operating under conditions similar to 
operating conditions being: 

Generator Data 

■^gen. ^ 0 (negligibly small) 

^gen. — 0*20 weber/sq m 
^gen. = 1.0 m 
*^gen. = 10 cos (50 m/sec 


those described in Prob. 18, the specific 
Motor Data 

Rm = 0.04 ohm (only R present) 

B„t = 0.40 weber/sq m 
Im = 2.0 m 

= 2 cos (50 m/sec 


In the expressions for velocity, time t is to be expressed in se(!onds, thereby making 
the length of time of one complete cycle of motion 27r/5 sec. 

Find the time-averaged value of the mechani(;al power developed by the motor 
under the specified conditions of operation giv(ui above. Note: By time-averaged 
value in a case of this kind is meant the average? value? over any ce)mplete number of 
working cycles, that is, over any integral number of 27r/5-sec periods of time in this 
case. 



Fig. 11. A four-pole, fe)ur-c.e)nelue?te)r a-c generator of the revolving- 
field type. Sec IVob. 20. 


20. Consider the 4-pe:)le a-c generate)r shown in Fig. 11 in which the space distribu¬ 
tion of the magnetic flux density produced by the rotating field structure is 

B = ^max. sin a 

where ct is reckoned as zero midway lietwcen any two poles of the rotating field 
structure. 

The stationary armature winding in which voltage is generated consists of four 
active conductors which are spaced one jiole sjian or tt electrical radians apart, as 
shown in the dev(?loped diagram of the armature winding in Fig. 11. In order to be 
able to represent the spa(?e distribution of the magn(?tic flux density as simply 
B = ^max. sin a, it is plain that each pair of poles of the machim? must be considered 
as 27r electrical radians even though these 27r radians occupy only tt mechanical 
radians of the machine. The known data are: 

Bm&x. (in B = Bjn&x. sin a) is 1.0 weber/sq m 
effective axial length of each active conductor, Z = 25 cm 
speed of rotation = 1800 rpm 

radius at which conductors are from axis of rotation, r =* 20 cm 
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(а) What is the maximum instantaneous voltage which, appears at the terminals 
of the armature winding? 

(б) Write an expression for Bad as a function of time, choosing any arbitrary 
< = 0 reference time. (The angular velocity of this time variation must be expressed 
in electrical radians per second.) 

21. In Fig. 12, the conducting loop ABCD originally links with the flux of the 
horseshoe magnet, which is shown in cross-section by the N and S poles. The loop 
ABCD is moved to the right as indicated to a position where no flux is linked by this 
loop. During the movement to the right, the loop ABCD remains closed through the 
conductor E over which the clip end of loop ABCD slides. 

Is a voltage generated in loop ABCD during the movement of the loop described 
above? Explain. 




22. In Fig. 13, a metallic disk D is so located relative to the magnetic field estab¬ 
lished by the horseshoe magnet (N-S) that a portion of the flux passes through the 
metallic disk. 

(а) Will circulating current be established in the ABCD loop as a result of the 
rotation of the disk indicated in Fig. 13? 

(б) If a circulating current is established in the ABCD loop, in what direction 
around the ABCD loop is the current directed, clockwise or counterclockwise? 

(c) Can the phenomenon be explained on the basis of change of flux through the 
conducting loop? 




CHAPTER XI 


Ferromagnetic Circuits 


1. Ferromagnetism. The relative permeability jur, which originally 
entered into the definition of B (B = jLtoMrH), has thus far been con¬ 
sidered to be unity—the value which is applicable to the vast majority 
of material media. Of the chemical elements, only iron, nickel, and 
cobalt exhibit relative permeabilities which are essentially different 
from unity. These three elements (and a few specially prepared alloys 
of other metals) may under certain operating conditions exhibit values 
of Mr that exceed 100,000. In all cases where Mr is essentially different 
from unity, special methods of analysis must l)e employed because, 
where Mr is signifi(;antly different from unity, it is also far from being a 
constant. Materials like iron having relative permeabilities greater than 
unity are called ferromagnetic materials. 

In the unmagnetized state, ferromagnetic materials may be thought 
of as consisting of billions of tiny current loops per cubic centimeter 
which are oriented at random as pictured in Fig. 1. In a totally random 
state, these current loops which are due to spinning electrons do not 
make themselves felt outside the material because the mmf^s produced 
by the loops are 'canceled so far as the outside region is concerned by 
the hit-and-miss orientations of the billions of loops. Any path that 
might be selected through the material would encounter as many + to 
— magnetic batteries as it would — to + magnetic batteries; therefore, 
by the circuital law of magnetism, the resultant H vector around any 
closed loop which passed through the unmagnetized material would 
experience a net magnetic potential rise of zero. 

The molecular structure of most materials is such that the mmf^s 
produced by the current loops within the molecule are completely 
canceled owing to the balanced manner in which these tiny current 
loops are aligned within the molecular or atomic structure; or, as the 
physicist might say, the electron spins are balanced in most materials. 
But in iron, nickel, and cobalt these tiny current loops are not balanced, 
and as a result molecules of these materials can be aligned by the 
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•magnetic forces which act on the current loops when these loops are in 
the presence of a magnetic field. 

The tiny current loops in ferromagnetic materials experience magnetic 
forces which tend to so align them that the faces of the loops are normal 
to the magnetic lines Ho of the external field as shown in Fig. 2. Since 
these current loops are themselves sources of magnetic flux, ferro¬ 
magnetic materials introduce additional mmf into the H paths which 
pass through these materials and thereby increase the magnetic flux 
density over the value which would be present in this same region had 
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Fig. 1. Random-directed sub- Fig. 2. Current loops partially aligned 
atomic current loops in t he under the influence of Hq. 

unmagnetized state. 


the ferromagnetic material not been present. The manner in which this 
increase in flux density is accounted for is the subject of the following 
section. 

2. Relative Permeability \Lr> In free space (or in most materials) the 
magnetic flux density (in mks units) is 

Bo = moHo free-space webers/sq m (1) 

where mo is the permeability of free space (47r X 10“^ in rationalized mks 
units) 

Ho is the free-space value of the magnetic field intensity expressed 
in amperes per meter and which has previously been symbolized 

as H. 


By assigning to ferromagnetic materials a relative permeability which is 
greater than unity, the increase in B due to the internal mmf^s possessed 
by these materials may be taken into account, without the necessity of 
performing the impossible task of counting the billions of tiny magnetic 
batteries which are inherently present in ferromagnetic materials. The 
procedure is simply to write 


B = MoMrHo 


or 


Mr = 


B 

MqHo 


^0 


( 2 ) 







282 


FERROMAGNETIC CIRCUITS 


where B is the magnitude of the resultant flux density in the ferro-. 
magnetic material and /?o is the free-space magnitude of the flux density 
which would result if the material were replaced by free space and subjected 
to the same value of Hq. 

Although this method of accounting for the increase in flux density is 
algebraically simple, it has certain practical limitations. An example of 
the complications which may arise from the introduction of a piece of 
iron into an otherwise uniformly distributed magnetic field is shown in 
Fig. 3. The internal current loops of the iron molecules (or crystals) 
become oriented under the influence of //o and in so doing become a seat 
or source of magnetic lines lie which disrupt the original flux distribution 
in the region nearby as shown in Fig. 3-b. It will be observed that the 



(o) SHOWING BOTH H^ AND Hg (b) SHOWING THE RESULTANT OF %+H^ 

Fig. 3. Illustrating the effect of introducing a short piece of ferromagnetic material 
into an otherwise uniformly distributed magnetic field. 


flux density (as represented by the space density of the lines drawn in 
Fig. 3-b) is about twice as great in the iron as it was in this space before 
the iron was introduced, indicating that the relative permeability of the 
iron is about 2. This same piece of iron might, if operated under different 
conditions exhibit, /x/s higher than 10''’, the reason being that the 
arrangement shown in Fig. 3 is not well adapted to obtaining a high 
ratio of B/Bq. 

Since magnetic flux lines must be continuous, it is physically im¬ 
possible to have a large resultant flux density B in the piece of iron 
shown in Fig. 3 without at the same time having a high value of Bq. 
Physical arrangements which are better adapted to obtaining high ratios 
of B/Bo (and hence high values of Mr) are given in the following sections 
of this chapter. 

Example. Let it be required to find the relative permeability of the iron 
sheath under the operating conditions shown in Fig. 4 if it is known that the 
flux threading through the iron sheath per meter axial length of sheath is 
5.6 X 10^ maxwells. 
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The space-averaged value of the actual or resultant flux density in the iron^ 

sheath IS (5.6 X 10') (10"*) , 

5 = — =-= 0.28 weber/sq m 

A (1.0) (0.002) 


An application of the circuital law of magnetism to the symmetrical arrange¬ 
ment shown in Fig. 4 will show that 



Fig. 4. A long straight current-carrying conduc'tor surrounded by an iron sheath. 


at the center of the iron sheath. For the narrow sheath employed in this case, 
the above value of Hu represents a fairly good space-averaged value of Ho 
throughout the entire region occupied by the sheath. 

Bo = fioHo = (47r X lO-*^) = 2 X 10“'* weber/sq m 

B 0.28 , 

Ur — — =-: = 1400 (a numeric) 

^ Bo 2 X 10“' 

These equations mean that the resultant value of B (and hence of 0) in the 
iron sheath is 1400 times as great as the value of Bo (and hence 0o) which 
would have existed in this same region had the iron sheath not been present. 

In many practical cases the important problem is the reverse of that 
presented in the above example, namely, given data from which /Xr 
and Hq may be evaluated, find the resultant flux density in magnetic 
materials and the magnetic flux which pierces some particular cross- 
sectional area of this material. In most practical problems, the data 
come to us in such a way that the actual evaluation of Mr is unnecessary, 
as will be shown presently. 

3. Incremental Permeability. The relative permeability defined in 
equation (2) is sometimes referred to as the d-c permeability to dis¬ 
tinguish it from incremental (relative) permeability which is symbolized 
and defined by 

AB AB 
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As implied by the A's, incremental permeability is a measure of the 
change in (A^), relative to the change in (mo which pro¬ 

duces the change in B, 

The importance and physical significance of incremental permeability 
will be established more clearly in the following chapter, where it is 
shown to be a significant factor in determining the self-inductance of 
iron-cored coils which are energized with a current composed of both 
a d-c component (which establishes a Mr) and an a-c component (which 
establishes a A^r). 

4. Behavior of Magnetic Flux in and near Iron Cores. In order to 
have an intelligent understanding of the approximations which are made 
in reducing iron-core magnetic problems to simple circuit problems, 



some knowledge of the behavior of magnetic flux in the vicinity of iron 
cores is essential. We can readily visualize the magnetic paths which 
cross the air gap in Fig. 5 along the B\ paths as crossing the boundary 
between the iron pole and the air in straight parallel lines. In this center- 
of-pole region the associated H vectors undergo a decided change in 
magnitude but no* change in direction since they cross the boundary at 
right angles. 

From the fact that the normal component of B, (Bn), is continuous 
as it crosses a boundary from a region of Mri to a region of Mr 2 , it follows 
that the normal components of H, (//n), must suffer an abrupt change 
in magnitude which is inversely proportional to the on either side 
of the boundary since Hn = Uo^irBn. In Fig. 5, for example, Hn may 
increase by a factor of 100 or more as it crosses the boundary from the 
top of the iron pole into the air gap. Since Bn = goMn^^ni = MoMr 2 ffn 2 , 

Hn2 Mrl ..v 

— = — (4) 

^711 Mr2 

Some of the total flux linking with the mmf coil of Fig. 5 is shown as 
fringing out at the air gap along the Bz paths. The H vectors which are 
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associated with the B 2 paths have both normal .and tangential com¬ 
ponents to the boundary between the iron core and the air. The H 
vectors in this case suffer both change in magnitude and change of 
direction as they cross the boundary. 

The change in magnitude and direction of the H vectors as they cross 
from a jUri region to a Mr 2 region is shown in Fig. 6, where it is assumed 
that the tangential components {Hi cos ^ 1 ) and {H 2 cos $ 2 ) are equal; 
since the H Ai magnetic potential drop between two points on the 
boundary surface is either H 2 cos 62 Al or Hi cos 61 Al as indicated in 



Fig. 6. Illustrating the change in magnitude and direction of an H vector as it 
crosses from a g,! region to a ^^2 region. 


Fig. 6. An interpretation of Fig. 6 will show that on the basis of 
= H 2 cos $2 

tan $1 __ Hi sin 0 i __ Hn\ _ Mr 2 
tan $2 H 2 sin 62 Hn 2 Mri 
or 

Mrl 

tan 02 = — tan di 

Mr2 

Thus if Mri is relatively large and the iir 2 region is air, a flux line (either 
H or B) may approach the boundary surface from inside the /Xri region 
at a very small angle (0i) and yet leave this boundary surface at an angle 
which approaches 90°. 

The actual distribution of the magnetic flux in an air-gap region 
between two ferromagnetic surfaces is difficult to determine but it can 
be estimated reasonably well by means of magnetic field maps. Magnetic 
field maps show magnetic flux lines crossing planes of equal magnetic 
potential at right angles in the same manner as electric field maps show 
electric flux lines crossing planes of equal electric potential at right 
angles. 

It is by means of field niaps that designers have worked out approxi¬ 
mations (which we shall presently apply) to account for the fringing of 
magnetic flux at air gaps. A map of this kind is shown in Fig. 7 for the 
air-gap region between the pole and the armature teeth of a rotating 


Hi cos 

( 5 ) 

( 6 ) 
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electrical machine. Since the method of constructing a map of this kind 
is identical with the curvilinear-square method previously considered, 
the details of the method will not be repeated here. It should be noted, 
however, that the flux lines in Fig. 7 either enter or leave the iron surfaces 
(shown in heavy lines) at essentially 90° in all places along the iron surfaces. 



Fig. 7. Curvilinear-square map of the magnetic field in the air gap between the 
pole face {ah) and the armature teeth (cejihd) of a rotating machine. 

Use is made of equation (6) at a point like e along the side of the tooth 
where Hie approaches the tooth surface at an angle of 10° and enters 
the air gap as H 2 c at an angle 02 = 87° as determined by equation (6). 

6. Elementary Magnetic Circuit Concepts. In magnetic field theory 
each path traced out by an exploring compass is actually a magnetic 
circuity and in this sense there is an infinite number of parallel magnetic 
circuits that link with the current loops NI which establish the mag¬ 
netic field. Obviously, this infinite number cannot be handled quanti¬ 
tatively, so we think of 1 maxwell or 1 weber of magnetic flux as a tube 
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of finite dimensions which closes on itself and which contains all the 
magnetic paths that could possibly be traced out, without crossing the 
boundary surface of this closed tube. The closed tube may have any 
cross-sectional area At which we choose, and our choice depends on the 
quantity of ma^etic flux A<l> which we wish to have contained within 
the closed boundary surface of the tube. However, A0 having been 
selected, the tube will be of such dimensions that the cross-sectional 
area A t at all points along the length of the tube will equal A(l>/Bt, where 
Bt is the space-averaged flux density over the cross-sectional area At. 
Since magnetic flux lines from the outside can never enter the tube 



Fic. 8. An olcinentary magnetic circuit. 


(because it is bounded by flux lines and these lines cannot cross), At 
grows larger in regions where the field spreads out and Bt grows smaller, 
and vice versa. 

A good approach to a tube of magnetic flux of constant cross-sectional 
area is the region which is surrounded by the distributed coil shown in 
Fig. 8. In this case it is plain that the magnetic field intensity Ho is 
directed along circular paths which range in length from 27r(r — 0.5d) 
to 27r(r + 0.5d) and that, if d < < r, the value of Hq along the 2irr 
path is a good space-averaged value of the magnetic field intensity 
throughout the region bounded by the turns of wire. Applying the cir¬ 
cuital law of magnetism to the 27rr circular path in Fig. 8, we find that 
the mmf linked with this path is NI amp-turns. Hence 

NI 

Hq = “— amp-turns/m (7) 


and 


Bq = fioHo = po -j- 


(8) 
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■wlvete I is the length of the magnetic circuit, namely, 2vr m. 

■D = ftOl^T ~ ~ ^~l' (9) 


where MoMr is symbolized as /i simply for convenience in writing. 

The amount of magnetic flux crossing any of the Td^/4: cross-sectional 
areas of the magnetic circuit shown in Fig. 8 is 


0 = BA = iL -j- A 

which may be rearranged to read as follows 

NI mmf 



iiA 


( 10 ) 


( 11 ) 


dt = l/fjiA is called the reluctance of the magnetic circuit. The analogy 
between = l/iJiA and resistance R = l/yA = p{l/A) is clear, and, 
even though equation (11) is sometimes referred to as Ohm's law of 
magnetic circuits, the relationship is rather useless from a practical 
point of view. In order to find 91, jur must be evaluated, and in most 
practical magnetic circuit problems the solutions are obtained before 
Pr can be evaluated. 


Example. Let it be required to determine the flux which crosses any ircP/A: 
area in the region bounded by the current-carrying coil in Fig. 8 under the 
following conditions. 

N = 1200 I = 100 ma d = 0.04 in r = 0.20 m 


The relative permeability Pr for this particular iron core energized with 120 
amp-turns is 8330. 

The last bit of information is usually lacking in practical problems, and it 
causes this method of evaluating magnetic flux to be of little consequence. 
The magnetomotive force acting on the 27rr circular path is 

mmf = NI = 1200 X 0.10 = 120 amp-turns 

which in this case is analogous to a long battery of 1200 cells (each of 0.1 
amp-turn potential) short-circuited on itself. 

The reluctance of the magnetic path is 

_ 27 rr ^ _ 27 r( 0 . 20 ) _ 

~ lxA~ /wd^\ ~ (47r X 10-’)(8330)(0.00047r) 

9i = 95,700 (rationalized mks units of reluctance) 
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"No naitie \\as V)een gWen to cither the rationalized or unrationalized inks unit 
of reluctance but since it is dimensionally mmf/flux we may call the ration¬ 
alized mks unit of reluctance amp-turns/vveber. In this particular case the 
reluctance of the circuit corresponds to the internal resistance of the short- 
circuited battery, and in order to find the magnetic flux which is analogous 
to the current that would flow through the short-circuited battery we employ 
equation (11): 

^ ^ _120_ ^ ^ 257 X 10-* weber (or 125,700 maxwells) 

95,700 , • 

6. B^H Curves. Since the increase in flux density which is produced 
by the alignment of the sub-atomic current loops in ferromagnetic 



Fig. 9. (Icneral shape of B-H curve showing the contribution (to the resultant B) 
of the ferromagnetic material. 

materials cannot be determined theoretically, recourse must be had to 
experimental data which are usually presented in the form of a curve of 
resultant flux density B, for a particular material, plotted versus the 
magnitude of H which is employed to produce B. These curves are 
known as B-H curves, the general shape of which is shown in Fig. 9. 

Although -Bo (= moB^o) versus i/o is a straight line, the resultant B 
in ferromagnetic materials (B = Bo + Be) versus Hq is far from being 
a straight line. The lower knee of Fig. 9 (near Bo = 0) indicates that 
the orientation of the sub-atomic current loops is not so pronounced at 
very small values of Bo as it is for slightly greater values of Bq, where 
an increase of Bo is accompanied by a rapid and almost linear increase 
in the resultant flux density B. This mid-portion of the B-B curve, 
where B increases rapidly for small changes in Bo, is the portion normally 
used in practice; it is referred to as the straight-line portion of the B-H 
curve even though it is usually not so straight as the portion of the curve 
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beyond the upper bend of the curve. The high values of and the 
accompanying high values of exciting current usually make it unprofit¬ 
able to use the material above the upper bend or knee of the curve. 

The upper bend between the two straight-line portions of the B~H 
curve indicates that a saturation effect is present beginning near the 
lower end of the upper bend. The indication is that the ferromagnetic 
material is failing to provide any further increase in the resultant value 
of the flux density B. In other words, all the sub-atomic current loops 
which are going to line up readily under the influence of the magnetizing 
force Hq have done so at the Ho value which gives a maximum Bf.. It 
will be realized that, with the billions of tiny current loops which are 
involved, the saturation point is not clearly defined, but for all practical 
purposes the ferromagnetic material has contributed all the increase 



Fig. 10. Experimental method for det/ermining B-H curves. 


in B that it is cajiable of at the upper end of the upper bend of the B-H 
curve. The point where saturation is essentially complete is shown in 
Fig. 9, where the Be ordinate is labeled. 

7. Experimental Determination of B-H Curves. Several experimental 
methods are available for obtaining the B versus H relationship of 
ferromagnetic materials. One of these methods is indicated in Fig. 10. 
Although the method shown in Fig. 10 is not well adapted to high¬ 
speed production of B-H curves, it is one of the more accurate methods 
and, since it is inherently a very simple method, the details will be 
considered briefly. 

The magnetic circuit shown in Fig. 10 is essentially the same as the 
magnetic circuit shown in Fig. 8 with a second coil of Ng turns encircling 
the flux established by the distributed primary winding of N turns. The 
two coils are not connected electrically in any way. 

Since a ballistic galvanometer reads in direct proportion to the 
amount of charge (Qg = IgAt) which passes through it, a ballistic gal¬ 
vanometer may be used to measure change of magnetic flux in the fol¬ 
lowing manner. 
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When the primary current (/ in Fig. 10) is either established or 
reduced to zero in a short period of time, say A^, 

deflection of the galvanometer, D = KiQg = Kilg At (12) 

where Ki depends solely upon the construction of the galvanometer. 

The voltage which is generated in the Ng coil by the change of flux 
which accompanies any change in the exciting current I is 

A</) 

Eg = Ng— (time-averaged value) (13) 


The time-averaged value of current which flows in the galvanometer 
circuit having Rg ohms of resistance is 


j — ^-2. — ^^ 

^ ~ Rg~ RgAt 

By combining equations (12) and (14) we have 


D = 




Ng A<t> 
Ra At 


At 


Ng Aij) 
K 


(14) 


(15) 


where A = Rg/Ki is the galvanometer sensitivity which can readily be 
determined as shown in the following example if it is not already known. 
Knowing K, we know the change-oj-jlux linkage in the galvanometer 
circuit per scale division of tlie galvanometer reading. 

The magnetizing force //o in the sample which is under investigation 
is simply 

NI 

Hq = -— amp-turns/unit length (16) 

27rT 


and if r > > a, as is assumed in equation (16), the space-averaged 
value of the magnetic flux density in the sample is 


A<^ KD 

T ^ iv^ 


(17) 


where A(= ah in Fig. 10) is the cross-sectional area of the sample. 

Thus Ho (or simply H) can be measured in terms of N, /, and r; and 
B in terms of A, Z>, Ng^ and A. A series of readings may be taken and 
the results plotted in the form of a B-H curve, and it is in the form 
of B-H curves that the experimental results are usually presented. 
(See Fig. 11.) Some of the refinements which are at times employed in 
space-averaging H and B when r is not large as compared with a in 
Fig. 10 are considered in Prob. 13 at the close of the chapter. 
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Example. Let it be required to find the sensitivity of a galvanometer 
arranged as shown in Fig. 10 from the following data: 

Non-ferromagnetic core dimensions: r = 20 cm, a = 4 cm, 6 = 5 cm 
Number of turns of magnetizing winding, N — 1000 
Number of turns of galvanometer test coil, Ng = 500 


An incremental change of 1 amp of magnetizing current I is observed to 
be accompanied by a galvanometer deflection D of 10 scale divisions. 



Fig. 11 . B-H curves of two different metals. 


The change of magnetic flux which in turn accompanies a galvanometer 
deflection of 10 scale divisions may be calculated straightforwardly from the 
known data. For an incremental change of 1 amp of exciting current 


A//o 


NM 

27rr 


(1000) (1) 2500 , , 

- -=- amp-turns/m 

27r(0.2) TT 


along the 27 rr path of Fig. 10. The associated change in flux density is 

2500 

AR = = 47r X 10”^- = 10”^ webers/sq m 
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or 10 maxwells/sq cm since galvanometer sensitivities are usually reckoned in 
maxwell-turns per scale division. 

A</) = (A/i)A = 10(4 X 5) = 200 maxwells 
Hence the galvanometer sensitivity follows directly from equation (15) as 

Ng^4> 500 X 200 . 

----^ 10,000 maxwell-turns/scale division 

D 10 

8. Secondary Units of B and H that Are Used in Practice. B~H curves 
are very seldom given in webers per square meter plotted against ampere- 
turns per meter because various secondary units of B and H are well 


TABLE I 

Magnetic Flux Density B 


Jv. Multiply B 
number 

to 

obtain 

BinJ \ 

gauss 

or 

maxwells/sq cm 
or 

lines/sq cm 

maxwells/sq In 
or 

lines/sq in 

webers/sq m 

gauss or 
lines/sq cm 

1 

ai550 

10^ 

lines/sq in 

6.452 

1 

6.452x10^ 

webers/sq m 

10“^ 

aissoxio-^ 

1 


established and are used by practicing engineers. The solution of practical 
magnetic circuit problems recpiires a knowledge of these secondary units 
to the extent at least of being able to visualize the relative sizes of these 


TABLE II 

Magnetizing Force H or Magnetic Potential Gradient 


Multiply H 
'^'^KSs^n number 

to 

obtain 

Hinj ^ 

gilberts/cm 

or 

oersteds 

amp-turns/in 

amp-turns/m 

gllberts/cm 

1 

CX4950 


omp-tums/in 

2J02I 

1 


amp-turns/m 

79.58 

39.37 

1 


units. The secondary units of B and H most commonly used are shown 
in Tables I and II together with the primary units of B and H in the 
rationalized mks system of units which has been employed almost ex¬ 
clusively in this text. 
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Some use has been made of the fact that the maxwell (or line) of 
magnetic flux as a unit of measure is 10~® times smaller than the weber. 
When the term line is used quantitatively it is understood that a tube 
of flux containing 1 maxwell is actually meant. The maxwell per square 
centimeter is the primary unit of magnetic flux density in the ab-cgs 
system of units and is often called a gausa, as shown in Table I. Any 
of the conversion factors shown in Table I can readily be substantiated 
if it is recognized that webers/line = 10“"®, sqm/sqcm = 10”^, and 
sq in./sq m = 0.155 X 10^. For example, in the conversion from lines 
per square inch to webers per square meter one merely writes 


(No. of) 


webers 
sq m 



webers 



H 

sq m 


lines 
—X 
sq in. 


10-® X IP.155 X 10^) 


Then, as Table I indicates, to obtain -B(webcr8/8q m) multiply -S(iines/sq in.) by 
the factor 0.1550 X 10"“^. The other conversions shown in Table I follow in 
a similar manner.^ 

The gilbert is the primary unit of mmf in the unrationalized ab-cgs 
system of units, and as a unit of measure it is 1.257 (or 0.47r) times 
smaller than the ampere-turn which has been used throughout this text 
and which is a much more logical unit from a practical point of view. 
If it is recognized that 

(No. of) gilberts = 1.257 or = 1.257 (18) 

amp-turn 


any of the conversions shown in Table TI may he evaluated. For ex¬ 
ample, to convert H expressed in gilberts per centimeter to H in am¬ 
pere-turns per meter we write 


(No. of) 


amp-turns 

m 


amp-turns fija 


gilberts 1 
cm ^ 1.257 


X 100 


Then, as Table II indicates, to obtain //(amp-tums/m) multiply //(gi,berte/cin) 
by the factor 100/1.257 or 79.58. 


Example. Let it be required to evaluate the relative permeability of the 
two grades of metals for which the B-H curves shown in Fig. 11 apply; the 

^ The general method of presentation shown in Tables I and II is adapted from 
Eshbach’s Handbook of Engineering Fundamentals^ John Wiley and Sons. 
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evaluation to be performed at R = 10,000 gauss = / 10,000 maxwells/sq cm 
= 1 weber/sq m. 

In evaluating fXr = BfBo = B/ /4o//o, B’s must be expressed in tJie same 

units. 

Since po is unity in the unrationalized ab-cgs system of units and since 
gauss and gilberts per centimeter are primary units of B and H respectively 
in this system of units, the curves are well adapted to this system of units. 
Thus 

Pri (of Allegheny electric metal) = —^ ~ ^ ~ = §339 

PqHq Ho 1.2 

/ir 2 (of transformer grade steel) = —^ - = 3850 

M0//0 Ho 2.6 

As an example of conversion of units, we shall make these same evalua¬ 
tions in rationalized inks units where B = 10,000 gauss = 1 weber/sq m. In 
this case, we first find Ho = H in ampere-turns j)cr meter, as 

(amp-turns/m) 1 ~ (giiberts/cin)i X 79.58 = 1.2 X 79.58 = 95.5 amp-tums/m 
IT(aini>-turn 8 /in )2 ~ (Kiiberts/cm )2 X 79.58 = 2.6 X 79.58 = 207 amp-tums/m 
Then 


B 

1 

= 8330 


(47r X 10~^)(95.5) 

B 

1 

= 3850 


( 47 r X 10-’) (207) 


The symbol which has been used thus far in this chapter to 
emphasize the fact that it does not include the mmf rise produced by 
the sub-atomic current loops in the ferromagnetic material is generally 
referred to simply as //, the understanding being that H = the 

free-space value of H produced only by the exciting coil (or coils) which 
energize the magnetic circuit. 

9. Simple Magnetic Circuit Homogeneous in the I Direction. Many 
magnetic cores employed in transformers and other magnetic devices 
are rectangular in shape as indicated in Fig. 12 and are composed of 
thin laminations of sheet steel, often of No. 29 gage material which is 
0.014 in. in thickness. In reducing the arrangement shown in Fig. 12 to 
a simple circuit, two assumptions are made: 

( 1 ) The leakage flux which links with the exciting winding but 
which does not follow the circuit path of length I is of no significance in 
determining the useful flux (t>M • 

( 2 ) The insulation on the surface of the stacked laminations (which 
is often only a naturally formed oxide) reduces the stacked core to an 
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equivalent solid core by a stacking factor (S.F.) which has a value which 
ranges between 0.85 and 0.95 depending on the thickness of the lam¬ 
inations and the amount of insulation present on the surface of each 
lamination. 


In (1) we are saying that the H Al magnetic potential drop caused by 
the leakage flux is negligible in so far as it affects the HI drop due 
to <I>M around the entire length of the core. The small effect of a slightly 

higher value of H in the section of 
the core through which both </)ii 
and exist tends to make 
actually less, by about 1 or 2 per 
cent, than our calculated value 
will be if the calculated value is 
determined on the basis of a simple 
series circuit. 

In (2) we neglect the flux which 
arrives at the leg opposite the ex¬ 
citing coil by way of the non¬ 



Fig. 12. Simple magnetic circuit, ho- 
mogeneouKS along the I dimension. 


ferromagnetic insulation which is, of course, in parallel with the solid 
iron paths. This flux would in most cases be less than pGr cent of 
the <t)M which exists in the solid iron, and whatever its value it tends 
to compensate for the approximation made in (1). 

To the accuracy which can be expected where B~H curves are used, 
the above assumptions are wholly justified, and as a result of mak¬ 
ing these assumptions we have reduced a very difficult problem to 
a very simple one. In order to find <t>M for a specified value of NI (of the 
exciting coil) threp simple steps are required: 


(1) Find H = NI/l 

(2) With due regard for the units of H, look up B (on the B-H 
curve) which corresponds to this particular value of H. 

(3) Find (t>M = ^^net = ^-4groB8(S.F.), where S.F. means stacking 
factor. 


In order to find NI which is required to establish a specified value of 
4>m, the above procedure is reversed as shown below: 

(1) Find B = = <^>iW'Mgro88(S.F.). 

(2) With due regard for units, find the corresponding value of H 
from the B-H curve which is applicable to the specified material. 

(3) Find NI as [^f(amp-turn8/u.i.) X 1] where u.l. refers to the unit lengths 
used in expressing H, 
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Example. Let it be required to find the ampere4urns of the mmf coil in 
Fig. 12 which are needed to establish 822 kilolines of useful flux under the 
following specified conditions: 

I = 30 in. Agross = 3 X 4 = 12 sq in. Anet = 12 X 0.9 = 10.8 sq in. 


The core is stacked with No. 29 gage Allegheny transformer grade steel sheets 
which stack with a stacking factor of 0.9 in this case. 

822 000 

(1) B = - - -= 11,800 lines/sq cm (or gauss) 

^ ' 10.8 X 6.45 

(2) From curve E, Fig. 11, 

H = 4.9 gilberts/cm (for B = 11,800 gauss) 

From Table II, 

H(a,t./ln.) = -H(giibert8/om) X 2.02 = 4.9 X 2.02 = 9.9 


(3) Required NI = H(at./in.) ^in. = 9.9 X 30 = 297 amp-turns 


The result obtained is plainly not more accurate than the accuracy with 
which the B-H curve can be read; therefore a two-significant-figure result 
should probably be stated as 300 amp-turns. 

A core 30 in. in length of the kind considered in the above example 
would not be truly homogeneous in the I direction if it were stacked 
with either two L-shaped laminations or with four straight pieces of 
laminations along the I direction. In either case the lamination insulation 
or the butt joints (or both) would introduce small air gaps into the flux 
paths in the I direction, and these air gaps even though very short in 
length might have a pronounced effect upon the number of ampere-turns 
required to establish a specified amount of magnetic flux in the core. 

Transformer cores are, however, sometimes constructed by employing 
a continuous lamination (threaded around and around) through the 
coils, and in this type of core the magnetic circuit is homogeneous in 
the I direction, as has been assumed in this section. 

10. Series Magnetic Circuits with Air Gaps. Many of the magnetic 
circuits employed in practice have air gaps in them across which the flux 
must pass. The magnetic circuits of rotating electrical machines, for 
example, must contain air gaps to permit rotation. 

The introduction of an air gap into a magnetic circuit complicates 
the situation to some extent. In order to solve for the air-gap flux in 
Fig. 13 by simple circuit methods, the length of the air gap la must 
be relatively short compared to either dimension of the gross cross- 
sectional area of the ferromagnetic material which forms the core into 
which the air gap is introduced. 
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If la in Fig. 13 is less than about 10 per cent of the shorter of the two 
dimensions of A, the fringing of the flux which is inevitably present at 
the periphery of the gap may be accounted for quite accurately by in¬ 
creasing the gross cross-sectional area of the air gap (over that of the 
ferromagnetic material) as 


effective air-gap area Aa = (a + la)(b + la) (19) 

where a and b are the dimensions of the gross cross-sectional area of the 

ferromagnetic core. (In Fig. 13, 



= a X b.) 


Fig. 13. 


Series magnetic circuit with ^lir gap 
in the path of the flux. 


After the approximation 
given in equation (19) has 
been made, the problem of 
finding the ampere-turns re¬ 
quired to establish a specified 
value of air-gap flux (pa is 
straightforward. 

(1) Find Hilf for the ferro¬ 
magnetic material for the speci¬ 
fied value of (pa as shown in the preceding section; Bi = <Pa/Ai^not) 
locates Hi on the B-H curve. 

(2) Calculate Halo = (Ba/fH))la for the gap (where Ba = (Pa/Aa)^ 
equation (19) being employed to find Aa> 

(3) Required value of NI = {Uik + //a4) by the circuital law of 
magnetism; it is assumed, of course, that the //^s are expressed in ampere- 
turns per unit length and that the /’s are expressed in these same unit 
lengths. 

The problem of finding (pa for a specified value of NI (of the exciting 
coil) is not a straightforward problem, but it can usually be solved by 
means of three or four well-chosen sets of calculations. The calculations 
must be made with a view toward satisfying two conditions: 


(1) 4>a = (pi and (2) Hdi + Hala = HI (specified) (20) 

Either trial-and-error methods may be employed to satisfy these con¬ 
ditions, or the graphical method shown in Fig. 14 may be employed. 
The graphical method shown in Fig. 14 is the same as that which is 
widely used in vacuum-tube circuits where the tube is the non-linear 
element and a fixed resistor in series with the tube is the linear element. 
In the present case, the core is the nvm-linear element (since (pi is not 
directly proportional to mmf^), and the air gap is the linear element 
(since (pa is proportional to mmfo). 

Since the graphical method shown in Fig. 14 can be used to advantage 
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wherever non-linear circuit elements are involved, this method will be 
employed in meeting the two conditions stated in (20). 

(1) Lay off the specified value of NI along the mmf axis of Fig. 14 
and recognize that Hik (measured from 0) plus HJa (measured back¬ 
ward or to the left from the NI point) must equal NI. 

(2) Arbitrarily select any value of <l>p for the purpose of finding one 
point on the linear <t> versus HJa graph. Then 

-^la) 

/ for point p 

(3) Plot point p in Fig. 14 by measuring {Hala)ioTv 

the NI ordinate along the (t>p abscissa as shown. This point and the 



Fig. 14. A method for finding </>„ when NI is specified. 

point {NI, 0) determine the straight </> versus HJa graph shown in 
Fig. 14. 

(4) Determine Hili for three or four assumed values of </> such that 
the <l> versus Hik points thus determined will, when plotted, either result 
in the 0 versus Hik curve intersecting the versus HJa line or be close 
enough to this straight line so that by extrapolation the point of inter¬ 
section can be found. 

An examination of Fig. 14 will show that the point of intersection of 
the <l> versus Hik curve and the 0 versus HJa straight line meets both 
requirements stated in (20) above, and therefore <^o, the air-gap flux, 


{Hala)ic 


r p ^ 
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for a specified value of NI is determined. In certain cases it may be 
simpler to solve the problem by trial-and-error methods, but the method 
shown in Fig. 14 is useful here in that it shows clearly what these trial- 
and-error calculations are attempting to accomplish. 

Example. Let it be required to find the magnetic flux crossing the air gap 
of Fig. 13 if a 200-turn coil carrying a current of 1.5 amp energizes the mag¬ 
netic circuit which is known to consist of 

U = 30 in. la = 0.03 in. 

Agross = 3 X 4 sq in. core 

Ai = 0.9 X 12 = 10.8 sq in. 


The core material is that for which curve E of Fig. 11 is applicable. 

(1) In this case NI of Fig. 14 is 200 X 1.5 = 300 amp-turns. 

(2) We arbitrarily select <t)p — 200,000 maxwells in order to determine p. 

Aa = (3.03) (4.03) = 12.2 sq in. (or 78.5 sq cm) 


„ 200,000 / 

Ba = --= 2550 maxwells/sq cm (or gauss) 

78.5 


Ha 


B( 

— = 2550 gilberts/cm (or 5150 amp-turns/in) 
Po 


since, for maxwells per square centimeter and gilberts per centimeter, po = 1. 

(3) 


(Hala)foTp = 5150 X 0.03 = 155 amp-turns 


which is laid off to the left from NI = 300 amp-turns in Fig. 14 along the 
arbitrarily selected •<t>p = 200,000 maxwells line. Point p and (300, 0) deter¬ 
mine the straight line graph of (f) versus IIala, a-nd this graph when read/row 
the NI point tells us how much of the total mmf is being consumed in the 
air gap. 

(4) We now calculate one point on the </> versus IIiU curve shown in Fig. 14 
for an assumed value of 0 = 300,000 maxwells. 

^ _ 43 QQ inaxwells/sq cm (or gauss) 

10.8 X 6.45 ^ V 6 / 

Hi — 0.8 gilbert/cm (or 1.6 amp-turn/in.) from B-H curve 
Hik = 1.6 X 30 = 48 amp-turns 


At 0 = 300,000 maxwells the air-gap magnetic potential drop will be 


- X 155 = 233 
2 


amp-turns 
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as determined from Fig. 14, if the plot is actually constructed, or by propor¬ 
tion, employing the result obtained for the air gap at 0 = 200,000 maxwells 
in (3) above. 

Since 48 and 233 amp-turns do not add to 300 we know that the assumed 
value of 300,000 maxwells is somewhat too low, so we repeat the above calcula¬ 
tions for an assumed (f) of 325,000 maxwells and find no readable change in 
Hi (due to the shape of the B-H curye). Therefore 

Hik = 48 amp-turns (essentially the same as before) 

325 

HJa — — X 155 = 252 amp-turns 
200 

Since HiU + HJa = 300 amp-turns, the problem is solved, and the result is 
</>a = 325,000 maxwells. 

11. Parallel Magnetic Circuits. For the case of two independent mag¬ 
netic circuits energized with the same mmf coil of NI amp-tums as 



shown in Fig. 15, the two circuits are in parallel with respect to the 
C!ommon mmf source. Each of the two parallel branches is a series 
magnetic circuit which must satisfy the basic condition of all closed 
paths in a magnetic field, namely, 

XHl (around each closed path) = mmf (21) 

If the mmf is given, the flux established in each of the two parallel 
circuits shown in Fig. 15 is found by the methods Which are applicable 
to series circuits. 

The only problem which arises in connection with an arrangement of 
the kind shown in Fig. 15 which might require a simultaneous solution 
of the two parallel circuits would be: “given the total flux linking the 
coil, find the mmf.'' To solve a problem of this kind, one may plot the 
versus mmf and the <I)b versus mmf curves as shown in Fig. 16, 
employing arbitrarily selected values of <l>. Then <t>A and (t>B at the same 
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mmf may be added to obtain the (0 a + 05) versus mmf curve. In this 
way the mmf, NIj required to produce any assigned value of 0« = 
0A + < t>B may be read directly from the upper graph shown in Fig. 16. 



Fig. 16. Combining fluxes < j>A and to obtain {<j>A < t > B ) versus mmf curve. 

12. Series-Parallel Magnetic Circuits. The arrangement shown in 
Fig. 17 may be considered to be formed of two parallel branches, Ia and 
lUf since between points M and N there must exist the same magnetic 
potential drop, that is, 

S(//Z)a = ^{HI)b (22) 

The magnetic; potential drop between M and N may be considered to 
be in series with the magnetic potential drop along the Ic path, and it 



Fig. 17. Sories-parallol magnetic circuit. 


is plain from the circuital law of magnetism that the magnetic potential 
drop along the Ic path plus the magnetic potential drop from M to N will 
be equal to the mmf of the current-carrying coil which encircles the C 
leg. Thus 

2(Hl)c + ^{HI)a = mi)c + mi)B = (23) 
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Since the magnetic flux which threads through, the Ic path divides at M 
between the Ia path and the Ib path, and since magnetic flux lines are 
continuous, it follows that 

(t>c - (l>A + 4 >b (24) 

The three conditions stated in equations (22), (23), and (24) are 
analogous to the three basic conditions that would have to be satisfied 
simultaneously in a three-branch electrical network which had a battery 
E in place of N1 and which had three resistances arranged as Ia, Ib, and 
Ic are arranged in Fig. 17. Equations (22) and (23) are analogous to 
Kirchhoff^s voltage equations where ^the UV^ correspond to the RF^ of 
the electrical circaiit equations. Equation (24) is analogous to Kirchhoff’s 
current law at a junction where the <^^s correspond to the Fs of the 
electrical network. 

Regardless of how the problem is framed, any solution to the series- 
parallel magnetic circuit shown in Fig. ,17 must satisfy the conditions 
stated in equations (22), (23), and (24). 

Example. Let it be required to find the ampere-turns of the exciting coil in 
Fig. 17 when the flux through the I a path is 100,000 lines under the following 
conditions: 

Ia = 10 in. In = 30 in. Ic = 30 in. 

Air-gap length in tlie I a path = 0.03 in. 

Gross cross-sectional area of the laminated core = 3 X 4 sq in. 

Net cross-sectional area of each path = 0.9 X 12 = 10.8 sq in. 

Except foj- the air gap 1^ in the A path, the core material is assumed to be 
that for which the B-II curve shown in Fig. 18 applies. 

The first step in the solution is plainly to find the drop in magnetic poten¬ 
tial between points M and N, Employing series-circuit principles to path A, 
we add the magnetic potential drop in the iron (Hili)A to the drop in the air 
gap {HJa)A for the assigned 100,000 lines (or maxwells) in the Ia path, with 
the result: 


iHili)A + {Halo) a = 11 + 77 = 88 amp-turns (drop M-to-Af) 
From equation (22) 

88 

= 88 amp-turns or Hb = ~ = 2.9 amp-turns/in. 

oO 

Bb = 56.5 kilolines/sq in. (from Fig. 18) 

(t>B = 56,500 X 10.8 = 610,000 lines 



001 



AMPERE TURNS PER INCH 

Fig. 18. B-H curve of Allegheny dynamo-grade steel sheets. 
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From equation (24), 

-I- = 100,000 + 610,000 = 710,000 lines 

2 = _ 60 000 lines/sqin. 

"" 10.8 ^ ^ 

He = 4.2 amp-turns/in. (from Fig. 18) 

{Hl)c = 4.2 X 30 = 126 amp-turns 
From equation (23), 

mmf of coil = {Ul)c + (Hl)j^ — 126 + 88 = 204 amp-turns 

This example illustrates the ease with which magnetic circuit problems can 
be handled in terms of lines, inches, and square inches when the B-H curve 
is plotted as it is in Fig. 18. 

13. Residual Magnetism. Thus far only the rising portion of a B-H 
curve has been considered. The experimental method for determining 
B versus H (as given in Section 7) presup¬ 
poses that the magnetic material is carefully 
demagnetized before the incremental A//’s 
are applied. The B-H curve then obtained 
is that which passes through = 0, // = 0, 
as indicated by the curve labeled ^^increas¬ 
ing in Fig. 19. 

After some maximum value //om in Fig. 19 
is reached (say by way of incremental in¬ 
creases from zero), let it be assumed that Ho 
is reduc;ed to zero by way of incremental 
decreases in Hq. The result of decreasing Ho 
is shown by the B~H curve labeled ^'decreas- 
ing Ho' in Fig. 19. 

The two curves given in Fig. 19 show 
clearly that, once magnetized, the ferromag¬ 
netic material retains a residual flux density 
Br which, if multiplied by the cross-sectional area of the material A, 
gives the residual magnetism or the magnetic flux retained by the ma¬ 
terial after the magnetizing current is reduced to zero. 

The physical interpretation of residual magnetism is that, once the 
sub-atQj;nic current loops are aligned, they tend at least in sgme degree 
to remain aligned and in so doing produce magnetism which is more or 
less permanent, depending upon the conditions under which the mag¬ 
netization takes place and the molecular structure of the magnetic 
material. 



Fig. 19. Illustrating the re- 
tentivity of a magnetic 
material for the magnetism 
acquired. 
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14. Hysteresis Loss in Magnetic Cores. Most magnetic cores are 
energized with alternating current which causes the B—H relationship 
to take the form of a closed loop as shown in Fig. 20. This loop is called 
a hysteresis loop. Starting a cycle of events at —Hm (due to —Im)y the 
loop is traced to —Br (when // = / = 0) up to +Hm (due to +/m) 


60,000 

60,000 

40 P 00 

20,000 

0 

20,000 

40,000 

60,000 

80,000 



6 4 2 0 2 4 6 + 
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Fig. 20. Hysteresis loop of No. 29 gage U.S.S. dynamo-grade electrical steel sheets. 


and back again to —Hmj whereupon the cycle is repeated in synchronism 
with the alternating current flowing in the mmf coil. 

The magnitude of H required to overcome the previous value of Br 
is called the coercive force and may be expressed in whatever units are 
used in expressing H. In Fig. 20, for example, the coercive force He 
required to nullify the effect of Br = 42,000 lines/sq in. is 1 amp-turn/in. 
If higher values of B^ are employed than shown in Fig. 20, higher 
values of both Br and He will accompany these higher maximum values 
of flux density. The higher the product He X Br, the more nearly the 
material approaches a permanent magnet, and the more energy is 
required to effect reversals of magnetism in the material. 

In order to find the amount of energy required to carry the magnetism 
through the complete cycle of a hysteresis loop, we shall assume that 
voltage e in the following expression is the component of the applied 
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voltage which when combined with {i dt) will supply the energy which 
is necessary to effect a change of magnetism in the material. With this 
assumption we may write 



ei dt = joules supplied per cycle of magnetization 


(25) 


where the limits and the small circle around the integral sign imply that 
we should sum {eidt) over one cycle of the alternating current. 

The voltage and current in equation (25) may be replaced with their 
equivalents in terms of B and H as shown below. 


_ - 
^applied ^ 

NA — 
dt 

since <t> = BA 

(26) 

. HI 


Ni 

from H = — 

(27) 


Replacing e and i in equation (25) by these equivalents, we have 




HdB 


joules/cycle (in mks units) (28) 


A study of Fig. 21 will show that, if B 
is treated as the independent variable, 



H dB = area enclosed by the 


hysteresis loop (29) 


and, since A X Z is the volume of the 
material, 

hysteresis loss = (area of loop) 

j oules/ cu m/cycle (30) 

provided the area of the loop is measured 
in (webers/sq m) X (amp-turns/m). 


Example. The area of the hysteresis loop 
shown in Fig. 20 is roughly 22.5 squares of 



Fig. 21. Illustrating the H dB^s 
employed in calculating energy 
loss in terms of the area of a 
hysteresis loop. 


(lO,OOO^Vl^P-^) = ( 

\ sq in./ \ in. / \ 


10^ maxwell X amp-turns i 
cu in. ) 
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This energy per cubic inch converted to (weber X amp-turns)/cu m is 

10< X X - 10- X 10- X (6.07 X 10<) 

maxwell cu m 

_ 0 Q 7 ^ weber X amp-turns \ 

\ cu m / 


The fact that the number 6.07 represents joules per cubic meter is plain if it is 
recognized that the weber is dimensionall}^ volts X sec/turns, from 

e — N (Awebers/Asec) volts 

Thus the hysteresis loss is 

Wj^ = area of hysteresis loop = 22.5 X 6.07 = 136.6 joules/cu m/cycle 

At any particular frequency, say 60 cycles/sec, 1 cu m of the material 
considered in the above example would have a hysteresis power loss of 

Ph = Whf = 136.6 X 60 = 8200 joules/sec (or 8200 watts) 

This represents a sizable amount of power, but then a cubic meter of 
solid iron is a large amount of magnetic material. 

16. Eddy-Current Loss in Magnetic Cores. Wherever there are 
reversals of magnetism in magnetic materials there is present in the 
material another type of loss (in addition to hysteresis loss). This second 
type of power loss is called eddy-current loss since it is caused by circu¬ 
lating currents which flow in the laminations due to tlie d4>/di voltage 
which is generated within the iron itself. In order to keep this loss to a 
reasonable value, it'is necessary to use the laminated type of cores 
which have been considered in the various magnetic (circuit pr()l)lems 
of this chapter. 

Only two simple principles are required to show the manner in which 
the eddy currents within the iron cause Ri^ or e^/R losses in the iron. 
These principles are: e — d<i>/dt and power = e^/R^ both of which are 
well known. The details of the derivation are, however, made somewhat 
involved by the number of factors which enter into the problem. The 
derivation will be outlined here in order to show that the eddy-current 
power loss per unit volume of the material varies as the square of the 
maximum flux density Bjr?, the square of the frequency /^, and the 
square of the thickness of the lamination P, The result of the derivation 
shown below is 


^eddy = WattS 


( 31 ) 
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where K depends upon the units employed and the resistivity of the 
iron, p. Since K varies inversely as p, manufacturers have produced 
silicon-type steel sheets which have high values of p and hence low 
values of eddy-current loss. 

In most practical work, the designer uses information supplied by the 
manufacturers which specifies the combined hysteresis and eddy-current 
loss in different grades of sheet steel, usually in watts per pound per 
cycle at some particular value of Bm, the maximum flux density, at 
which the material is normally operated. In the literature this com¬ 
bined loss is often symbolized as Ph-\-e- 

Derivation of Equation (31). In Fig. 22 is shown a cross-sectional view 
of one lamination of sheet steel that has an I dimension which is directed 
into the plane of the page. The magnetic flux is shown as being instan¬ 
taneously directed into the page and, when the change-of-flux direction 
is into the page, the eddy currents circulate in the direction shown. 



Fig. 22. Eddy curn^nl in a lamination which has a thickness U 


The voltage induced or generated in a loop which is bounded on the 
top and bottom by dy elements as shown in Fig. 22 produces the circu¬ 
lating currents that in turn result in heat power loss. 

/ 1 1 1 1 1 X ^ dB 

e (around the closed loop) = t" ~ ^ “7" (32) 

dt di 


where the area A of the loop considered is about 2yh. 

If an alternating current is used to magnetize the material, and we 
assume a sinusoidal variation of this exciting current, we may express B 
in equation (32) as 

B = Bm sin (27r/0 (33) 

Then 

e = ABmi^irf) cos (2Trft) = 2yhBm2Tf cos (2Trft) 


— IQT^h^Bm^f^y^ cos^ a (where a = 2irft) 

Since cos^ « = J + i cos 2a, we know that the time’-averaged value of 
is 

= Sr^h^Bm^fy^ (over any whole number of cycles) (34) 
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The resistance of the loop through which the eddy current shown in 
Fig. 22 flows is 


R = 


le 2h 
"Ae ~ "idy 


(35) 


where h is the length of the eddy-current path, about 2h in Fig. 22 
is the cross-section through which 4ddy flows, I dy 
I is the length of the lamination in the flux direction. 

The time-averaged value of eddy-current power loss is obtained by 
dividing as given in equation (34), by the resistance of the eddy- 
current path Rj as given in equation (35). Thus 


dPe (per loop) = 
Pe (per lamination) = 


^TT^hBn^fly^ dy 
p 

- / y^dy 

p J-t/2 

47r%lBjf ryy^^ 

P L 3 J -t/2 


(hh)T^BjfP 

3p 


(36) 


(37) 


Since the volume of the lamination considered is ?dfj the eddy-current 
power loss is 


Pe 


T^B, 


2f2^2 


m J 


3p 


watts/cu m 


(in mks units) 


(38) 


where Bm is the maxjmum value of the flux density in webers per square 
meter 

/ is the frequency of the exciting current in cycles per second 
t is the thickness of the lamination expressed in meters 
p is the resistivity of the magnetic material expressed in ohms 
per cubic meter or, more precisely, (ohm X square meters) 
per meter. 


16. Summary. The magnetic flux in iron cores and associated air 
gaps has been evaluated in terms of simple circuit concepts employing 
the single basic relationship 

XHl (around a loop) = mmf (around the loop) (39) 

with due regard for the fact that magnetic flux lines are continuous and 
that they spread out or fringe at the air gaps. 
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In manipulating equation (39), it is necessary .to use experimentally, 
determined B~H curves which may come to us expressed either in 
secondary units of B and H or in ab-cgs. units where the maxwell per 
square centimeter (or gauss) is the primary unit of flux density and the 
gilbert per centimeter (or oersted) is the primary unit of magnetizing 
force or magnetic potential gradient. • 

Ohm’s law of magnetic circuits is 

<#> = or HI = mmf (40) 

where Gl = —is called the reluctance of the magnetic path 
B 

tJLr = —~ is called the relative permeability of the path. 

IJLqH 


Since fir is distinctly variable with respect to H (or B), the concept of 
reluctance is of little use except possibly from the point of view of 
analogy. 

Where magnetic cores are energized with alternating current two 
distinctly different forms of power loss occur in the core material: 

hysteresis power loss Ph 

= (area of hysteresis loop) (/) watts/cum (41) 


provided the area is expressed in (watt-sec/cu m) = (webers/sq m) 
times (amp-turns/m) and/is expressed in cycles per second. 


eddy-current power loss Pe = 


3p 


watts/cum [See (38).] 


PROBLEMS 

1. What is the relative permeability of a piece of sloel which, if subjected to a 
magnetizing force of 40 amp-turns/m, possesses a flux density of 0.01257 weber/sq m? 

2. If an H vector enters an iron surface from an air gap at an angle of 80° (to the 
surface), what change in angle from its air-gap direction is experienced by the H 
vector at the boundary surface? (pr of the iron = 100.) 

3. If an H vector enters an iron surface from an air gap at an angle of 80° (to the 
surface) with an air-gap magnitude of 400 amp-turns/m, what is the magnitude of 
this H vector just inside the iron? (pr of the iron = 100.) 

4. Refer to Fig. 7, page 286, and assume that the pole surface {ah) is maintained 
at a magnetic potential difference of 4000 amp-turns with respect to the top of the 
teeth by current-carrying coils which are not shown in the magnetic field map. 

(a) What is the magnitude of the magnetic potential gradient expressed in 
ampere-turns per meter in the air gap between the pole and the tooth center (along 
line ac or line bd in Fig. 7) if the distance ac is 1 cm? 
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(6) What is the magnitude of the H vector just inside .>ne surface of the iron tooth 
at point c in Fig. 7? 

(c) At what place on the field map is the highest potential gradient indicated and 
what is the approximate magnitude of this maximum value? 

5. If the pole surface (ab) in Fig. 7 is maintained at a magnetic potential difference 
of 4000 amp-turns relative to the top of the iron teeth and the length of air gap (ac) 
is 1 cm, what is the magnetic flux density at the point c which is at the middle of a 
tooth? 

6. Refer to Fig. 8, page 287. Led it be assumed that r = 20 cm and d — 4 cm. 

(a) What is the reluctance (expressed in ampc;re-turns per wel)er) if the CH)re is 

non-ferromagnetic, that is /Zr = 1 ? 

{h) What amount of magnetic flux is established in this core if the distributed 
winding of 1200 turns carries 0.40 amp? 

7. Given B = 35,500 lines/sq in., express B in webers per square meter and in 
maxwells per square (jentimeter. 

8. Given H = 202 amp-turns/in., express H in ampere-turns per meter and in 
gilberts per centimeter. 

9. Plot a graph showing the variation in fir of annealed Allegheny electric metal 
versus H in gilberts per centimeter from H = 0.04 to H = 3.6 gilberts/cm. (See 
Fig. 11, page 292.) 

10. Plot a graph showing tlu^ variation in Hr of dynamo-grade steel sheets versus 
B in kilolin(?s/sq in. from R = 2 to R = 100 kilolines/sq in. (See Fig. 18, page 304.) 

11. Plot tiu^ B-H curve for the magnetic core shown in Fig. 10, page 290, from the 
following data: 

r = 20 cm a = 4 cm 5 = 5 cm N — 100 turns Ng — 5 turns 

The galvanometer sensitivity K is known to be 10,000 maxwell-turns per scale 
division. 

After the magnetic core has been carefully demagnetized (R = 0, R = 0), the 
following incremental changes in the magnetizing current. / are observed to produce 
galvanometer deflections J) as shown below. 


Step 

AI 

amp 

I 

after 

change 

D 

scale 

div. 

Step 

AI 

amp 

/ 

after 

change 

D 

scale 

div. 

1 

0.2 

0.2 

4.0 

7 

0.6 

2.0 

15.0 

2 

0.2 

0.4 

6.0 

8 

1.0 

3.0 

15.0 

3 

0.2 

0.6 

10.0 

9 

1.0 

4.0 

9.0 

4 

0.2 

0.8 

10.0 

10 

3.0 

7.0 

10.0 

5 

0.2 

1.0 

20.0 

11 

3.0 

10.0 

7.0 

6 

0.6 

1.6 

26.0 

12 

8.0 

18.0 

10.0 


Plot R (in maxwells per square centimeter) versus H (in gilberts per centimeter) 
from the above data. 

12. Plot the B-H curve of Prob. 11 employing R (in lines per square inch) and H 
(in ampere-turns per inch). 
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13. Refer to Fig. 10. It will be assumed here that: 

r a ^ h = 4: di: NI = 600 amp-turns /Xr = (lOOxcm + 800) 

That is, jir is assumed to vary linearly from a value of 1000 at a; = 2 cm to a value 
of 1400 at a: = 6 cm owing to the change in H from 

600 


to 


H = -—amp-turns/cm {or H — 60 gilberts/cm) atx = 2 cm 
47r 

600 

H = amp-turns/cm (or R = 20 gilberts/cm) at x = 6 cm 
127r 


(а) Determine the approximate amount of flux in the core, basing calculations on 
the value of B determined at the center of the core (x = r), as 0 = BrA = noUrrHrA. 

(б) Determine the correct value of flux in the core on the basis of 


h-£ 


Bx{h dx) 


14. A magnetic circuit which is homogeneous along the I dimension, like that in 
Fig. 12, page 296, is composed of annealed Allegheny electric metal laminations, 
curve D of Fig. 11. The length of the circuit is 20 cm, the gross cross-sectional area is 
(1.5 X 2) sq in., and the stacking factor is 0.88. 

Find the flux established in the core by an exciting coil of 80 turns carrying 0.5 
amp. 

15. A magnetic circuit with an air gap in the I dimension, like that in Fig. 13, 
page 298,’ has the dim(msions 

U — 76 cm la = 0.0762 cm A gross = (3 X 4) sq in. S.F. = 0.9 

The core material is transformer-grade steel sheets, curve E of Fig. 11. 

Find the current required to estabhsh 500,000 maxwells of air-gap flux if the 
magnetizing coil is composed of 200 turns. 

16. The magnetic circuit described in Prob. 15 is energized with a 400-turn coil 
which carries 1.25 amp. Find the magnetic flux which crosses the air gap. 

17. Find the core flux in a magnetic circuit like that shown in Fig. 13 if an 890- 
turn coil carrying 10 amp is used to energize the circuit. The known data are 

U = 30 in. la = 0.30 in. Agross == (3X4) sq in. S.F. = 0.9 

The core material is dynamo-grade steel sheete; B-H curve shown in Fig. 18, page 
304. 

18. Find the total flux linking with the magnetizing coil of Fig. 15, page 301, if 
this coil has an mmf of 300 amp-turns and the core specifications are 

Ia — 60 in. A^ net ~ 10-8 sq in. Ib = 30 in. A^ net =* A sq in. 

Applicable B-H curves: curve D of Fig. 11 for the A circuit material; curve E of Fig. 
11 for the B circuit material. Both circuits are homogeneous in the direction of the 
flux paths. 
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19. Find the mmf required to establish a total flux of 0.011 weber through the 
magnetizing coil of Fig. 15 if the cores have the following,specifications: 

Ia = 30 in. A A net = 10.8 sq in. Ib = 20 in. Ab net = 6 sq in. 

Applicable B-H curve: Fig. 18, page 304, for both circuits. Circuits are both homoge¬ 
neous in the direction of the flux paths. 

20. Refer to Fig. 17, page 302. Find the mmf of the coil to produce an air-gap 
flux (in the A path) of 76,000 maxwells under the following conditions: 

= 10 in. Ib = h = 30 in. length of air gap U = 0.03 in. 

The net cross-sectional area of the core, Aa — Ab = Ac — 10.8 sq in. Applicable 
B-H curve: Fig. 18, page 304, throughout. Agap = 12 sq in. 

21. What flux will be established in each of the three paths (Z^, Ib, and Ic) of Fig. 
17, page 302, by a 100-turn coil carrying 1.5 amp (wound on the C leg as shown) if 
the core data and tlu; air-gap length arc the same as given in Prob. 20. 

22. Find the mmf per pole, required to produce a useful air-gap flux (I>m of 1200 
kilolincs/pole in Fig. 23 if the k^akage flux per pole is 0.20^ or 240 kilolines. The 
specifications are 


Member 

Length on 
a Per Pole 
Basis 
(in.) 

Net Cross- 
Sectional 
Area 
(sq in.) 

Flux 

Present in 
Member 
(kilolines) 

Material 

Applicable 

li-Il 

Curve 

Pole yoke 

8 

2.5 X5 

720 

Rolled steel 

Use Fig. 18 

Pole 

5 

3.5 X4.5 

1440 

Cast steel 

Curve E, Fig. 11 

Armature 

2.5 

8.1 

600 

Steel sheets 

Fig. 18 

Air Rap 

0.1 

16.55 

1200 




The net area of the armature is obtained by using a stacking factor of 0.9, that is, 
0.9(2 X 4.5) sq in., where the 4.5-in. dimension is normal to the plane of the page in 
Fig. 23. The air-gap area is obtained by making the customary allowance for fringing 
at short air gaps. 


23. After / = 18 amp is reached in Prob. 11, the following incremental decreases 
in magnetizing current and (corresponding galvanometer deflections are obtained for 
the decreasing B-H curve: 


Magnetizing Current after 
Change from 18 amp 
10 amp 
4 
2 
1 
0 


Galvanometer Deflections which 
Accompany the A/’s 
— 6 scale div. 

-15 

-15 

-20 

-30 


Determine the residual flux density in the material by plotting the decreasing B-H 
curve from H = 1800/407r amp-turns/cm (or 18 gilberts/cm) where B = 14,100 
maxwells/sq cm, from Prob. 11, to /f = 0. 
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24. The area of a hysteresis loop is measured and found to represent 

^/webers amp-turns\ , 

100 I -X- I = 100 watt-sec/cu m/cycle 

\ sq m m / 

What is the hysteresis ptrwer loss in a 90-cu cm net volume of the material working 
under the conditions for whicdi this hysteresis loop is applicable if the frequency is 
440 cycles/sec? 



Fig. 23. The magnetic circuit of most d-c machines and synchronous (a^c) 

machines. See Prob. 22. 

25. The area of a hysteresis loop is measured and found to represent 

/ maxwells gilbertsN , 

30,000 (- X-) == 2390 ergs/cu cm/cycle 

\ sq cm cm / 

(а) What is the hysteresis power loss in watts per cubic centimeter at a frequency 
of 60 cycles/sec? 

(б) If the density of the material is 7.5 (w^eighs 7.5 g/cu cm), what is the hysteresis 
loss expressed in watts per pound per cycle? 

26. Refer to the hysteresis loop shown in Fig. 20 where Bm = 64,500 lines/sq in. 
or 1 weber/sq m. It has been shown that, for this particular value of the hysteresis 
loss is about 8200 watts/cu m at 60 cycles/sec. 

Determine the eddy-current power loss at 60 cycles/sec, at = 1 weber/sq m, 
in this material by means of equation (38) if the thickness of laminations is 0.04 cm 
and the resistivity of the material is thrice that of pure iron, namely 

p = 30 X 10~® ohms/cu cm or p = 30 X 10“® ohms/cu m 
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27. The combined hysteresis and eddy-current power loss in a specimen of 
laminated steel sheets at 10,000 gauss at 30 cycles/sec is 0.5 watt/lb, and at 10,000 
gauss at 60 cycles/sec the combined loss is 1.3 watts/lb. 

(a) What is the hysteresis component of the core loss at 60 cycles/sec? 

(b) What is the eddy-current component at 60 cycles/.*^^? 

Note: Since Bm is the same, Ph^ = KhJ + Nef at eitherfrequency. 

28. What are the hysteresis and eddy-current components of the total core loss in 
Prob. 27 at 30 cycles/sec? 

29. Refer to Fig. 8, page 287. What is the value of H at the center of the 
circle which has a periphery of 2'irr expressed as a function of / and r? Specify 
the direction of H if the top plate of the battery is positive. 
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Inductance 


1. Concept and Definition of Inductance L. Wherever an electrical 
current or charge in motion exists, a magnetic field which links with the 
path of the current exists. Since the magnetic field is the outward mani¬ 
festation, in space, of the kinetic energy of the moving charge, this 
kinetic energy may be thought of as existing or residing in the magnetic 
field. 

For steady or non-time-varying currents, the magnetic field does not 
react upon the electrical circuit which produces it; but whenever the 
current changes in magnitude, the kinetic energy which is associated 
with the moving charge or current reacts upon the electrical circuit, 
demanding additional energy from the system if the current is increased 
and returning energy to the system if the current is decreased in magni¬ 
tude. The accepted method of accounting for these energy transfers is 
in terms of a circuit parameter called self-inductance which is symbolized 
by L. 

The self-inductance of any current-carrying circuit is defined as the 
flux linkages per unit cAirrent which in mks units means the number of 
weber-turns of flux linkage established by 1 amp of current flowing in 
the circuit; that is, 

_ N<j) weber-turns 

L = — - or henrys (1) 

I amp 

where, as will be shown presently, L depends only upon the dimensions 
of the circuit turns, the number of turns, and the relative permeability 
of the region in which the magnetic flux linkages occur. 

Equation (1) may be arranged to read LI = and for time- 
varying currents and magnetic fluxes to read 

Li = N<1> (2) 

Of the various analogies which may be drawn between electrical and 
mechanical systems, the simplest and most instructive is probably that 
in which inductance is made analogous to mass. In this analogy Li is 

317 
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to an electromagnetic system what mv (momentum) is to a mechanical 
system, and it will be remembered that the time derivative of momentum 
in a mechanical system represents the inertial force which tends to 
resist any change in velocity v of the moving mass m. The time de¬ 
rivative of electromagnetic momentum Li, 

d(Li) dm) 


is called the voltage of self-indu(;tance and the minus sign in equation 
(3) indicates that Cgi acts around the electrical circuit in a direction 
which tends to oppose the change of flux (or of current) which is taking 
place. 

It will be observed that egi in equation (3) is a voltage which is 
generated in the electrical circuit by the time rate of change of circuit 
current itself, and if L is a constant and is well defined (all <j> linking 
with N turns) equation (3) becomes 




-esi 


(3-a) 


This countervoltage of self-inductance must be taken into account 
whenever i is time-varying as, for example, in a simple resistive type of 
circuit which is energized with a time-varying driving voltage e. In this 
case the voltage of self-inductance enters into a Kirchhoff voltage 
equation as a back or countervoltage in the same manner as the Ri 
voltage drop; that is, 

di d<b 

L— + Ri = e ov N — Ri = e (4) 

dt dt 


In other words, L{di/di) or N {d^/dt) is a component voltage drop in the 
circuit which is caused by the time-varying current and which must be 
reckoned with whenever (di/dt) or {d(t>/dt) is not zero. 

The fact that self-inductance L is a measure of the energy stored in 
the magnetic field may be shown as follows. The instantaneous power 
delivered to the system by the generator is ei, and 

(z- i + {Ri)i = ei (5) 

is a power equation which, if considered over any period of time (A^), 
may be used to form the energy equation which reads 

i--dt + R I i^dt = / ei dt (6) 

dt Jo Jo 

kinetic energy heat energy energy supplied 

to magnetic field developed in ^ by generator e 
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The kinetic energy stored in the magnetic field iji bringing the current 
from zero value to some fixed value I is, from the first term of equa¬ 
tion (6), 


L 





(in mks units) 


(7) 


The change in stored energy or the energy transfer between the magnetic 
field and the electrical circuit for a change of current from Ii to 1 2 is 


Since L{di/dt) = N{d<t>/dt), the above concepts might have been 
presented with equal facility in terms of the N(d<t>/dt) voltage, but since 
the circuit parameter L can be 
readily measured in terms of 
standard inductances it is cus¬ 
tomary practice to employ the 
L{dildt) form as the voltage of 
self-inductance. 

rA Standard of Self-Induct¬ 
ance. Wherever the flux linkages 
per unit current can be evaluated, 
the value of L follows directly 
from equation (1). The flux link¬ 
ages in the ring-shaped core 
shown in Fig. 1 can be evaluated *• Ring-sha^d core of croBs-section 

to a high degree of accuracy if the ^ 

magnetizing turns are of small diameter, uniformly distributed, and 
tightly packed along the entire circumference as shown in Fig. 10, 
page 290. 

Since Hx in the core of Fig. 1 is (iV//27rx) amp-turns/m, the flux 
density at distance x from the center (on the basis of /x^ = 1) is 



N1 NI 

Bx = Mo^a; = Mo — = 2X10 — webers/sq m (9) 

2Trx X 


The magnetic flux which crosses an area (6 dx) is 

Nib dx 

d<l>x = Bx(h dz) = 2X 10“^-- (10) 

X 

and the entire core flux is 

<l>x = 2 X 10"'^Nib r — = 2 X Itr^NIh In— webers (11) 

f/ri X T\ 
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Since this number of webers links with all N turns of the winding 

N<l> = 2 X 10~'^N^Ib In — weber-turns (12) 

n 

and 

L = ^ = 2X l(r‘^N% In - hcniys (13) 

I n 

where the dimension h is expressed in meters. 

Equation (13) shows that the inductance of the arrangement illus¬ 
trated in Fig. 1 depends only upon the dimensions of the turns and the 
number of turns. If the core is made of a durable material (like marble) 
where the dimensions remain essentially fixed, the ring-shaped arrange¬ 
ment can be (and is) used as a standard inductance (or standard measure 
of flux-linkages per unit current). Then other circuit configurations 
where the flux linkages cannot be so easily evaluated may be compared 
with the standard (say in an a-c bridge) to obtain the self-inductance 
of these circuit configurations. 

Example. If in the ring-shaped arrangement shown in Fig. 1, 

ri = 20 cm a = 4cm b = 5cm and N — 4000 turns of No. 30 wire 

L = (2 X 10“’^)(40002)(0.05) InU = 0.16 In 1.2 
= 0.16 X 0.1823 = 0.029168 henry 

The five-significant-figure accuracy is unwarranted but is written here for 
purposes of comparison with a refinement which is suggested in Prob. 4 at 
the close of the chapter. 

It will be observed that a coil of many turns of relatively large dimensions 
is required to obtain this fractional part of 1 henry of self-inductance. By 
using a ferromagnetic core, the inductance might be made thousands of times 
larger, but since fir of a magnetic material varies so widely with the magnitude 
of the exciting current this would not be advisable in the case of a standard 
inductance. 

3. Self-Inductance of Long Lines. The self-inductance of either a 
parallel-wire transmission line or of a coaxial-cable line may be de¬ 
termined quite accurately by means of equation (1). In Fig. 2 is shown 
a view of a parallel-wire line, and it is plain from the right-hand rule 
that both conductors produce flux linkages with the electrical circuit 
which is formed by the two line wires. This same arrangement is 
shown in cross-section in Fig. 9, page 207, and the method of calcu¬ 
lating the H field in the vicinity of these two wires by the principle of 
superposition has already been considered in some detail. 
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If it is assumed that the region has a relative permeability of unity, 
the flux density between the two conductors shown in Fig. 2, due to 
current in the A conductor, is 

Bx = fioHx = Mo = 2 X 10“^ " webers/sq m (14) 

Zttx X 

The magnetic flux which crosses a rectangular area bounded on one 
side by dx and on the other side by 1 m of axial length of line is 

T 

= BxdA = Bx(l X dx) = 2 X 10“^- r < x < (D — r) 

X 



Fig. 2. A view of a two-wire line showing d<i>x due to current in the A conductor. 

The external flux linkage produced by the current in the A conductor 
per meter length of line is 

N<i> = = 2 X 10-^/ T"- 

Jr X 

D - r 

= 2 X 10'”^/ In- - weber-turns 

r 

The flux linkage produced by the current in the B conductor is, by 
symmetry, precisely the same as that given in equation (15) and is 
directly additive when considered across the area which is 1 m long 
and D — 2r wide in Fig. 2. 

Hence the inductance of the parallel-wire line per meter length of line 
due to flux linkages which are external to the surfaces of the conductors 
is 

N<b 24>x ^ D — r 

Lext. = "T" IT = 4 X 10 ^ In- henrys/m (16) 

11 r 
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Partial flux linkage within the conductors themselves also contribute 
to the total self-inductance of the parallel-wire line in Fig. 2. Where 
X < r in Fig. 2, 


H, 


— I 

_ Ix 
2Trx 27rr^ 


[See equation (9), page 208.] 


Hence for 1-m length inside the A conductor 

Ix 


d<t>x = Bxdx = Mo dx 0 < X <r (17) 


This flux d(l>x links with only wx^Itt^ of the total circuit current, if 
uniform current density is assumed. Since a weber of flux linking with 
the entire circuit current is our basis of counting flux linkages, we must 
treat the internal flux which links with only x^/r‘^ of the total current on 
the basis of this partial linkage. This can readily be done by assigning to 
each unit of internal flux x^/r^ of a complete turn rather than give to 
this flux the status of a full turn of linkage. Thus 


d{Nx<t>x) 



(for flux inside the wire) 


The internal flux linkages of conductor A per meter length of conductor 
is 

^ 2 X 10-^ r r 

^x^x^x =0 — 4 I j X dx 

r •/o 

^ 10-" ^ Vx^J 10“-"/ ^ ^ 

= 2 X — T- i — = —— weber-turns 

L4J() 2 


and the self-inductance which is caused by this internal linkage in one 
conductor is 

10 ~^ 

Lint, per wire = -y henry/m (18) 


The total low-frequency inductance of the two-wire line shown in Fig. 
2 is 

L = Lint. + Lext. = + 4 In 10“^ henrys/m (19) 


The internal portion of L, Lint., decreases from the value shown in 
equation (19) at high frequencies because the current along the center 
axis of a conductor, in experiencing greater flux linkages, is reduced in 
magnitude relative to the current in the outside layers of the conductor 
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near a; = r. These outer layers of conductor do not have as much flux 
linking with them, as do the inner layers, and the lower value of L of 
these outer paths is responsible for higher current densities at the 
surface of the conductor than inside the conductor. 

It will be observed in equation (19) that the Lint, portion due to both 
wires is 10”^ henry/m regardless of the size of the conductors or the 
spacing of the conductors. It is this portion of the total inductance which 
decreases with increase of frequency and, at frequencies of 10^ or 10® 
cycles/sec, L^nt. becomes so small that it can usually be neglected. 

Example. Let it be required to find the self-inductance of a 3-km length of 
coaxial cable like that shown in Fig. 10, page 208, if 

r = 0.5 cm ri — 2.5 cm Mr = 1 throughout 

neglecting the flux linkages between x = u and x = tq since the partial link¬ 
age in the outer conductor due to the oppositely directed B’s in this region 
makes this component of flux linkage very small. 

From the one-wire bases of derivation employed in connection with equa¬ 
tions (15) and (18), it is plain that the self-inductance of the coaxial cable is 
just one-half of the value given by equation (19) if D — r in this equation is 
replaced by Vi of the coaxial arrangement. Hence 

Lc„a=t. = i(0.5 + 2ln^^ 

. Lcoax. = 3000(0.5 + 2 In 5)10-' 

= 3000(0.5 + 2 X 1.61)10-' = 1.116 X 10“^ henry 

from which it will l)e seen that, at low^-frequencies, the internal inductance 
of the inner conductor represents 0.5/3.72 of the total self-inductance of the 
cable. 

4. Approximate Methods Employed in Determining Self-Inductance 
of Coils. Since the flux density distribution over the face of a turn of 
wire is non-uniform and practically impossible to evaluate,^ approxi¬ 
mate methods are employed to determine the self-inductances of coils. 
In addition to the non-uniformity of the flux density over the face of 
one turn, another complicating factor arises as shown in Fig. 3. Some 
of the magnetic flux links with only a portion of the total number of 
turns of the coil, making the summation of N(l> a difficult task. 

By recognizing the two types of difficulties involved (non-uniformity 
of B and partial linkage), we can understand why, in using empirical 

^ Theoretically, Ampere’s law might be applied to each point on the face of a coil 
and the resultant B determined, but the summation of the vector dB’s, even at a 
single point which is not symmetrically located relative to all the current-carrying 
elements (/ dl’s), represents an impossible task. 


10 ^ henrys 


( 20 ) 
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formulas applicable to multiple-layer coils, it becomes necessary to 
employ two empirically determined factors. 

It is by actually measuring the self-inductance of many coils, of 
various dimensions and of various numbers of turns and layers, that 
empirical equations have been established that are accurate to about 



Fig. 3. Illustrating partial linkage of some flux paths and total linkage of others. 

2 per cent over wide ranges of dimensions and numbers of turns. One 
of these empirical formulas which is based on an extension of a method 
given in Bureau of Standards Bulletin No. 1, Vol. 8, is 

L = N^a {A - B) 10“® henrys (21) 

where N is the number of turns 

a is the mean radius of the circular turns expressed in centimeters 
A and B are factors which depend on the dimensions of the coil 
and are found from the curves shown in Fig. 4. 

A study of Fig. 4 will show that the A factor accounts for the fact that 
coils of larger mean radii a establish larger <^'s than do coils of smaller 
radii; and that the factor B accounts for the increasing partial linkage 
which accompanies an increase in the number of layers of the coil. For 
single-layer coils, both effects can be combined on a single curve. This 
single-curve method will be encountered in radio courses. 

Example. Consider the 12-turn coil which is shown in cross-section in 
Fig. 4. a is the mean radius of the two-layer coil, and I is the axial length of 
the coil. 

From the ratio a//, the factor A in equation (21) is determined from the 
A curve as indicated in the sample calculation shown in Fig. 4. 
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Fig. 4. Method for determining the self-inductance of straight solenoids. 
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From the ratio c//, the factor B in equation (21) is determined from the 
B curve. 

Substitution of the numerical values of AT, a, and B into equation (21) 
then gives the self-inductance of the coil to an accuracy of about 2 per cent. 

6. D-C and A-C Inductance of Iron-Cored Coils. In iron-cored coils, 
the magnetic flux is confined chiefly to the magnetic circuit and can be 



Fig. 5. The magnetization curve for a particular 500-turn iron-cored coil. 

evaluated by methods which have been given in the preceding chapter. 
For a fixed core and a fixed number of turns, it is somewhat more con¬ 
venient to use the magnetization curve (A^0 versus I) which applies 
directly to the particular coil. A magnetization curve as shown in Fig. 
5 is simply a (B X AN) versus [H X {l/N)] curve for fixed values of 
area A, number of turns A, and length of magnetic circuit 1. 

The exact self-inductance which is exhibited by an iron-cored coil 
like that shown in Fig. 5 will depend upon the magnitude of the mag¬ 
netizing current i because upon this magnitude depends the number of 
flux linkages, and these flux linkages N<t> are not linearly related to the 
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magnetizing current If, for example, the current is steady at the value 
I = 0.2 amp, 

/ . . 1 , XT ft 1- 

(d-c inductance) L 0.2 = — = = 2.75 henrys 

but for I — 0.05 amp 

/J • J X \ r 0.29 , 

(d-c inductance) L 0.05 = —r = r-rz = 5.8 henrys 

1 0.05 


D-c inductances are of little importance in themselves since, under 
steady current conditions, L{dildt) = 0, and the magnetic field does 
not react upon the electrical circuit. D-c inductances are, however, 
important in determining the incremental inductances which are con¬ 
sidered in the following section. 

If an alternating current (say, i = Im sin o)i) magnetizes the core of 
Fig. 5, the instantaneous inductance is not constant at all times during 
the cycle of current due to the curvature of the hysteresis loop. If, 
however, the iron is worked not too far along on the upper bend of the 
magnetization curve, an approximate time-averaged value of a-c in¬ 
ductance throughout the working cycle is 


Lac — 




(optimistic value) 


( 22 ) 


where Im is the maximum magnitude of the alternating current and 
{N<l>)m is the corresponding ordinate on the magnetization curve. The 
value of Lac as given in equation (22) is somewhat higher than the actual 
value which is realized in practice owing to the demagnetizing action of 
the eddy currents in the laminations. (See Fig. 22, page 309.) It is 
plain that the magnitude of Lac will depend upon the particular value 
of Im which is present and will vary with the magnitude of Im in the 
same manner as Ldc varies with the magnitude of the d-c exciting 
current. 

The manner in which Lac determines the maximum magnitude of the 
alternating current in a circuit like that shown in Fig. 5 when an a-c 
voltage is applied to the terminals of the coil will be considered presently. 

6 . Incremental and Differential Inductance. The magnetizing current 
in many iron-cored coils contains an a-c component superimposed on a 
d-c component as shown in Fig. 6. By way of illustration, we might 
consider the output transformer of an audio amplifier which necessarily 
carries a d-c component that is required to energize the output tube of 
the amplifier. Superimposed on this d-c component is the a-c signal 
component of current, and the latter component constitutes the useful 
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part of the total current because only a time-varying current can 
develop changes of flux in the iron core of the transformer. The changes 



Fig. 6. Combined alternating and 
direct current making i — Idc + 
/^sin (2 t//). 


obtain maximum change of N<l> for 
ponent. This requires that 


of flux produced by lac are em¬ 
ployed to generate d(i>/dt voltages in 
the secondary winding of the trans¬ 
former as, for example, a second 
winding which might be wound on 
the core shown in Fig. 5. The 
voltage generated in the secondary 
winding of the output transformer 
may be employed to drive the loud¬ 
speaker of the audio system. 

In most instances where the mag¬ 
netizing current takes the form 
shown in Fig. 6, it is desirable to 
a specified amplitude of the a-c com- 


AL = 


A(jV») 

A/ 


(incremental inductance) 


(23) 


be as large as possible under the operating conditions encountered. In 
equation (23), A/ is the maximum magnitude of the a-c component in 
Fig. 6, and A{N<t>) is the corresponding change in flux linkages as de¬ 
termined from the magnetization curve. 

Plainly, equation (23) represents the slope of the magnetization curve 
near the i = Idc point on this curve. The slope of the curve at the i = 
Idc point is called the differential inductance and may be symbolized as 


__ d{N<i>) 
di 


(differential inductance) 


(24) 


but this refinement over equation (23) is clearly not warranted when we 
consider that the actual versus i variation follows a small hysteresis 
loop the center of which is at the operating (or i = I^c) point. 


Example 1. Let the current i in Fig. 6 be 

i = 0.03 + 0.015 sin(27r/0 amp 

where / is the frequency of the a-c component in cycles per second. 
If this form of current flows through the coil of Fig. 5 


Ldc — 


0.175 


5.83 henrys 


0.03 
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as determined at the ^ = ii = 0.03 amp point as shown in Fig. 5. 

^ .r 0.095 , 

(incrementally) AL =- =-= 6.33 henrys 

Ah 0.015 

In this case the incremental inductance is larger than the d-c inductance 
and larger than any value of total a-c inductance that could be obtained if the 
exciting current had no d-c component. The reason is plain; the d-c component 
(0.03 amp) places the operating point, ii,(iV’</))i, at the place on the curve 
where the diflFerential inductance is maximum, and Ah (0.015 amp) is not 
too large to make the incremental inductance significantly different from the 
maximum slope of the magnetization curve. 

Example 2. Let the current i in Fig. 5 and in Fig. 6 be 

i 

In this case 

Ldc 

and 

AL 

as shown in Fig. 5. 

A comparison of these results with those obtained in Example 1 will illus¬ 
trate clearly the effect of working the iron too far up on the magnetization 
curve. 

r-Eab--—► 

Fig. 7. Self-inductances in series. Leq. == Li -f L 2 . 

7. Series and Parallel Arrangements of Self-Inductances. Two self¬ 
inductances connected in series as shown in Fig. 7 combine to form an 
equivalent inductance of 

Lab = Li + (25) 

provided the resistances of the coils are neglected and provided none of 
the magnetic flux established by the Li coil links with the turns of the 
L 2 coil. Since the seriesed coils carry the same current /, 

'j + {N2<t>2) j. , r 

Liab — J = Li -jr L 2 


= 0.30 + 0.033 sin(27r/0 amp 
(Ar<^)2 0.59 


12 0.3 

A(iV0)2 0.01 


AI 2 


0.033 


= 1.97 henrys 

= 0.3 henry 


If the same coils are connected in parallel, Lab is reduced in magnitude 
to a value which is lower than either L\ or Lg taken separately. In Fig. 
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8 , it is plain that the voltage drops across the two coils are equal and in 

turn equal to the voltage across the terminals a and h. From equation (3), 

di\ ^ah d%2 ^ab d/i ^ab 
dt/ -^1 dtf dt Ijdf) 


where Cab is the time-varying voltage applied to terminals a and h of 
Fig. 8 . Since i = ii + t 2 , it may be readily shown that 


L 


ah 


L1L2 
Li + L2 


(for parallel connection) 


(26) 


Where the resistive components of the voltage drops in the coils are 
significantly large or where the coils are coupled magnetically to one 
another, equations (25) and (26) cannot be used. Since these conditions 
can be handled much more easily in terms of the complex algebra em- 






Fig. 8. Self inductances in parallel. Leq. = LiLz/iLi -f L 2 ). 


ployed in a-c circuits courses than they can be here, further consideration 
of series and parallel arrangements of inductances will not be given in 
this text. 

8. Mutual Inductance and Coefficient of Magnetic Coupling. Two 

electric circuits are coupled magnetically when the magnetic field of one 
links with the turns of the other. The degree of coupling can be defined 
quantitatively in terms of the component fluxes shown in Fig. 9. In 
studying the component fluxes shown in Fig. 9 one recognizes that 

<l>n + 4>\2 is the total flux established by Niii. 

<t >22 + 021 is the total flux established by ^ 2 ^* 2 - 

<t>ii is the flux which is established by Niii not linking with ^ 2 . 

<t >22 is the flux which is established by ^ 2^2 not linking with Ni, 

If the reluctance of the mutual flux paths (the paths of <^12 and 02 i) is 
constant, the mutual inductance (from coil 1 to coil 2 or from coil 2 to 
coil 1 ) is defined as 

Ttr N2<t>i2 iVi 021 
tl ^2 


(27) 
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where <Ai 2 is the flux from Ni which links with the N 2 turns 
<^21 is the flux from N 2 which links with the turns. 

Except where the turns of the two coils encircle the same flux path 
as in Fig. 10, page 290, it is usually impossible to calculate the mutual 
inductance which exists between two coils. Mutual inductance M can 
readily be measured in the laboratory, however. For the two coils shown 
in Fig. 9, we first connect terminal b of the Ni coil to terminal c of the 



Fig. 9. Illustrating magnetic coupling between two electrical circuits. 

N 2 coil to form a series circuit between terminals a and </, the inductance 
of which can be measured. In terms of component fluxes it can be seen 
that 

y + <^12 ~ <^2l) , N2{<t>22 + 021 — 012 ) 

Lgub. — ^ T 

t % 

(See Fig. 9 for the relative directions of 0 i 2 and 02 i.) Since with this 
connection = 2*2 = i inequation (27) and since we recognize ATj (<^11 + 
012 )/^ as L\ and A^ 2(022 02i)A ^ 2 y 

= Z/i + L 2 — 2M (28) 

After the value of Lgub. is obtained experimentally, the circuit is re¬ 
arranged by connecting terminal b of iVi to terminal d of 7^2, and upon 
measuring the resultant inductance of the series circuit between termi¬ 
nals a and c there is found 

^ Ai(0ii + 012 + 02l) , -^^2(022 + 021 + 012 ) 

Ladd. - 

Ladd. = Li + L 2 + 2M (29) 

If equation (28) is subtracted from equation (29), we find 

M = j (Ladd. Lgub.) (30) 

and since Ladd, and Lgub. can be readily measured, M can be found for 
any configurations of the circuits and for any placement of the circuits 
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relative to one another. Plainly, the value of M is given in whatever 
units Ladd, and Lgub. are measured. 

The coefRcient of magnetic coupling between two circuits which 
individually possess Li and L 2 units of self-inductance is defined as 


Km = 


M 

L1L2 


(31) 


This numeric is a measure of how closely the two electrical circuits are 
coupled. In iron-core transformers, Km may exceed 0.98, whereas in 
most radio applications of coupled circuits the coefficient of coupling 
Km is usually made to be in the order of 0.01 or 0.001 for best results. 


Example. Let it be required to find the coefficient of magnetic coupling 
between coil Ni (Li = 0.20 henry) and coil (L 2 = 0.10 henry) in Fig. 9 if 

With terminal b connected to terminal c, Lad = 0.20 henry 
With terminal b connected to terminal d , Lar — 0.40 henry 

In this case 


Lad = Lsub. = 0.20 henry 
Lac = Ladd. = 0.40 henry 


M = 0.25 (Ladd. - Lsub.) = 0.25(0.40 - 0.20) = 0.050 henry 


Km = 


M 

y/ L1L2 


0.050 

v'0.2 X 0.1 


0.354 


9. Self-Inductance Analogous to Mass. In Section 1 of this chapter, 
the product Li in the electromagnetic system was compared to mo¬ 
mentum mv in a mechanical system. This analogy may be carried forward 
to include all the electrical circuit quantities, and by so doing we may 
obtain a better intuitive grasp of the concept of self-inductance. For 


the simple systems shown 

in Fig. 10: 


In the mechanical system 


In the electrical system 

f driving force 

is analogous to 

e = driving voltage 

m ^ ^ fm — inertial force 
at 

it 

di 

L -r = =* inductive voltage 

at 

KdV ^ fd — frictional force 

it 

Ri = =s resistive voltage 

vt 1 displacement 

it 

lY = Q =* electrical charge 


where v is velocity, m is mass, t is time, I is length or displacement, and 
Kd is the damping constant which depends for its value upon the friction 
offered to the moving mass in Fig. 10-a. 
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Assuming that we close switch S in Fig. 10-b at some instant of time, 
say ^ = 0, we may write Kirchhoff’s voltage equation for the simple 
circuit as 

~ = e (32) 


This equation says simply that the countervoltages L{dildt) and Ri 
must at all times balance the applied voltage e in order that dynamic 
equilibrium be maintained between the various voltages which are 
present in the system. 



Fig. 10. An analogy. 


In a similar manner, we know that for dynamic equilibrium of all 
the forces acting on the moving body the counter or restraining forces 
must equal the applied force which we shall imagine to be suddenly 
applied at ^ = 0. Thus 

dv 

m — + Kev = / (33) 

at 

where the damping factor Kd is measured in force per unit velocity. In 
equation (33) we recognize m{dv/dt) as the inertial (or ma) restraining 
force and Kd^o as the frictional force, the only two counter forces acting 
on the mass in Fig. 10-a. 

In the mechanical system we can readily visualize the result of the 
sudden application of a force of constant magnitude for a particular 
length of time, say M beginning at ^ = 0. The inertial force is the only 
restraining force at the instant the force is applied if the velocity v is 
zero at this instant. The velocity of mass m will increase gradually as 
time t increases until finally the mass is moving at t; = F/Kd (where F 
is the magnitude of the applied force) provided our At is a sufficiently 
long period of time. After the driving force F is removed, the momentum 
mv will continue to move the mass forward until the kinetic energy 
possessed by mass m is dissipated in frictionally developed heat energy. 

Since the governing differential equations of the two systems are 
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identical in form, we may expect that the time variation of current in 
Fig. 10-b will correspond precisely to the time variation of velocity in 
the mechanical system shown in Fig. 10-a. We shall solve the basic 
electrical equation given in (32) with a view toward showing that self¬ 
inductance L is responsible for a time retardation of the current response 
(to an applied voltage) which is analogous in all respects to the retarda¬ 
tion of the velocity response of mass m to an applied force. 

10 . Charge in Motion Tends to Remain in Motion. A steady current, 
I = E/R, is flowing in the electrical circuit shown in Fig. 11. When the 



Fig. 11. Subsidence current in an LR series circuit. /(, = 30/6.5 = 4.62 amp; 
R = 6.5 ohms; L = 0.057 henry. 


driving voltage E is disconnected from the LR branch, this branch is 
closed on itself by the switching operation indicated in Fig. 11. After 
the battery voltage is removed the driving voltage of the closed loop is 
reduced to zero, and equation (32) becomes 

di 

L — + /2i = 0 (34) 

subject to the initial condition that i = If) sd, t = 0. 

In this simple case, the variables i and t may be separated and the 
equation solved for i by conventional methods of integration. But it is 
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evident that the solution for i must be of such form that, when added 
to the time derivative of this form, the sum will equal zero. In any case 
it will do no harm to assume a solution (as we often do in evaluating 
integrals) and test the solution *to see if it satisfies equation (34). This 
method of solving differential equations is basically sound and is eco¬ 
nomical from a standpoint of time and effort wherever we have an 
intuitive understanding of the physical problem. 

Let it be assumed that a solution to equation (34) takes the form 

i = * (36) 

where A and a are constants yet to be determined and s is the base of 
the natural logarithms. To test this solution we substitute in equation 
(34) the value of i which has been assumed with the following result 

L(Aae“0 + = 0 or + R) = 0 

Thus the assumed form of i will satisfy equation (34) at all time pro¬ 
vided 

(La + fi) = 0 or a = - ^ (36) 

Li 


To evaluate the constant A we impose the initial condition {i = /q at 
< = 0) upon equation (35) and find, since e® = 1, that 


Hence 


h = A 

i = 


(37) 


is the required solution of equation (34). 

A graphical solution to equation (34) as obtained with an oscillograph 
is shown in Fig. 11. In certain cases, particularly where the circuit 
parameters R and L are variable, the oscillographic solution is the only 
feasible type of solution that can be obtained. It will be observed from 
Fig. 11 that, once current is established in an LR circuit in a given 
direction, it continues to flow in this direction until the energy stored 
in the magnetic field is returned to the electrical circuit where it is dis¬ 
sipated in the form of heat energy in the resistance /?. 

Had we suddenly opened switch S in Fig. 11 without closing the LR 
branch on itself, the energy stored in the magnetic field would be largely 
dissipated in the form of an arc at the blades of the switch. If the arc at 
the switch blades is ruptured too rapidly, the high values of L{dildt) 
voltages which are developed are likely to puncture the insulation of 
the inductance coil and produce additional arcing at this point. 
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Example. Let it be required to compare the graphical solution [to equation 
(34)] which is shown in Fig. 11 wdth that obtained directly from the analytical 
solution given in equation (37) at time t = 1/60 sec. 

(1) From the oscillogram, we find i = 0.7 amp at i == 1/60 sec. 

(2) Noting that 7o = 4.62 amp and that RjL — 6.5/0.057 in this particular 
case, we have, from equation (37), 


i = 4.628-''"/^’^ = 


4.62 

<. 1.9 


= 0.69 amp 
6.7 


The correspondence between the solutions is closer than the accuracy with 
which the oscillogram can be read. 

It might be inferred from the form of equation (37) that the current attains 
zero value only after an infinite period of time. The current actually comes to 
zero in a reasonably short period of time because the component voltage, 
which is responsible for the continued current flow, L{dildt), becomes so 
small that it cannot maintain a net drift of electrons against the internal 
atomic forces which tend to prevent net drifts of electrons within the metal 
conductors. Failure of equation (37) to account for this minute effect is of 
no practical importance or significance. 

In illustrating that charge in motion / tends to remain in motion, we 
have shown that the magnetic field (with which the kinetic energy of 
the moving charge is associated) possesses a momentun which is defined 
quantitatively as Li = Dimensionally this electromagnetic mo¬ 
mentum may be thought of as either volts X seconds (since N<t> = 
E^t^) or as henrys X (coulombs/second), which is analogous to mass X 
velocity. 

11. Charge at Rest Tends to Remain at Rest. If the LR circuit is 
initially at rest as shown in Fig. 12 and a constant driving voltage E 
is applied at < = 0, equation (32) becomes 

L^ + Ri^E (38) 


subject to the initial condition that i = 0 at ^ = 0. 

In the present case, the solution of equation (38) will plainly include 
a steady-state term since we know physically that, after a sufficiently 
long period of time has elapsed after < = 0 in Fig. 12, i == E/R. We shall 
therefore assume that the solution for i as a function of time takes the 
form 

* = I + (39) 

steady transient 

and test this assumption by putting this form of i back into equation 
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(38). The result of this test is 

or 

Aiz^^La + i2) = 0 


which is true for all time t if a = —RIL as in Section 10. 



Fig. 12. Rise of current in an LR series circuit. E = 30 volts; R = 6.5 ohms; 

L — 0.057 henry. 


Thus equation (39) is an acceptable solution of equation (38). Math¬ 
ematicians call the steady-state term the particular integral, and the 
transient component the complementary function. Usually the particu¬ 
lar integral is the more difficult to evaluate from a mathematical point 
of view but, since engineers usually know this portion of the solution, 
they follow the method employed here, namely that of writing into the 
general solution the known value of the steady-state term. 

The constant A\ may be evaluated by imposing the initial condition 
(z = 0 at < = 0) upon equation (39) to obtain 

E E 

0 = - + or Ai = - - (40) 
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Hence 

* = I (1 - (41) 


is the required solution for i as a function of time. 

A plot of equation (41) for a particular set of values of E, L, and E is 
shown in Fig. 12. It will be observed that the current increases expo¬ 
nentially from zero to its E/R value and that it makes somewhat more 
than 60 per cent of this total transition in the period of time labeled U 
in Fig. 12. 

Time Constant. The time rate at which current changes in the LR 
circuit is governed by the ratio L/R which is dimensionally equivalent 
to time since 


L = 


e 

Az 




M 


Thus at ^ = L/R in equation (41) 




632 


E 

R 


(42) 


which says that, in the LR circuit, the current makes 63.2 per cent of 
its total change in time t = L = L/R. As applied to Fig. 12, tc — 
0.057/6.5 = 0.00877 sec. 

In general, the time constant tc of a circuit is defined as the length of 
time required for the current to make 63.2 per cent of the total change 
which occurs when the driving voltage is suddenly changed, that is, 
when the circuit is shock excited. 


Example. Let it be required to find the length of time for the current in 
Fig. 12 to reach 0.94 (E/R)- Equation (41) is to be employed. 

Under the operating condition shown in Fig. 12, 

E R 

— = 4.62 amp — = 114 inverse sec. 

R L 

Equation (41) may be arranged as 

4.62e"'“*‘ = 4.62 - (0.94) (4.62) 
or 

= — = 16.67 
0.06 

Taking logarithms, 


114< = In 16.67 



CONSERVATION OF LI 


and ^ ' < 

6 Cl 

< = — = 0.0246 sec (for t = 0.94£:/fl) 

114 

' * 

As shown in the oscillogram, i = 0.94 (E/2^) at about ‘K 20 or 0.025 sec. 

During the period in which the circuit current changes, the magnetic 
flux linkages change, but a change of flux linkage can be accomplished 
only in a finite period of time. This guiding principle demands that 
{Li)o = (A^<^)o at ^ = 0 must equal (Lt)o+ = {N<l>)o^ just after any 
switching operation is performed. The symbol 0+ means at the positive 
side of ^ = 0, but not a finite length of time after / = 0. In Fig. 11, 



Fig. 13. Illustrating the principle of the conservation of LI. 


i = 7o at ^ == 0; therefore z = /o at / = 0+ since L is constant. In Fig. 
12 , i = 0 at ^ = 0; therefore, for the same reason, i = 0 at f = 0+. 

12. Conservation of LI = N4> Comparable to Conservation of Mo¬ 
mentum. Situations arise where the current through an inductance 
coil is caused to change abruptly. A case of this kind is illustrated in 
Fig. 13 where, before ^ = 0, a steady current 7 = is flowing through 
the L\R circuit and zero current is flowing through L2 owing to the 
short-circuited path around L 2 . 

At ^ = 0, the switch in Fig. 13 (presumably in a vacuum where arcing 
will not occur) is opened. Just prior to ^ = 0, Li carries E/R current 
and L 2 carries zero current. Just after ^ = 0, 7/,^ = 7 l2 as demanded by 
the series connection and the assumption that no arcing occurs at the 
blades of the switch. 

KirchhofFs voltage equation for the circuit shown in Fig. 13 during 
the period of time starting at f = 0 is 

di 

(Li + 7/2) — + (43) 

subject to the condition that Li before the switching operation equals 
Li after the switching operation. 
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The solution of equation (43) is of the same form as that given in 
equation (39) for the solution of equation (38), since (43) and (38) are 
of the same form. Thus 

i = i + ^ 26 “' (44) 


where, in this case, it is readily shown that a = — iE/(Li + i/ 2 ) or, by 
letting the sum of Li and L 2 be known as La, 


a = 


Ls 


(45) 


In evaluating A 2 in this case, we must rely upon the principle of the 
conservation of Li (or of N<j>) to guide us because we do not know from 
inspection just what value i in equation (44) has at ^ = 0+. 

Applying the conservation of Li principle. 


Li (before the switching operation) 


= Li 


E 

R 


Li (just after switching operation) = (Li + L 2 )/o+ 


Since the above values of Li must be equal, we find 




(46) 


which if imposed on equation (44) yields 

L, 


or 


Hence 


X TT = 7 : + A 2 


R R 


1 

1 


1 + L 2 / R La 

(47) 


(48) 


where La = Li + L 2 . 


Example. Let it be required to find 

(1) 7 o4 in Fig. 13 when the switch is opened. 

(2) The length of time required for i to make 63.2 per cent of its transition 
back to the E/R value after the sudden decrease caused by the switching 
operation. 
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The known data are: = 30 volts; H = 5 ohms; Li = 0.2 and L 2 
henry. 


Just before ^ = 0 (or at ^ = 0 —), /o- = “ = 6 amp 

It 

At t = 0+, /o+ = - ^ : ■ X f = ^ X 6 = 2.4 amp 

Jui - 7 - Ij 2 ”*0 


0.3 


Thus the current drops sharply in magnitude at ^ = 0 from 6 amp to 2.4 amp 
and will return to the 6 -amp value (assuming that the L 2 coil has a negligibly 
small resistance) in a period of time which is governed by the time constant 
of the circuit after t = 0 , namely, by Ls/R. 

The time required for i to recover to [0.632(6 — 2.4) + 2.4] or 4.68 amp 


tc 


Lj + L2 
R 



sec 


This recovery of i to 4.68 amp in 0.1 sec may be checked by means of 
equation (48). 


In using the conservation of Li as a basis of calculation we are imposing 
the condition that flux linkages N<t> cannot change instantly any more 
than the momentum of a moving mass can change instantly. Thus the 
principle of the conservation of Li is to the electromagnetic system what 
the principle of the conservation of momentum mv is to the mechanical 
system. 

13. Determination of L from a Current-Time Graph. The instan¬ 
taneous magnitude of L in an LR circuit may be evaluated at any point 
on the current-time graph of this circuit if the voltage applied is constant 
as it is in Figs. 12 and 14. From the basic voltage equation of the circuit 


E - Rii 

© 


where the subscripts indicate that L, z, and di/dt are to be evaluated at 
the same point on the current-time graph. 

Where Mr of the flux paths is constant as it is in Fig. 12, L is constant 
and, except as it affects the accuracy of the graphical construction, the 
evaluation may be performed at any point on the current-time graph. 

Where Mr is variable as it is in Fig. 14, the value of L will be found 
to vary at different points along the current-time graph, as might be 
expected from the shape of the magnetization curve. (See Fig. 5.) In 
the oscillogram shown in Fig. 14, the abrupt rise in current at ^ = 0 is 
attributable to the same effect as is the lower knee of the magnetization 
curve, namely, the apparent inertia that the sub-atomic current loops 
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have to initial orientation. It will be observed from the oscillogram, 
however, that orientation is in full progress in considerably less than 
0.001 sec. 



Example 1. Let it be required to determine L in Fig. 12 from the initial 
slope of the current-time graph. 

By graphical measurements, 


L = 



4.62 


E 

R ^ _ 

ic 0.0088 

30-0 
525 


== 525 amps/sec 
— 0.057 henry 


Example 2. Let it be required to find the time-overage value of inductance 
over the first JiSo-sec time interval of the current-time graph shown in Fig. 14. 

In this case we draw a straight line through the mid-point of the time 
interval (at t = }i 20 sec in this case) which is most nearly representative of 
the average slope of the curve over the time interval specified, %o sec. The 
upper part only of this straight line is shown in Fig. 14 since the average 
di/dt over the %o sec time interval can as well be evaluated on a half-interval 

basis. E -Ri, 2 - (0.65 X 0.03) „ „„ , 

Liv. = /. A — =-ttt— -= 0.06 henry 


\A</6 


0.25 X 120 
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14. Steady-State Current in the LR Circuit with A-C Driving Voltage. 

If a force were 'applied first in one direction and then in the other ta 
mass m in Fig. 10-a, we can visualize the general nature of the velocity 
response of the mass to the alternating force. 0\ving to momentum, the 
velocity will continue in one direction after the force is operating in the 
reverse direction; and, as a result of the momentum, the velocity re¬ 
sponse will lag in time the alternations of the applied force. The maximum 
magnitude of the velocity will clearly depend upon the mass and the 
rapidity with which the force reversals occur. If the frequency of the 
force reversals is sufficiently high, it is conceivable that no perceptible 
velocity response will occur. 

A corresponding situation is present in many radio circuits where 
frequencies of about 10® cycles/sec are effectively prevented from 
entering certain parts of the network by the simple expedient of placing 
a small choke coil in the paths where the radio-frequency signal is not 
wanted. These radio-frequency choke coils are often of 0.10 henry self¬ 
inductance and are represented by rjc on radio circuit diagrams. 

It will be shown presently that the impedance offered by a pure 
inductance L to the flow of alternating current is 

inductive reactance Xl = coL ohms (50) 

where w = 2 t/ is the angular frequency of the alternating current ex¬ 
pressed in radians per second and/is the frequency in cycles per second. 
Using equation (50) to determine the inductive reactance of a 0.10- 
henry coil at a frequency of 10® cycles/sec, we find 

Xl = wL = (6.28 X 10®) X 0.1 = 628,000 ohms 

In order to appreciate the fact that wL is an impedance and expressible 
in ohms, we may proceed as follows. Assume that a sinusoidally time- 
varying current is flowing through the inductance L. A time-varying 
current of sinusoidal wave form may be represented by the equation 

i = Im sin {o)t — 6) amp (51) 

where Im is the maximum magnitude of the sinusoidally varying current 
CO = 2irf is the angular frequency as previously defined 
6 is, for the present, any constant angle we choose to select. 

Under these conditions, the countervoltage of self-inductance [which is 
developed within the coil and which opposes the applied sinusoidal volt¬ 
age that produces i = Im sin (co^ — 6)] is 

di 

vt = L — = wLIm cos {ut — 6) = VLm COS {ut — 6) volts (62) 
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It will be observed that the time-varying vl has a maximum value of 
(aLIm which we shall call VLm- It is evident that 

= c*jL ohms (53) 


and that, even though the inductance coil L possesses almost zero re¬ 
sistance, the maximum current Im will never be greater than the maxi¬ 
mum voltage applied to the LR circuit divided by coL since V Lm will 
never be greater than the maximum applied voltage in this type of 
circuit. 

In order to understand the precise nature of the time lag of the current 
in the LR circuit relative to the a-c driving voltage, we need only add to 

as given in equation (52) the Ri counter¬ 
voltage which is present in the circuit when 
i = Im sin {oit — B) amp flow in the LR circuit. 

Thus , 

Vl "T vr = e (54) 

where is given by equation (52), vr = Rim sin 
{oit — B), and e is the driving voltage which is 
applied to the LR circuit and which we can 
readily evaluate for the assumed current of Im sin 



u)L 


Fig. 15. For simplify¬ 
ing equation (54-a). 


(a)^ — B), Substituting the known values of 2;^ and vr into equation (54), 
(aLIm cos {o3i — 0) + Rim sin {(at — 0) = e (54-a) 


To combine the two trigonometric terms on the left-hand side of equation 
(54-a) into a single term we may use the trigonometric substitution 
suggested in Fig. 15; that is. 


coL . R 

— = sin 0 and -- 


cos B 


With the aid of these substitutions, the left-hand side of equation (54-a) 
reduces to a simple and recognizable form. Thus 

ZIm [sin B cos {cal — B) + cos B sin {(at — B)] = e (54-b) 
and combining the trigonometric terms as 

(sin a cos iS + cos a sin fi) = sin {a -h P) 

we have 

ZIm sin cat = e [applied voltage for i = Im sin {(at — 0)] (55) 

where Z = + co^L^ is the impedance of the LR circuit in ohms 

B = tan“^ {(aL/R) is the angle by which i lags e, the applied 
voltage. 
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Since the maximum magnitude of the applied voltage eisEm — Zlm, 


i 


Z 


sin (o)t — 6) 


amp 


(56) 


It is plain that the maximum magnitude of current that will flow in the 
LR circuit, Im, for any specified maximum value of voltage Em will 
depend upon the impedance Z. The impedance Z may in turn be essen¬ 
tially equal to wL if the resistance of the circuit is small relative to wL, 
and in this case the current lags the applied voltage in time by an angle 
which approaches 90°, or one-quarter cycle. 

The time relationship between the applied voltage and the resulting 
current in a purely inductive circuit is shown in Fig. 16, and a study of 



Fig. 16. Illustrating the time lag of the current variation relative to the applied 
a-c voltage. One complete cycle of current or voltage variation corresponds to 2t 

radians or 360°. 

this figure will show what is meant by self-inductance causing the current 
to lag the applied voltage by a time angle of 0° or 6 radians. 

The time lag of current relative to the voltage for the case of a variable 
inductance is shown in Fig. 17. The non-sinusoidal wave form of the 
current is typical of all iron-cored coils which are energized with ordi¬ 
nary a-c voltages. The detailed analysis of the non-sinusoidal case will 
be left to more advanced courses. 

Example. Assume that in Fig. 10-b the switch has been closed for a suffi¬ 
ciently long period so that all transient disturbances have died away and that 

e = 200 sin (3770 volts R = 20 ohms L = 0.10 henry 

For these values of R and L, the switch in Fig. 10-b needs to be closed for 
only about 0.05 sec for the transient component of the current to have died 



346 


INDUCTANCE 


out and for the steady-state current i = Im sin(co< — to have established 
itself as the circuit current. 

Let it be required to find (1) the maximum value of the steady-state current 
in amperes, (2) the angle of lag of the current i relative to the voltage e. 



Fig. 17. Illustrating the time lag of a non-sinusoidal current relative to the applied 

voltage. 


We first observe from the specified voltage that the angular frequency is 
377 radians/sec (/ = 377/27r = 60 cycles/sec). 

coL = 377 X O'.IO = 37.7 ohms (of inductive reactance) 

R — 20 ohms (specified) 

Z = + 37.7‘^ == 42.6 ohms (impedance) 

Im = ^ = 4.7 amp (required value of i) 


^ ^ , coL ^ . 37.7 

6 = tan""^ — = tan~^- 

R 20.0 


62° (required angle of lag) 


With this information we may write the expression for the instantaneous 
current as 

i = Im sin — 0) = 4.7 sin (377/ — 62°) amp 


where it is understood that, if we should ever combine 377/ radians and the 
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62®, one or the other will have to be transformed. The 62® here means that 
i lags e by slightly more than of a cycle.' * 


16. Summary. (1) Self-inductance is symbolized by L and is defined 


as 



weber-turns 

amp 


(called henrys) 


(57) 


(2) The energy stored in the magnetic field which links with a current- 
carrying circuit is accounted for in terms of the circuit parameter L: 


stored energy = 


Li^ 

2 


joules 


(58) 


(3) The numerical value of L depends only upon the physical dimen¬ 
sions of the turns of the circuit, the number of turns, and the perme¬ 
ability of the linkage-flux paths, and can be determined by calculations 
of {N<l>)/I in closed solenoids, parallel-wire lines, and in coaxial cable. 

(4) The self-inductance of coils may be found from empirical formulas, 
one of which is given in Fig. 4, page 325. 

(5) The mutual inductance between two circuits is defined as * 

Af = (See Fig. 9 .) (69) 

l\ l2 

and the coefficient of coupling between the two circuits is defined as 


Km — 


M 


(60) 


(6) The basic voltage ecjuation of the LR series circuit is 

Z/ “ Ri — e (61) 

(7) If the driving voltage e in equation (61) is constant at E volts 
and z = 0 at / = 0, the current-time relationship is 

E 

i = — (l — amp (62) 

K 

(8) If the driving voltage e in equation (61) is e = E^ sin the 
steady-state alternating current which flows in the LR series circuit is 

Rm 

i = — sin (jut — d) amp (63) 


The meanings of Em, Z, u, and 6 are given in the preceding section. 
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(9) Two methods of experimentally determining L are 


(a) 

Lx 


ib) 

L = 


E — Rii 
(di\ 
\dt)i 

(a 


from current-time graphs like Figs. 11,12, and 14 


under sinusoidal driving voltages where Z == 


Im 


A-c bridge methods which are more accurate than either (a) or (6) are 
usually employed in actual practice, but the theory of a-c bridges is not 
given here. 

PROBLEMS 

1. Assume that the actual versus i characteristic of a particular iron-cored 
coil which is carrying less than 1 amp current can be approximated as the straight 
line between f = 0 and i = 1 amp in Fig. 18. 

(а) What is the value of L in this region of operation? 

(б) What energy is stored in the magnetic field at i = 0.5 amp? 



Fig. 18. For use in connection with Probs. 1, 13, and 14. 

2. A current of 20 amp is flowing through an inductance of 2.8 henrys when the 
current is suddenly broken (say by a circuit breaker) in 0.05 sec. 

(а) What is the time-averaged voltage of self-inductance generated by the 
collapsing magnetic field? 

(б) What is the time-averaged power (in watts) of the energy dissipated in the 
circuit resistance and at the breaker arc during the 0.05-sec period? 
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3. A ring-shaped core like that shown in Fig.l , page 319, is wound with a single 
layer winding of 2738 turns. Find L if /ir = 1, n = 25 cm, r 2 * 35 cm, and h = 20 
cm. 

4. The core of Fig. 1, wound with 4000 turns of No. 30 B. & S. gage wire, has been 
shown to have a self-inductance of 0.029168 henry where 

Mr = 1 ri = 20 cm a = 4 cm 5 =* 5 cm 

The calculation of L in the example of Section 2 was based on the assumption that 
the flux area was confined to just the core area. 

What is the self-inductance based on the refinement that the flux area actually 
extends from center-of-wire to center-of-wire, that is, 

flux area = (a 4- d) (6 + d) 

where d is the diameter of the wire? No allowance is to be made for insulation or for 
bulging of the turns. 

5. The radius of the inner conductor of a coaxial (copper) cable is 0.02 in., and 
the inner radius of the outer conductor is 0.20 in. Mr = 1 throughout the region of the 
linkage-flux paths. Find the self-inductance of 1 km of this cable at ultra-high- 
frequencies where Lint, of both conductors is essentially zero. PJxpress the result in 
millihenrys. 

6. What is the self-inductance of a 100-mile length of parallel-wire circuit which is 
composed of No. 14 B. & S. gage copper wires separated center-to-center in air by a 
distance of 24 in.? 

7. An unorthodox transmission system consists of two cylindrical parallel con¬ 
ductors (a and b) spaced 80 in. center-to-center in air. Conductor a is a copper wire 
having a diameter of 0.10 in. Conductor 6 is an iron wire having a diameter of 1.0 in. 
and a space-averaged relative permeability of 100. Assuming uniform current density 
in both conductors, find the loop inductance (both wires) in henrys per meter. 

8. If the coil shown in cross-section in Fig. 4, page 325, is extended axially by 
winding on an additional 12 turns of wire, what is the self-inductance of the 2-layer 
24-turn coil, and why is it less than 24^/12^ times the inductance of the 12-tum coil, 
namely, 2.13 microhenrys? 

9. If the coil shown in cross-section in Fig. 4, page 325, is extended radially by 
winding an additional 12 turns of wire over the outside of the two layers shown in 
Fig. 4, what is the self-inductance of the 4-layer, 24-turn coil? 

10. A cylindrical 1-layer coil of 20 tightly packed turns of wire has a mean radius 
(a in Fig. 4) of 1 in. and an axial length of 2 in. What is the self-inductance of the coil 
expressed in microhenrys? 

11. (a) What is the d-c inductance in Fig. 5, page 326, at i = 0.5 amp? 

(b) What is the incremental (or differential) inductance at i = 0.5 amp? 

12. A magnetizing current i = (0.5 + 0.05 sin 3770 amp flows in the 500-turn coil 
shown in Fig. 5, page 326, and it is assumed that a second coil is wound directly over 
the 600-tum magnetizing coil but not connected electrically to the magrietizing coil. 

If the second coil has 1000 turns, what is the maximum magnitude of the magnet¬ 
ically induced voltage in this coil by the small time-varying component of the 
magnetizing current? 



350 


INDUCTANCE 


13. What is the incremental inductance of the iron-cored coil whose magnetization 
curve is shown in Fig. 18: (a) in the operating region between i =* 0 and i * 1.0 amp; 
(6) in the operating region between i = 1 and i = 2.5 amp? 

14. A magnetizing current i = (0.5 + 0.1 sin (d) amp flows in the iron-cored coil 
whose magnetization curve is shown in Fig. 18. 

(а) What is the maximum magnitude of the d{N<j>)/dt — L{di/dt) voltage 
generated in this winding if w = 5000 radians/sec? 

(б) What is the maximum magnitude of the voltage generated in a second winding 
which encircles the same iron core as does the magnetizing winding if this second 
winding has 3 times as many turns as the magnetizing winding? 

(c) What is the frequency of the voltage generated in the second winding ex¬ 
pressed in cycles per second? 

15. A coil Li of 1000 tiiiTis establishes a total flux of 10“'* weber/amp of exciting 
current, 60 per cent of which links with a 500-turn coil L^. The permeability of the 
flux paths is constant and, as a result, L 2 establishes 0.5 X 10“* weber/amp of 
exciting current, 60 per cent of which links with the 1000-turn coil. 

(a) What is the mutual inductance of the two coils? 

(b) What is the coefficient of magnetic coupling between the coils? 

16. Given two inductance coils which individually possess self-inductances of 
Li = 16 and L 2 = 4.0 millihenrys. The coils are in fixed space positions relative to 
one another and in these positions have a magnetic coupling coefficient of 0.30. 

(а) What value of two-t(^rminal self-inductance is obtained by connecting these 
coils in subtractive series? 

(б) Using these two coils, what maximum two-terminal self-inductance can be 
obtained? 


17. What minimum two-terminal self-inductance can be obtained using the two 
coils, Li and L 2 , described in Prob. 16 individually, in series, or in parallel. Note: In 
the subtractive parallel connection 


di\ di2 

Li —- M — e (applied to parallel branches) 

ill ill 

L2 ^ M = e “ “ “ “ 

dt dt 


/dii di2\ 


In solving for Leq., the time derivatives may be treated as ordinary algebraic variables 
like ii and 22 . 


18. Two inductance coils connected in additive series show a measured two- 
terminal value of inductance of 56 millihenrys; and in subtractive series show a 
measured value of 14 millihenrys. What is the mutual inductance between the two 
coils? 


19. A current of 10 amp is flowing in an LR series circuit when, at < =» 0, the 
driving voltage is removed and the LR series branch short-circuited on itself. E = 4 
ohms and L =* 1.0 henry. 
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(а) What length of time is required for the current to subside to 0.1 amp? 

(б) What energy remains stored in the magnetic field at < = 0.50 sec? , 

20. From the data given in connection with Fig. 11, page 334, calculate the 

current at < = H 20 sec by i — and compare the result obtained with 

the measured value of 1.8 amp shown in Fig. 11. 

21. From the data given in connection with Fig. 12, page 337, calculate the 

current at ^ = K 20 sec and at ^ = 3^o sec by i = (E/E)(l — and 

compare the values thus found with those shown on the current-time graph of Fig. 12. 

22. What is the time constant of an iron-cored coil which has 10 ohms resistance 
and an inductance which is assumed to be constant at 30 henrys? 

23. What is the instantaneous value of self-inductance in Fig. 14, page 342, at 
t - H 20 sec? 

24. In Fig. 13, page 339, E — SO volts; R 5 ohms; Li = 0.20 henry; L 2 = 0.30 
henry. As indicated the switch is opened at < = 0. 

(a) What is the ampere value of /o+? 

(h) What is the value of the circuit current 0.1 sec after the switch is opened? 

(c) What is the final value of the circuit current i after the switch is opened? 

25. What is the inductive reactance of a 0.15-henry inductance coil at a frequency 
of 796 cycles/sec? 

26. If a 0.15-henry coil has a resistance of 100 ohms, what is the impedance of this 
coil at CO = 5000 radians/sec? 

27. A sinusoidal driving voltage, e ~ 300 sin (5000 t) volts, is applied to the 
terminals of the coil described in Prob. 26. (In e, t is in seconds.) 

(а) By what fraction of a cycle does the circuit current lag the applied voltage? 

(б) What is the maximum magnitude of the circuit current? 

(c) Write the expression for the instantaneous current as 

i = Im sin (wt — 6) 

where Im, <*>, and 6 are all expressed in numerical values. 

28. Refer to Fig. 10-a, page 333. At ^ = 0, a constant and sustained force of 20 
newtons is applied to the mass, m = 30 kg. It is assumed that the damping factor 
Kd is constant at 2 newtons/m/scc. 

(а) What is the final steady-state velocity of the mass? 

(б) What length of time is required for the velocity to reach 63.2 per cent of the 
final steady-state velocity? 

(c) What is the kinetic energy of the mass 30 sec after the force is applied? 

29. A sinusoidal time-varying force, / = 4.5 sin (6.280 lb, is applied to the mass 
of Fig. 10-a where it is assumed that the damping factor Kd is constant at 0.137 
Ib/ft/sec. The mass is a weight of 66.16 lb or a 2.055-slug mass. In the expression for 
force, t is expressed in seconds, and it is assumed that this force has been applied for 
some time so that the velocity has reached a steady-state sinusoidal variation. 

(a) What is the frequency of the alternating force in cycles per second? 



352 


INDUCTANCE 


(6) What maximum velocity is attained by the mass during a cycle? 

(c) What is the time angle of lag of the time-varying velocity relative to the 
sinusoidally varying force? 

30. Without regard for direction, what is the total linear distance traversed by the 
mass in Prob. 29 in 10 complete cycles, that is, in a period of 10 sec? 

Note: Problems 28,29, and 30 may all be worked in terms of the analogous electrical 
equations or the necessary relationships may be derived from equation (33) in 
precisely the same manner as the electrical equations were derived from equation (32). 



CHAPTER XIII 


Capacitance 


1. Concept and Definition of Capacitance C. It has been shown in 
Chapter VII that energy stored in an electric field is electric potential 
energy. In general, this stored potential energy comes into being wherever 
positive charge is separated from negative charge; and, in particular, 
wherever two conductors are maintained at a potential difference 
relative to one another. 

If two conductors which are at an electric potential difference are 
parts of an electric circuit, the stored potential energy will react on the 
circuit, releasing energy to the circuit when the potential difference is 
lowered and demanding increased energy from the driving source when 
the potential difference is increased. The interaction between an electric 
field and an electric circuit is accounted for in terms of a circuit param¬ 
eter called capacitance which is defined as 


C = or farads (in mks units) 

Vc volt 


( 1 ) 


Specifically, this definition says that the capacitance of two conductors 
(one charged with +Q coulombs and the other with — Q coulombs) is 
the ratio of one of these charges and the potential difference between the 
conductors expressed in volts. This potential difference is that which is 
established between the conductors as a result of the separation of 
charge (+Q on one conductor and — Q on the other), the assumption 
being that the conductors are electrically neutral before the separation 
of charge is effected. 

As applied to Fig. 1, it is plain that the two parallel plates will charge 
up to a point where Vc is a countervoltage which, when equal in mag¬ 
nitude to Ej will reduce the current in the connecting wires to zero. If 
the magnitude of E is increased, positive current flows to the right as 
shown in Fig. 1 until the increase in Q/C = Vc again balances thereby 
reducing the current to zero. If the magnitude of E is decreased positive 
current flows to the left as shown in Fig. 1 because, with Q/C = Vc 
greater than E, charge is released from the parallel plates until Vc = E. 
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Applying KirchhofT^s voltage law to the arrangement shown in Fig. 
1, we have 


Q 

Vc — " — E (voltage equation) 


( 2 ) 


If the above equation is multiplied by current {i = dq/dt), there is 
obtained a (voltage X current) or power equation. Thus 

^ ^ (power equation) (3) 

C dt dt 


where the lower-case q indicates that we are now recognizing that the 
charge Q on the parallel plates of Fig. 1 may vary with time. 



Fio. 1. Illustrating Fr = Q/C as a countervoltagc in an electrical circuit. 


If the above power equation is considered over any increment of time 
(say At)j we have 


q dq 

/. ci*" 

dq 

1 E dt (energy equation) 
t/o dt 

(4) 

stored energy 

supplied energy 



pQ 

1 Edq 

Jo 

(5) 


We recognize the right-hand member of equation (5) as the EQ energy 
which is supplied by generator E, and we may evaluate the left-hand 
side as 


C 




2C 


and since 


it follows that 

CVc^ . 

energy stored in (7 = • - - joules 


(6) 


where C is expressed in farads and Vc in volts. 
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2. Capacitance of Parallel Plates. It has been shown in Section 10 of 
Chapter VII that the energy stored per unit volume between parallel 
plates that are equally and oppositely charged (in free space) is 


w 


2 


joules/cu m 


(7) 


where S is the electric field strength in volts/per meter 

€() is the permittivity of free space [l/(367r X 10®)] in rationalized 
mks units. 

The magnitude of 6 in the region between the parallel plates shown 
in Fig. 1 (which are illustrated in detail in Fig. 9, page 173) is 


where d is the distance of separation of the plates. 

If the plates have surface areas of A (= a X b) as shown in Fig. 9, 
page 173, the total energy stored in the region between the plates is 


W = 


eo&^Ad 

2 


eoVc^ 

2d^ 


Ad 


(9) 


Since W has been shown in equation (6) to be CFc^/2, we have 


cvl 

2 


2d 


or C = 


eoA 


(in free space) 


( 10 ) 


Thus it is shown that the capacitance of parallel plates in free space, 
(or air) is directly proportional to the cross-sectional area A of the 
intervening dielectric and inversely proportional to the thickness (or 
8 direction dimension) of the dielectric. 

If a material dielectric is employed between the parallel plates, the 
bound molecular charges (as shown in Fig. 14, page 180) increase the 
charge Q that can accumulate on the conducting plates for a specified 
value of Fc = S d. Since S = D/€o€r and since D = ^p/A = Q/A in 
the region between the plates 


and 


Vc=—d = 
eoCr 


Q 

€o€rA 


d 



f J 

—;— farads 
d 


(for material dielectrics) 


( 11 ) 


where Cr is the relative permittivity of the dielectric material. (See Table 
I, page 179.) 
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Any device consisting of two conducting plates (separated by a di¬ 
electric) which is designed as a storage space for electrical potential 
energy is called a condenser or capacitor. Many condensers (or capacitors) 
are of the parallel-plate type, the plates usually being made of metal 
foil and the dielectric either thin sheets of impregnated paper or mica. 
This type of condenser is usually made of long narrow sheets of the 
material rolled into a small volume and sealed in some form of metal or 
plastic container. Various other types of parallel-plate condensers are 
employed in practice. The tuning condensers in most radio receivers 
consist of parallel plates having air as the dielectric and, since variable 
C is desired, one set of plates is movable relative to the other, thereby 
varying A in equation (11). Parallel-plate capacitors in large metal 
containers are sometimes used to compensate for certain detrimental 
effects of inductance in 60-cycle power systems. 

The three basic elements or components of all electrical circuits, aside 
from the generators and motors, are resistors, inductors, and capacitors. 

Example. Let it be required to find the capacitance of the parallel-plate 
arrangement shown in Fig. 2 if the thickness of the dielectric d is 0.02 cm 



-6 cm- 

Fig. 2. A parallel-plate capacitor. 


and the dimension of the arrangement normal to the page is 3 m. The dielectric 
is impregnated paper having a dielectric constant (or relative permittivity) 
of 4. 

In Fig. 2 we recognize that the electric flux ^ = Q emanates from both the 
top and bottom surfaces of the inner conductor. Neglecting the small end 
effects, the area of the dielectric is 

A = 2(0.06 X 3) = 0.36 sq m 




eperA 

d 


1 (4)(0.36) 

367r X 10® 0.0002 


= 0.0636 X 10-® 


farad 


Since the farad is an extremely large unit of measure of capacitance, secondary 
units like microfarads (/xf) and the micromicrofarads (/x/xf) are normally used 
in practice. For example, the above result might be expressed as 

0.0636 Ilf or 63,600 /x^f 


3. Series and Parallel Arrangements of Capacitors. Fixed capacitors 
are manufactured in many standard sizes (for example, 0.001 nf, 0.01 juf, 
2 juf, and 15 /uf), and, to obtain some odd value like 0.128 /xf, fixed 
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capacitors may be arranged either in series or in parallel, and if necessary 
in series-parallel combinations. Capacitors may also be arranged in' 
series with a view toward increasing the allowable terminal voltage since 
all capacitors are rated as to the maximum voltage which can be applied 
to their terminals without injury to the dielectric material. 

If the capacitors or condensers are arranged in parallel as shown in 
Fig. 3, the equivalent two-terminal capacitance at terminals a and h is 



Qi + Q2 + Q3 


= Cl + C2 + C3 

0 


Thus the equivalent two-terminal capacitance 
of any number of capacitors in parallel is the 
sum of the individual capacitances. 


0 


r— 

+ 


^2 


u 

[j] 

C. - 

C 2 - 



b 



( 12 ) 



Fig. 31 Capacitors connected in 
parallel. 


Fig. 4. Capacitors con¬ 
nected in series. 


If the capacitors are arranged in series as shown in Fig. 4, the charge 
passing terminals a and 6, Qeq., is the same charge that appears at each 
of the condenser plates; that is, 


and since 


or 


Ceq. 


Qeq. = Ql = Q2 = Qs 

Fceq. = Fcl + Vc 2 + V cZ 

n = — 1 

Feeq. F^ . Fc 2 Fc 3 

Q\ Q2 Qs 

-j-1-(for series connection) 


(13) 


Equation (13) may, of course, be extended to include any number of 
capacitors in series. 

Example. Let it be required to find the equivalent two-terminal capacitance 
of six 0.10-/xf capacitors arranged as shown in Figs. 3 and 4 if the a terminals 
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are connected to form terminal aa and the b terminals are connected to form 
terminal bb, 

Ceq.oa-W = 0.10 + 0.10 + 0.10 + "j- ^ -— 

-h —- + — 

0.10 0.10 0.10 


= 0.333 nf 


In multiple-dielectric cases like that shown in Fig. 5, the guiding 
principle is that the normal flux-density vector D is continuous across 



Fig! 5. Cross-section of parallel-plate capacitor having two different dielectrics. 

the boundary (or boundaries) between the different dielectric materials. 
Hence for the parallel-plate arrangement shown in Fig. 5, 

Vc = &ldl + &2d2 = — rfl + — ^2 = —(14) 

€o€rl €o€r2 Co€rlA CoCr2-d 


or 


Co*rl*r2-4 


C 1 C 2 


c =-^ = 

Vc Cr2di + Crid2 Ci C2 


(16) 



where Ci and C 2 are the capacitances of the individual layers. 

For equal values of d in equation (14), it 
will be observed that the potential drop (6 d) 
is higher across the layer of dielectric having 
the lower dielectric constant Br. This principle 
is made use of in properly proportioning the 
voltage drops between layers of insulation in 
the cylindrical bushings of high-voltage trans¬ 
formers. 

4. Cylindrical-Plate Capacitance. The sim¬ 
plest way of handling electric field problems 
where long conductors are involved is by the 
application of Gauss^ theorem, illustrated in 
Fig. 18, page 183. The details of this particular 
application are given in Section 13 of Chapter VII. As applied to a 
coaxial cable like that shown in cross-section in Fig. 6, these details are: 

(1) Arbitrarily assign +o- units of charge per unit length to one con¬ 
ductor and “ (7 to the other. 


Fig. 6. Coaxial cylindri¬ 
cal conductors. 

^ 55.556, 

C = - —> MMf/m. 

In — 
r 
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(2) Determine Dx at any point in the region between the two con¬ 
ductors by Gauss^ theorem. The result is 

Dx = (‘oulombs/sq m (16) 

2iirx 


where Dx is the electric flux density and x is the distance from the 
center of the inner conductor. 


(3) Plvaluate the potential difference between the two conductors as 


Va= pSxdx^ f 

fJr nJr 


./e ]) 

— dx = 

toCr 27r€oe. 


a r 

€()er 


^In- (17) 
27r€oer r 


Equation (17) is simply a review of Section 13, Chapter VII, and from 
it we find 

a €r T 


The capacitance per unit length of cable follow h directly as 


r -9}L - — - 

^ 111 T ▼ XT 


er 


7. Ve 

or in more convenient form 


(18 X 10") In - 
r 


farads /m 




In 


R 


(19) 


(19-a) 


The electric field strength 6^. at any point between the two conductors 


IS 




and since 


Dx (7 

Co€r 27760 €r*r 

277606 , Vr 


In 


R 


( 20 ) 

( 21 ) 


from equation (17), it follows that 
y 

Sar --volts/m {r < X < R) (22) 

xln- 

r 

In a particular case, Vc and In (R/r) are fixed quantities and ^x is 
observed to vary inversely as the distance from the center of the inner 
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conductor. It is therefore plain that a dielectric material which can 
withstand the potential gradient S* at the surface of the inner con¬ 
ductor will not be worked to capacity at the inner surface of the outer 
conductor if R is much larger than r, as it is in the lead-out or terminal 
bushings of some high-voltage apparatus. These bushings are sometimes 
called condenser bushings because the problem of grading the layers of 
insulation most economically is essentially a capacitance problem. 

Example. Graded Insulation, (1) Let it be required to determine the thick¬ 
ness (or S direction dimension) of the inner layer of dielectric in Fig. 7, 



Fig. 7. Graded insulation in a high-voltage condenser bushing. 

namely ri — r, if €ri = 6 and €r 2 = 3 as indicated, under the specified condi¬ 
tion that 61 max. = §2 max., til US Subjecting both materials to the same maximum 
potential gradient. 

It will be assumed that, in Fig. 7, r = 0.5 cm and r^ = 2.4 cm. 

max, = = ^2 max, = I 

2'7r€o€rir 27r€oer2^1 

The above relations come directly from equation (20) and the principle of 
continuity of the normal D vectors crossing boundaries. It follows that, for 

^Imax. = ^2 max., 

€r 2 ^i = €rir or ^ X 0.5 = 1.0 cm 
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( 2 ) Assume that the potential difference between the inner and outer 
conductors is 60,000 volts, and let it be required to find the voltage drop 
across each of the layers of dielectric material. 

This problem may be worked in several ways, but one of the simplest 
methods is to consider the two layers of dielectric to be two condensers in 
series, say Ci and C 2 having dielectric constants of 6 and 3 respectively. 

From equation (19), 

^ ^^ ^_1_ 

' ~ (18 X 10") hi-' ^ In 2 “ (3 X 10*)(0.693) 

r 


Cl = 4.81 X 10~^” farad/m 

^ _ _ 6/2 ^ _3_ ^ _ 1 _ 

* (18 X 10") In ^ ^ (.0.S755) 

ri 

Ca = 1.905 X 10"faiad/m 


Since fh and (^2 aie in series across the 60,000 volts, 


C 


e<i 


rir2 

(\ + C 2 


(4.S1) (1.905) (10""^*) 
(4.81 + 1.905) (10-'«) 


= 1.364 X 10-^® 


farad/m 


The charge transfer through all seriesed condensers is the same, and in this case 


Hence 


(7 = y^eaTea = = K2C2 

X 60,000 = 17,000 volts 

Cl 4.81 

V ,2 = X 60,000 = 43,000 volts 

C 2 1.905 


The 17,000 volts and the 43,000 volts are, respectively, the areas under the 


&i dx and / 62 da; curves shown in Fig. 7. 

Jr^ 


6. Parallel-Wire Capacitance. In equation (28), page 186, it has 
been shown that the voltage between two parallel wires which are 
charged respectively with +a and —a coulombs/m of axial length is 


(36X10>, D-r 
V ah — -In- volts 


(23) 


where D is the center-to-center separation of the line wires and r is the 
radius. The capacitance of the two line wires (shown in Fig. 20, page 
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185) is therefore 

Cw-to-w = ^ = - - —773" farads/m (24) 

(36 X 10®) In -—- 
r 

or, in more convenient form, 

27 786 

C'w-to-w = ——- wf/m (24-a) 

, JJ — r 
In- 

r 

where D is the center-to-center separation of the parallel wires 
r is the radius of the cylindrical wdres 
€r is the relative permittivity of the electric flux paths. 

Another form of equation (24) which is convenient in connection with 
long lines is 

^ 0.01946. 

Cw-to-w --- juf/mile (24-b) 

7) — r 


which derives directly from equation (24) by recognizing that 


(No. of) m 
mile 


I) — r D r 

= 1610 and In-— 2.303 log- 


The capacitance of transmission line wires is an important character¬ 
istic of these lines because it is a direct measure of the line as a storage 
space for electrical potential energy, CVab^/2. As a result of capacitance, 
a long high-voltage transmission line may draw from the a-c generator 
a current which is in the order of 100 amp even though there is no load 
of any kind connected to the line. 


Example. Let it be required to find the wire-to-wire capacitance of 100 miles 
of No. 0000 B. & S. gage copper wires spaced 8 ft center-to-center in air. 

From the wire table, 

0.460 


From equation (24-b), 

C^w-to-w = 100 ““ 


0.0194 


= 0.23 in. 


1.94 


log 


/ 96 - 0.23 \ 
V 0.23 / 


1.94 


log 416 2.62 


= 0.74 Mf 


6. Single Wire-to-Ground Capacitance by the Method of Images. 

Conductors are often charged relative to “ground'^ potential. The 
ground potential plane may be moist earth itself in the case of power 
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line wires, or it may be a relatively large metal object which contains 
a vast amount of free charges in the form of electrons. An example of 
the latter case is the metal chassis of a radio receiver which acts as an 
effective ground (or uniform potential surface) relative to the minute 
charge separations which occur at the small radio-frequency voltages 
which are present in the ^Mive'^ or non-grounded conductors. 

A single wire like that shown in cross-section in Fig. 8 may be operated 
at a potential difference relative to ground, and in certain cases the 
capacitance of this wire relative to ground may be a very important 
factor in determining the behavior of the circuit of which the wire is a 
part. If, for example, the wire is one of the “live^^ conductors of a radio 


+a +or 



Fig. 8 . Illustrating the method of images. 


receiver, its capacitance relative to the chassis is called stray capacitance, 
and this type of capacitance must be seriously reckoned with in the 
design of the radio receiver. 

In Fig. 8, the ground plane is viewed as a vast zero-potential con¬ 
ducting plane which is capable of supplying the induced charge which 
the ^^live’’ wire attracts. The -\-(t line charge and the induced negative 
charge of Fig. 8 represent the actual charge distributions of the system. 
The effect of this distribution of charges in the region between the “live’' 
conductor and ground is the same as though the induced charge were 
replaced with an image charge of — <7 units of charge per unit length at 
a distance h below the ground surface. Thus the positive line charge 
-\-(Tyh distance above the ground, acting in conjunction with the hypo¬ 
thetical negative line charge —a,h distance below the ground, will 
cause the plane midway between the line charges to be a neutral or 
ground plane. Since this satisfies the condition imposed by the actual 
presence of the ground plane, the substitution of the image charge for 
the induced ground charge is a valid substitution provided we confine our 
investigation after the substitution is made to the region between the 
real line charge and the ground plane. * 
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Replacing the induced charge indicated in Fig. 8 by the image charge 
reduces the problem of finding the wire-to-ground capacitance to the 
parallel-wire case considered in the preceding section. In finding the 
wire-to-ground capacitance we recognize that the voltage between the 
conductor to ground is one-half the voltage wire-to-wire of the parallel 
wire case. Here 

t 7 _ Vahlof equation (23)] 

yc— K w-to-K “ 2 

and 


or 


^w-to-g 


(I 8 xi 0 »)ln?^-^ 


farads/m 


(26) 


^ 55.55€. 

bw-to-g -^77-MMi/m 


In 


2h- r 


^ 0.0388€, ,, 

^w-to-g-/if/niile 


log 


— r 


(25-a) 

(25-b) 


where h is the distance between the line wire and ground 
r is the radius of the line wire. 


Example. Let it be required to find the capacitance of 1000 ft of No. 12 
AWG copper wire relative to the earth if the height of the wire above the 
ground plane (moist earth in this case) is 20 ft. €r = 1. 

Equation (25-b) is the most convenient form of the derived results to 
employ in this case. Since 1000 ft = 1/5.28 mile, 


r-to-g 


1 0.0388 

5.28 ^ , 480.0 

log- 

0.0404 


0.00734 _ 0.00734 
log 11,890 “ 4.075 


0.0018 Mf 


7. Capacitance of Parallel Wires in the Presence of Ground. The 

presence of a ground potential surface increases the wire-to-wire capaci¬ 
tance over that given by equation (24). Since both conductor a and 
conductor h in Fig. 9 have capacitance relative to ground, the effect of 
the ground is to increase the Ci capacitance wire-to-wire by an amount 
C 2 C 3 /(C 2 + C 3 ). It should be noted, however, that C 2 and C 3 cannot 
be evaluated separately by the method given in the preceding section 
for a single charged wire in the presence of ground. 

In order to evaluate the wire-to-wire capacitance in Fig. 9, we replace 
the induced ground charges due to +(Ta and to — 0*6 in Fig. 9 by image 
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line charges ( — <Ta and +(76 respectively) as shown in Fig. 10. The real 
+<Ta and — <76 line charges are, of course, the charges per unit length of 
line which have been arbitrarily assigned to the conductors for the 
purpose of finding the potential difference which exists between con- 



Fig. 9. 



Fig. 10. Evaluation of CV-to-w in the presence of a plane by the method of images. 

ductor a and conductor 6 . This potential difference Vab is determined 
with due regard for the electric fields which are established by all four 
line charges shown in Fig. 10. 

Assuming that Z) » r, that 2A^r, and that €r = 1, the voltage 
drop from a to bis the sum of the following four component voltage drops: 

<7 dx Q D 

(1) F„6(duetoreal+.„) = ^J -=(18Xl0Vln- VOltS (26) 

(2) real ^ ^ = (-18 X 10»)a In ^ volts (27) 
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where the origin of x in equation (26) is plainly at the center of con¬ 
ductor a, and the origin of y in equation (27) is at the center of con¬ 
ductor In finding the component voltage drop from conductor a to 
conductor h due to the H-o-t image charge, we shift the origin to the 
center of the +<Th image charge and integrate dzfrom z = \/ 
to z — 2h along a straight-line path; since, owing to cylindrical symmetry 
of the electric; field established by +(Tbi conductor a may be moved 
along the \/circular arc shown in Fig. 10 for the purposes of 
this calculation. Thus 

' _ 


= (18 X 10^)crln 




and in a similar manner 


(4:) Faj!,(due to image —( 18 X 10 


J'lh 


>/ 4 /<. 2+/>2 dw 


= (-18 X 10^)(7ln 


V4/i2 + 7)2 


The actual voltage drop between conductor a and condu(;tor b for 
the assumed +cr and — cr line charges is the sum of (26), (27), (28), and 
(29) or 




= (36 X 10*’)a In 


r\/4/i^ + 7)2 


farads/m (31) 


(36 X 10®)ln 


rVl + (Z) 2 / 4 /j 2 ) 


^w-tCh-W 


0.0194 

D 


/if/mile 


(31-a) 


' rVl + (D^/4h^) 


It will be observed that if 4h^ in equation (31) is much larger than D^, 
equation (31) reducfts to the form shown in equation (24) for 
under the conditions that = 1 and that D » r. 
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Example. Let it be required to find the per unit increase in the wire-to-wire 
capacitance of the No. 0000 conductors in the example in Section 5 if these 
conductors are 10 ft above the ground plane. 

The per unit increase is, from equations (24-b) and (31-a), 


1 

log “ 
r 


log 


96 

0.230 


log 


D 


log 


96 


2.620 

2.588 


= 1.013 


rVl 4- {D/2hy 0.230>/l + (8/20)2 


The presence of the gixjund in this case does not increase the wire-to-wire 
capacitance by much more than 1 per cent; but where the two conductors 


Equipotential 



Fig. 11 . Electric field map in region near flat charged plate. Solid lines represent 
map to ground; dashed lines, a continuation to the image conductor. 


are in close proximity to a metal chassis, as they might be in a radio receiver 
or in other high-frequency apparatus, the presence of the ground plane would 
become mucli more significant. 

8. Evaluation of Capacitance from an Electric Field Map. An electric 
field map between a flat conductor and a ground plane and between this 
conductor and its image is shown in Fig. 11. It is assumed that the 
conductors (the upper conductor and its image) are long in the direction 
which is normal to the drafting plane; the two-dimensional map shown 
in Fig. 11 being not too close to either end. Let it be required to calculate 
the capacitance of a 2-m length of the conductor relative to ground. 

Consider an elementary parallelepiped which is bounded on one end 
by any one of the curvilinear squares shown in Fig. 11 and has an axial 
length (or dimension into the page) of 1 m. From equation (11), the 
capacitance of any one of these elementary parallelepipeds, viewed as a 
capacitor having parallel plates coinciding with the equipotential 
boundary surfaces, is 

^ €()€rAel. €o€r(ael. X 1) ^ , 

Lei. = — -=- j -= eo€r farads 

«el. lei. 


( 32 ) 
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where a^i is the equipotential dimension of any curvilinear square 
IqI is the S dimension of the curvilinear square 

since it is on this basis that the field map is drawn. 

In light of equation (32), any correctly drawn field map may be 
viewed as the cross-section of a region which is filled with elemental 
capacitors, a countable number of whicli are in series, and another 
countable number of which are in parallel between the two conductors 
whose capacitance is being evaluated. 

In Fig. 11, for example, we count 10 elemental capacitors in series 
between the upper conductor and its image, or 5 in series between the 
upper conductor and ground. In the mapped portion (of the total 
volume of the electric field which exists between the upper (conductor 
and ground) we count 24 tubes of electric flux which are in parallel. In 
this connection, a tube of flux is bounded by the flow linos (or vertical 
lines in Fig. 11). There are, therefore, 24 parallel stacks of series (ele¬ 
mental) capacitors in each meter length of the conductor, or a total of 
48 parallel stacks in the 2-m length of condu(‘tor specified. (Since mks 
units are to be employed in the final evaluation, the meter is taken to be 
a unit length.) 

Considering only the mapped portion of the field shown in Fig. 11, 

^ (No. of) parallel stacks 
piate-to-grd. €o6r elements/stack 

c 48 

or 

C'plate-to-grd. = 84.8€r MMf (33) 

The above vahie of capacitance is appreciably larger and more 
accurate than if the fringing flux shown in Fig. 11 had been neglected and 
the parallel-plate formula [equation (11)] used directly. Neglecting fring¬ 
ing, the result would have been 

“ (or70.7.,,4) (34) 

which is significantly smaller than that obtained in equation (33). 

One fact common to both equations (32) and (34) is that the capaci¬ 
tance has been evaluated in each case without knowing specifically the 
actual values of Uei. and /ei.> since only the ratio of these dimensions is 
necessary in the evaluation of capacitance; and this ratio is fixed as unity 
by the mapping process. 

There is actually more fringing between the upper surface of the 
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upper conductor and ground in Fig. 11 than can be shown on an illus¬ 
tration as small as Fig. 11. By extending the upper four equipotential 
lines shown in Fig. 11 upward and around to encircle the +a conductor, 
it is not difficult to show that approximately 6 or more tubes of flux (or 
6 more parallel paths) are actually present between the upper conductor 
and ground. And the total number of parallel paths determines the 
actual capacitance between conductors or between a conductor and 
ground. Hence a more accurate value of the capacitance between the 
upper conductor (shown in Fig. 11) and ground than that given in 
eciuation (33) is 

^plate-to-grd. 84.8€r = 106€, MMf (35) 


Even though the factor 6 in the above equation is in error by 15 or 
20 per cent, this error will affect the result by only about 3 per cent, 
since the 24 parallel flux paths which have been mapped more accurately 
(than the estimated 6) represent the controlling factor in equation (35). 

The field mapping method of determining capacitance, in the hands 
of a good field mapper, will give results which, although still approxi¬ 
mate, are the most accurate obtainable where conductors of irregular 
shapes are involved. Emphasis here is placed on the elementary theory 
which underlies the field mapping method of determining capacitance 
rather than upon the technicpie of drawing the maps. This technique 
can be acquired if the theory is understood. 

9. Capacitance Analogous to Resilience Constant of a Spring. In 
Section 9 of Chapter XII, an analogy was drawn between self-inductance 
in the electromagnetic system and mass in the mechanical system. By 
extending this analogy, it is found that capacitance is analogous to the 
resilience constant of a spring as illustrated in Fig. 12. The resilience 
constant of a spring, Kr, is defined as the elongation of the spring per 
unit force applied to the spring. Thus 


Kr = 


as 


C = 


Q 


In the mechanical system shown in Fig. 12-a, the three counter or 
restraining forces SLrefm (the inertial force), fd (the frictional force), and 
fr (the resilience force developed by the spring). Hence 

fm +fd+fr=f (applied) (36) 

or 

dv I 

m — + KdV + 7 “ = / (applied) 
at Kr 


(36-a) 
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In the electrical system shown in Fig. 12-b, the three countervoltages 
are vl (the voltage of self-inductance), vr (the resistive voltage drop), 
and vc (the counter voltage developed by the capacitor). 


VL + VH + Vc = e 

(applied) 

(37) 

^ di ^ a 


(applied) 

(37-a) 


Since the governing differential equations of the two systems, (36-a) 
and (37-a), are of precisely the same form, there exists a direct or one- 



Mechonicoi system 
( 0 ) 



(b) 


Fig. 12. The analogy between capactitance C and resilieiKu* (jonstant AV. 


to-one correspondence between the two systems which permits an inter¬ 
change of solutions and even a quantitative substitution of one system 
for the other in the laboratory. 

The electrical potential energy stored in the capacitor is directly 
analogous to the mechanical potential energy stored in the spring. The 
potential energy stored in the charged capacitor is 




cv. 


(38) 


and the potential energy stored in the stretched spring is 


Wr 



Jo Kr 2Kr 


KrFr^ 

2 


(39) 


where L' is the particular elongation of the spring produced by some 
particular value of steady force Fr applied to the spring. 

A tabulation of the various electrical and mechanical quantities which 
appear in the governing differential equations of the two systems shown 
in Fig. 12 is given in Table I. The dimensional correspondence between 



RETURN OF STORED POTENTIAL ENERGY 


371 


the various derived quantities in terms of the fundamental quantities 
(mass, length, and time) is also indicated in Table I. 

TABLE I 


Electrical Mechanical 


Quantity 

Symbol 

Dimensions 

Quantity 

Symbol 

Dimensions 

Inductance 

L 


Mass 

m 


Ciiarge 

Q 


Length 

1 


Time 

t 


Time 

t 


Voltage 

V 

= L’<3‘r* 

Force 

f 

= mHH-^ 

Cummt 

i 

= Q'r' 

Velocity 

V 

= 

Resistance 

R 

= 

Damping constant 

Kd 

= wU-i 

Capacitance 

C 

= L-V 

Resilience constant 

Kr 

= 

Energy 

Wei 

= 

Energy 

Wme, 

= 


For the present, no attempt will be made to solve the general differen¬ 
tial equations that govern the dynamic behavior of the two systems 
shown in Fig. 12. Our first goal is that of investigating the simple RC 
circuit which is a special case of that shown in Fig. 12-b; namely, the 
case where vl — L {di/di) is negligibly small as compared with vc = 
q/C, Equation (37-a) then reduces to 

Ri + ^ = e (applied) . (40) 

The corresponding situation in Fig. 12-a would be that where fm = 
m (dv/dt) was negligibly small as compared with fr = l/Kr^ as would be 
the case if the mass were sufficiently small and the spring were suffi¬ 
ciently weak (high value of Kr). A weak spring (high Kr) will store 
more potential energy per unit of applied force than will a stronger 
spring (low Kr)] and analogously a high value of C will store more 
potential energy per unit of applied voltage than will a lower value of C. 

10. Return of Stored Potential Energy to the Electrical Circuit. In 
Fig. 13, it is assumed that the capacitor C has been charged to a voltage 
Vc = Qo/C prior to / = 0. The charge Qo might have been present at 
the plates of the capacitor for some period of time prior to the closing of 
switch S in Fig. 13, since a perfect dielectric material is assumed. 

At ^ = P, the switch in Fig. 13 is closed and the positive charge and 
negative charge, in recombining through the closed circuit, produce a 
current through resistor R which is directed oppositely to the +i shown 
on the circuit diagram. (In this case the refers to the direction of the 
charging current which, when flowing under the influence of the original 
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charging voltage Vc, charges the condenser with the polarity indicated 
on the diagram.) 

At and after ^ == 0 , equation (40) takes the form 

fit + ^ = 0 (41) 


subject to the condition that q = Qo at I = 0 . Tt will be recognized that 
the symbol q in ecpiation (41) refers to the charge which is present at 



Fig. 13. Charge and current variations for /f = 2 X l()S)hrns, C = 4 X 10'® farad. 


the condenser plates; but any charge that leaves the condenser plates 
must flow through E and hence (/q/df = i in equation (41). Hence 
equation (41) may be written as 




(42) 


A solution of the above equation for (7 as a function of time is 

q = (43) 

since 

ie(4as“‘) + £“‘ = (^a + ^) = 0 (at all t) 

provided only that 


1 


1 
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The constant A may be evaluated by imposing the initial condition 
(g = Qo at ^ = 0) on equation (43), which tells us that A = Qo. Thus 


g = Q,r^/^c 

and the circuit current 

2 * = —^ = — — f-t/RO 

dt RC 


(45) 

(46) 


Equation (45) shows that the charge at the plates of the capacitor 
subsides from its initial value of Qo at a time rate which is governed by 
the RC product. Equation (46) shows that the current at ^ = 0 is 

. Qo __ T,o 

^ RC R 

where is the initial capacitor voltage and the minus sign refers to 
the fact that the current through resistor R on discharge is opposite to 
the direction of positive charging current. 

Time Constant. The length of time recpiired for q (or i) to make 63.2 
per cent of its total change is RC^ since it is this value of time which, when 
entered into equation (45), reduces the charge q to 0.368Qo« In the 
present case, the charge q changes from Qo, at ^ = 0, to zero value at 
/ = 00 . Thus when q has been reduced to 0.368Qo, 63.2 per cent of the 
total change has been made. 

The product RC is, therefore, the time constant of the RC circuit. 
That this product is dimensionally equivalent to time may be seen from 
Table T. 


Example. The current-time graph shown in Fig. 13 is based on the following 
data: 

Fco = 1000 volts C = 4.0 X 10“® farad = 2 X 10® ohms 
Qo = CT.o = (4 X 10“®) do') = 0.004 coulomb 

7o = — — = — ^ ~ .. = —500 X 10“® amp (or —500 /xamp) 

RC R 2 X 10® ^ ^ 

At ^ = 10 sec, 

i = = -500 6-“°/* = - — = -143 jtiamp 

3.49 

Other points on the current-time graph are found in a similar manner. 

The time constant for this particular circuit is RC = 8 sec. 

Time variations of condenser charge as shown in Fig. 13 are used in 
many electronic devices to obtain time-varying voltages {q/C ); and, if 
only a small portion of the total q variation is employed, a voltage 
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variation which is reasonably linear with respect to time can be obtained. 
It will be observed from the q graph shown in Fig. 13 that from ^ = 0 to 
t = 2 sec, for example, the q (and hence q/C) time variation approaches 
a straight-line variation quite closely. 

11. Storing Additional Potential Energy. In Fig. 14, it will be assumed 
that the capacitor C possesses an initial charge Qo = ^coC' prior to 

^ == 0; and, as a result of this initial 
charge, there is stored in the electric field 
^ between the plates of the capacitor a po- 
jQo tential energy 

Qi? _ CVc. 

2C 2 

Fig. 14. Tho RC curcuit. 



(initial stored energy) 


When switch S in Fig. 14 is closed, the 
capacitor accepts more energy from the driving source E U E > Q{)/C; 
and returns energy to the driving source if Qo/C > E. 

The basic voltage equation which is applicable to the circuit shown in 
Fig. 14 at and after / = 0 is 



(where E is constant) 


(47) 


subject to the initial condition that ^ = Qo at ^ = 0. Since the current i 
which flows through the resistor R is the time rate of change of the 
capacitor charge, equation (47) may be written as 


p rfg , 9 _ p 


(48) 


The solution of this equation takes the same form as that given in equa¬ 
tion (39), page 336; that is, 

q= CE + (49) 

steady transient 


where we know physically that the capacitor will ultimately reach a 
steady-state charge which is equal to CE coulombs. 

After substituting g, as given in equation (49), into equation (48), 
there is obtained 

RAiae“^ + = E 

or 

(ru + = 0 
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If the initial condition (g = Qo at < = 0) is written into equation (49), 
we obtain the value of = (Qo ““ CE), Therefore 

g = CiJ 4- (Qo - CE) (50) 

and 


i 


dq 

dt 



(51) 


A graph of the q versus t variation as defined by equation (50) will 
show that the charge at the capacitor plates changes exponentially from 
Qo, at ^ = 0, to a new value CE at < = oo. During this transition period 
the stored energy changes from /2C to CE^ 12. During this same 
period, the current changes from zero value at ^ = 0— (just before the 
switch is closed) to /o-f- = (E — Q{)/C)/R (just after the switch is 
closed) and then subsides in magnitude as time progresses, finally reach¬ 
ing zero value again when the condenser voltage equals the applied 
voltage E. 

12. Current Continuity in the RC Circuit. Thus far we have 
considered only the current which flows through the external circuit 
which joins the plates of the capacitor. When current flows in the RC 
loop, it establishes a magnetic field as would any other current-carrying 
loop, and it becomes desirable to think of the loop current as continuous 
around the closed loop. Plainly, the current through the dielectric 
material which forms a portion of the RC loop cannot be the same type of 
(jonduction current which exists in the metallic; portion of the loop, since 
no free charge carriers are present in a perfect dielectric. 

A conduction current i flows in the metallic portion of the RC loop 
only when the capacitor charge q is in the state of change, that is, when 
dq/dt has a value other than zero. The time rate of change of the charge 
on the capacitor plates results in a time rate of change of electric flux 
d4//dt between the plates, and since yp — q 


dyp 




dq 

dt 


(displacement current) 


(52) 


where q is the accumulated charge at one of the plates of the capacitor. 
Where a perfect dielectric is employed the displacement current, id 
which flows through the dielectric is numerically equal in amperes to the 
conduction current i which flows in the metallic portion of the RC loop. 
Thus the current is rendered continuous around the closed loop if both 
conduction and displacement currents are considered. 

The concept of displacement current also provides us with a physical 
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picture of the current relations in a leaky capacitor where an actual 
conduction current flows through the imperfect dielectric. In Fig. 15, 
this conduction current is indicated as ic flowing through Rc, the leakage 
resistance of the dielectric material. The displacement current id also 
flows from plate to plate through the dielectric material and is therefore 
in parallel with ic] and the external circuit current is the sum of ic and 
id. Since id = dq/dt = C{dvc/dt), 

i — ic id = -TT C — (63) 

Rc dt 

Under steady Vc conditions {dvc/dt = 0), the displacement current is 

zero, and the external circuit current is 
equal to the conduction leakage current 
VcIRc. If Vc is a time-varying voltage, both 
ic and id contribute to the total circuit 
current. 

The more perfect the dielectric mate¬ 
rial, the higher will be the ohmic value of 
Rc and the smaller will be leakage current 
ic. All practical capacitors have a finite 
value of leakage resistance but, where 
good dielectric materials are used, Rc is so 
many millions of ohms that ic becomes negligibly small. In this case 
the external circuit current is ecjual to the displacement current. 





Fig. 15. Illustrating leakage 
current and displacement 
current id through the dielectric 
of’ a capacitor. 


Example. Consider a leaky capacitor like that shown in Fig. 15 where 
Rc = 10® ohms C = 0.2 X 10 “® farad Vr = 10 sin (2000 volts 

Let it be required to find the value of the circuit current i under this condition 
of operation. 


Vc 10 sin (2000 




Rc 


10 ® 


amp or 10 sin (2000 /xamp 


id = r — = (0.2 X 10-®)(10 X 200) cos (2000 amp 
dt 


or 

id = 400 cos (2000 gamp 

i = ic -h = 10 sin (2000 + 400 cos (2000 Mamp 

The sine term and the cosine term in the above equation may be combined 
into a single sine term by the simple trigonometric substitution which makes 
6 = tan~^ 400/10. Then, plainly, 

10 , . ^ • 400 

— 7 === and sm 6 = -y=====^ 

V 102 + 4002 V 102 -f 4002 


cos d = 
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= VlO* + 400^ r , ■ - sin (2000 + cos (2000 

LV102+ 400=* V102 + 4002 

= 400.1 [cos B sin (2000 + sin 6 cos (20001 

= 400.1 sin (200/ + 88.57°) /xamp 


In this case the leakage current ic increases the magnitude of the circuit 
current by only about 1 or 2 parts in 4000 over the value which would exist 
if Rc had been infinitely large. 

13. Steady-State Current in the RC Circuit with A-C Driving Voltage. 

If the battery voltage E in Fig. 14 is replaced with a sinusoidally varying 
voltage, e = Em sin (co/) volts, the basic voltage equation for the RC 
loop becomes 

~ sin O)/ (54) 

where Em is the maximum magnitude of the a-c driving voltage 
CO = 27r/ is the angular frequency in radians per second. 


After all transient disturbances have subsided we may expect that a 
sinusoidally varying current will flow in the RC series loop. Our ex¬ 
perience with the LR circuit under a-c driving voltage conditions 
further leads us to suspect that the current wave may be displaced by 
some time angle, say 0, from the sinusoidal voltage wave. Subject to 
later proof, we shall write the form of the instantaneous current in the 
RC series loop as 

i = Im sin (co/ + B) (55) 

where Tm is the maximum magnitude of the sinusoidally varying current. 
We also expect that Jm will depend upon the maximum magnitude of 
the applied voltage Em- 

If i = Im sin (co/ + B) is the correct expression for the circuit current 
and if a perfect dielectric material is used in the capacitor, 

q = f idt = — — cos {cat + B) + Ai (56) 

%/ (a 


where the constant of integration Ai is the magnitude of the transient 
component of charge which has presumably died away. Hence we let 
Aj = 0 here since we are interested only in the steady-state alternat¬ 
ing current. 

The test of whether or not equation (55) is the correct expression for 
the current in the RC circuit is whether or not Ri + {q/C) will precisely 
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balance the driving voltage, £^msin ioit) volts, at all times during the 
steady-state operation of this circuit. To make this test, we write 

~ = Rim sin (odt + 0)-- cos {(at 4- B) (57) 

C coC 

The sine term and the cosine term in the above equation may be com¬ 
bined into a single sine term by the method given in the preceding 
example. The trigonometric substitution which will effect this combina¬ 
tion is that of letting 

6 = 

and hence 

cos^ = 


sin 6 = 


For convenience, X'R^ + (l/coC)^ is called Z, the impedance of the RC 
series circuit; and 1/coC is called the capacitive reactance of the 
circuit. 

Employing the trigonometric substitution suggested in equation (58), 
we find that equation (57) becomes 

Ri + ^ T ^^m[cos 0 sin {(at + 6) — sin 6 cos (co^ + 6)] 

= Zlm sin (at = Em sin (at (59) 

Thus it is shown that equation (55) is the correct form for the steady- 
state alternating current that flows in the RC series circuit and that 



If R is very small as compared to 1/wC, 



( 60 ) 
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which shows clearly that the maximum magnitude of the current in 
the RC series circuit increases with both the frequency of the driving 
voltage and with the magnitude of the capacitance. 

Capacitive reactance is by definition 

Xc = ohms (62) 

coC 

Xc represents ohms because it is the factor by which the voltage (across 
the capacitor plates) must be divided to obtain the current which flows 


6=100 sin (500t) volts 



Fig. 16. Illustrating the time lead of the current variation relative to the applied 

a-c voltage. 

through the capacitor. A capacitor of 100 /ugf, for example, represents 
almost an open circuit (infinite impedance) to a 60-cycle driving voltage 
since 

“ (2.«0)(loJ X lO-'*) ■ ^ 

The same capacitor operated at 100 megacycles, the frequency of some 
radio broadcasting stations, is 

An important characteristic of capacitive reactance is that it causes the 
circuit current i to lead the driving voltage e by the time angle B as 
indicated in Fig. 16. Since inductive reactance wL causes the current to 
lag the driving voltage, l/a?C and wL tend to cancel one another when 
both are present in the series circuit. The cancellation effect of 1/coC 
upon wL in an LRC series circuit like that shown in Fig. 12-b is accounted 
for by attaching a negative sign to l/coC when both types of reactance 
are present in the series loop. The combined reactance is then wL — 
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(l/ojC). The LRC series circuit then behaves either as an LR circuit 
(if ojL > l/wC), or as an RC circuit (if l/wC > coL), or as a simple R 
circuit (if wL = 1/coC). In the latter case the reactance cancellation is 
complete, and the circuit is said to be *‘in resonance.’’ 

Example. Let it he required to construct a diagram of the time variations 
of the driving voltage e and the circuit current i in an RC circuit where 

ft = 30 ohms C = 50 /if ~ 100 sin (5000 volts 

First we note that w = 27r/ = 500 radians/sec; making / = 500/6.28 = 79.6 
cycles/sec. 

Xc = — =---T’ = 40 ohms (capacitive reactance) 

wC (500) (50 X 10-«) 

Z = V^ft^ + Xt?‘ — V 302 40^ = 50 ohms (circuit impedance) 

6 = tan“^ ^ = tan~^ ~ = 53.1° (time angle of lead of i) 
ft 30 

E 100 

i = Y sin {oil + ^ si” 

= 2.0 sin (500< -f- 53.1°) amp 

The maximum magnitude of the current is 2 amp, and the current-tirno wave 
leads the voltage-time wave, e = 100 sin (5000 volts, by a time angle of 
B = 53.1° as shown in Fig. 16. 

14. Oscillatory Systems. In Fig. 12 are shown two analogous systems, 
both of which are capable of natural oscillation if shock-excited in any 
manner. If, for example, a steady force were suddenly applied to the 

mechanical system shown in Fig. 12-a, this constant force plus the 

inertial force m (dv/dt) would tend to make mass m overshoot its final 
position or steady-state displacement from I — 0. The physical picture 
may be somewhat clearer if we think of Fig. 12-a as being rotated clock¬ 
wise through 90° and let the force of gravity be the steady force which is 
applied when suddenly we remove a support which, prior to / = 0, has 
kept the spring in an unstretched state. Our everyday experience tells 
us that mass m will then tend to oscillate about its final resting position. 

Equation (36-a), which governs the oscillatory motion of mass m in 
Fig. 12-a, is entirely analogous to equation (37-a). We may, therefore, 
expect that the LRC series circuit is capable of natural oscillation. An 
oscillographic record of the type of current oscillation which can be 
obtained in a series LRC circuit is shown in Fig. 17. The current oscilla¬ 
tion (which is analogous to the velocity oscillation of mass m) is an 
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exponentially damped sine wave which finally reaches zero when the 
condenser voltage reaches its steady-state value of Vc = 

After the condenser in Fig. 17 is charged, the LIW series loop may be 
closed on itself (without battery E being in the loop), and a discharge 
oscillation identical in magnitude and form to that shown in Fig. 17 will 
occur as the condenser voltage subsides to zero. Before the advent of 
the vacuum-tube oscillator, a continuous succession of damped oscilla- 



Fig. 17. Illustrating the oscillatory current in an LEC circuit. 


tions like those shown in Fig. 17 was employed by the early broadcast 
stations as the radio-frequency oscillations necessary for the transmission 
of intelligence through free space. The detailed analysis of the LEO 
circuit will be encountered in later courses. 


15. Summary. (1) Capacitance is defined as 


C 


Vc 


farads 


(63) 


(2) Capacitance may be calculated in terms of the dimensions of the 
conductors and e wherever Vc (which is developed by equal and opposite 
charges on the conductors) can be evaluated. 


C = 


€()€rA 


farads 


(for parallel plates and no fringing) 


(64) 


d 
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55 m55€f 

C = —-— /jLfif/m (for concentric cylindrical conductors) (65) 

In- 
r 

27 78€ 

C^w-to-w = —T;—T (for parallel cylindrical conductors) (66) 


In 


1) — r 




r 

55.556r 


w-to-grd. 


In 


2h- r 


(for one wire to ground) 


(67) 


(3) Capacitance between conductors of irregular shapes may be 
determined from electric field maps by considering the elemental capaci¬ 
tors shown on the map as a series-parallel combination of capacitors 
each having 

C^ei. = farads of capacitance 


(4) Ceq. = Cl + C2 + C3 + 


(5) Ce,, = 


1 


Ci C2 Cz 


(for paralleled capacitors) 
(for seriesed capacitors) 


(6) Condenser discharge current = — — e' 

KL 


_ t/RC 


amp 


( 68 ) 

(69) 

(70) 

(71) 

(72) 

(73) 

(9) The displacement current through the dielectric material of a 
capacitor is 


(7) Condenser charging current 




li 


amp 


(8) time constant of the RC circuit tc = RC 


dq 


(74) 


(10) The steady-state alternating current in an RC series circuit 
energized with e = Em sin oit volts is 


Eft 


% = 




== sin (( 
1 \2 \ 


(at + tan 




amp 


u,CR) 

where l/wC = Xc is called the capacitive reactance of the RC circuit. 


(75) 
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PROBLEMS 

1 . Two sheets of metal foil 4 m long and 10 cm wide are separated from one 
another by impregnated paper which is 0.035 cm thick and which has a relative 
permittivity of 3.5. What is the capacitance of the resulting capacitor expressed in 
microfarads? 

2 . The length of the mi(!a (;ondenser shown in cross-section in Fig. 18 is 4 cm. The 
mica dielectric is 0.01 cm thick, it has a dielectric constant of 6 and a dielectric 
strength of 25 kv/inin. 

(a) What is the capacitance of the condenser expressed in micromicrofarads? 

(b) What would be the voltage rating of this condenser based on the mica being 
able to withstand twice rated voltage plus 1000 volts? 

3. What is the value of Cgq. in Fig. 19 if Ci = 1 )uf, C 2 — 2 /if, and C 3 = 3/if? 


4. (liven three fixed capa(utors: Ci = 1/if, C 2 = 2/if, and C 3 = 3/if. By using the 
capacitors ciither one, two, or i.hree at a time and in any series, parallel, or series- 


parallel combination, find all i-he different capaci¬ 
tances that can be obtained. Tabulate results in 
order of iruireasing magnitudes of equivalent (ca¬ 
pacitance. 

5. Find the capacitance of a pair of parallel 
conducting plates each of which has an area of 




P’lG. 18. See Prob. 2. 


Fig. 19. See Prob. 3. 


0.2 X 1.5 s(i Ill if they are separated by two layers of dielectric material: (1) paper, 
0.002 Ill thick, the tr of which is 3; (2) mica, 0.001 m thick, the of which is 6. Ex¬ 
press the result in mi(;roiiii(;rofarads. 

6 . (a) Find the capacitance of a pair of parallel plates, each of which has an area 
of 0.2 X 1.5 sq m if they are separated by the following layers of dielectric material 
stacked one on top of the other: 

Layer 1 — paper, 0.001 m thick, Cr = 3.0 
Layer 2 - rubber, 0.002 m thick, 6^ = 5.0 
Layer 3 — glass, 0.003 m thick, €r = 7.0 

Neglect fringing. 

(5) If a potential diffcvreiice of 10,000 volt.s is maintained across the condenser 
plates, find the potential difference across each layer of dielectric material. 

7. What is the micromicrofarad capacitance per foot of coaxial cable like that 
shown in Fig. 6, page 358, if H/r = 4.8 and a solid dielectric material having a 
relative permittivity of 6 is used as insulation between the two conductors? 

8 . Refer to Fig. 7, page 360. Assume that r = 0.5 cm, r 2 = 2.4 cm, and that 
S2max. is Specified as being equal to 0.8 81 max.- 

(a) Find the capacitance per meter length of bushing. 
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( 6 ) If the conductors are at a potential difference of 100,000 volts, what is the 
potential drop across each layer of dielectric? 

(c) What is the magnitude of Sj max. in part (h) expressed in kilovolts per meter? 

9. Determine the wire-to-wire capacitance of a 20-mile parallel wire transmission 
line consisting of solid No. 00 AWG wire (diameter 0.365 in.) separated 4 ft center-to- 
center in air and well above the surface of the ground. 

10 . Determine the wire-to-wire capacitance (in micromicrofarads per meter) of 
two parallel No. 00 AWG conductors separated center-to-center in air by 4 ft if 

these conductors lie in a horizontal plane 2 ft above 
the ground plane. 

11 . Calculate the force of attraction between 
the electron shown in Fig. 20 and the zero poten¬ 
tial surface by the method of images. 

12. Consider the upper and lower boundaries 
shown in Fig. 21 to be cross-sections of two long conducting plates separated by 
dielectric material having an €r of 6. What is the plate-to-plate capacitance if the 
plates have lengths of 13 m normal to the plane of the page? 


I Electron 
-?T 

€r~l 0.01cm 

pote nti a I 

Fig. 20. See Prob. 11. 



13. In Fig. 26, page 191, is shown the cross-section of two parallel plates. As 
indicated in this illustration, the plates are 2 in. wide and are separated by a distance 
of 1 in. The conductors are 100 in. long, and an air dielectric is assumed. 

(а) Estimate, by means of a field map, the capacitance of the two plates. 

Ans. 73/z/xf. 

(5) Compare the result found in (a) with that obtained by the parallel-plate 
formula which neglects fringing. 

(c) Compare the result obtained in (a) with that obtained by tiie parallel-plate 
formula but allow for fringing to the extent of assuming that the plates have equiva¬ 
lent widths of 3 in. rather than the actual 2 in. 

14. Show that the product RC is dimensionally equivalent to time t 

15. What is the time constant of a circuit consisting of a 0.5-megohm resistor in 
series with a 15,000-^t/xf capacitor? 

16. A lO-juf condenser is charged initially to a voltage of 400 volts. 

(o) What energy is stored in the condenser in its initial states of charge? 

( б ) What length of time is required for the stored energy to reach 10 per cent of 
its initial value if the discharge path is a 1 -megohm resistor? 
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17. Refer to Fig. 14, page 374. The known data are 

E — 1000 volts C = 4.0/zf R = 2 megohms Qo = 0.008 coulomb 

The polarity of Qo is that indicated in Fig. 14, and the switch S is closed at i = 0. 

(а) What is the magnitude and direction of the circuit current just after switch S 
is closed? Express the result in microamperes. 

(б) What; are the values of stored energy at ^ = 0 and at t = 20 min? 

18. Plot the charge-time and the current-time graphs of the charge and current 
variations of Prob. 17, evaluating points of q and i at / = 0, < = 0.5ir, t ^ tc^t ^ 2tr, 
t = 3^,;, t = 4:tc, and t = btc 

19. Refer to Fig. 22. The known data are 

E = 1000 volts R = 2 X 10® ohms 
Cl = 4 X 10~® farad C 2 == 6 X 10”® farad 
Qoi = 0.0024 coulomb, the polarity being as indif;ated in Fig. 22 



Fig. 22. See Probs. 19 and 20. 

Switch aSi is closed at < = 0 as shown, and switch S 2 remains closed for 16 sec after 
< = 0, at which time it is opened. Plot the current time variation from ^ = 0 to 
t = 16 sec. 

20 . What is the final or < = 00 value of the voltage across condenser C 2 in Prob. 19? 

21. A parti(;ular 0.1-)Lif condenser has a leakage resistance of 1 megohm. A sinu¬ 
soidal a-c driving voltage 

e = 10 sin (500 volts 

is applied to the terminals of the condenser. 

(a) What is the fnH|U(‘ncy of the driving voltage in cycles per second? (In the 
above expression for e, t is (ixpressed in seconds.) 

(5) What is the maximum magnitude of the steady-state alternating current 
which flows through the g(*ru!rator e? Express the result in microamperes. 

22. An audio-frequency voltage (of 796 (iycles/sec) having a sinusoidal time 
variation and a maximum magnitude of 20 volts is applied to the terminals of a 
4-)Lif condenser. What is the maximum magnitude of the steady-state alternating 
current through the condenser, the dielectric of which is assumed to be perfect? 

23. A sinusoidal a-c driving voltage 

e — 1414 sin (3770 volts 

is applied to R = 100 ohms in series with C = 26.53 mI. 

(a) What is the impedance of the RC series circuit expressed in ohms? 

(6) What is the effective value of the alternating current in the series circuit? 
Assume that the internal impedance of the source is negligibly small. (See page 
105.) 
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(c) By what fractional part of a cycle does the current wave lead the applied 
voltage wave? 

24. Where the center-to-center separation of parallel line wires D is less than 
about 8 times the radius of the conductors, the -f-rr and the —a charges arc attracted 
toward one another by a significant distance. This is indicated in Fig. 23 by 
s/2 < D/2. Under these conditions the wire-to-wire capacitance is 


^W-tO-W “• ' 


36 X 10’-^ In 




farads/m 


The problem is to prove, with the help of the major steps given below, that the 
above equation is t,rue. Recognize at the outset that initially we do not know tht> 
distance s, even though we have replaced the actual surface charges by fictitious line 
charges at a: = s/2 and at x = —s/2 as indicated in Fig. 23. 



Fig. 23. For evaluation ol' capacitance of closely spaced parallel conductors. 

Sec Prob. 24. 


(a) The potential difference between surface? 1 and surface 2 due to both the 
4 -O' and —<r line charges is a constant which is equal to 




(36X10’')o-, b' 

-In- 

a 


volts 


where as yet h' and a are undetermined divStancxiS. (Sen? Fig. 23.) 

(6) We should like to show that the condition F 12 = (a constant) is consisU'iit 
with the fact that the cquipotential surfaces of the conductors (in cross-section) 
are circles, the centers of which occupy the positions x — D/2 and x — —D/2. To 
this end, we write the absolute potential of any point in the plane, say point p in 
Fig. 23, as 


( 18 X 10 «)(r, h 
y - -In - 

tr a 


volts 


(due to both +0' and —o') 


(c) For Vp to be a constant, it is only necessary that h/a = k where is a constant 
yet to be determined. (The reader should satisfy himself that the above expression 
for Vp is correct and should then inquire into the physical significance of letting 
h/a — k.) 
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(d) From Fig. 23: 
b 


ie) 


and a = y/Q- 

: (i + O = +2'"] 


+ r 


, (fc^ + i) , 
^ — rrr. - 77 sx + 


(k‘^ - 1) 


-l- j /2 _ _ . 

(fc- - 1)M 4 (k^ - 1)2 4 


r (*2 + 1)8-12 kv 

L"-(^rrT)d “(P^ 


D* 

(/) Thus Vp = (a constant) can occupy the circle of radius, 

ks 


at the position 


where 


* 2-1 


„ D k‘‘ + 1 a 

7/ = 0, X = — — -X “ 

" ’ 2 *2 _ 1 ^ 2 
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CHAPTER XIV 


Boundary Electromotive Forces 
(Faraday’s Laws of Electrolysis) 


1. Stirface Layers. Conventional electromagnetic theory fails to take 
into account the fact that the surface layer of a material is different 
from the internal molecular layers of the material. Whereas the internal 
layers are bounded on either side by similar layers, the surface layer is 
exposed to the surface layer of a different material or possibly to free 
space. 

Although the diagram of the molecular layers shown in Fig. 1 is only 
a schematic representation, it illustrates clearly enough why we may 

expect the outermost layer of a mate¬ 
rial to exhibit certain electrical effects 








© \ ]< rr\ \ nal to exhibit certain electrical eriects 

/ \ W / V C+J y' W ; lover 

I—"---'--.-—1 _ —effects which are characteristic of par- 

ticular molecular structures and which 
can be explained only in terms of sur¬ 
face phenomena peculiar to the mate- 


Fig. 1 . Schematic representation 
of unsymmetrical surface layer. 


I 

j\ © }( © ;( © }{ © } Internal 
I loyerof 

© /"“'©molecules 4 - 

i'v © 0 *( 0 l^ice phen< 

_ rial itself. 

The surface characteristic which is of 
immediate interest is the ability of the 
outermost layer of nuclei to hold their 
orbital electrons. Reference has previously been made to the fact that a 
metal heated sufficiently will emit electrons from its surface. In terms 
of Fig. 1, this means that some of the orbital electrons acquire sufficient 
heat (or kinetic) energy to overcome the forces which bind the elec¬ 
trons to the nuclei. Moreover, a strong electric field (8) at the surface 
of a metal can extract electrons from the metal even at room tempera¬ 
tures; the rate of extraction depending upon the molecular structure 
of the material. Thus we know^ from experiment that different surface 
layers have different affinities for their orbital electrons, and it is in 
terms of differences of these affinities that many electrical effects can be 
explained. 
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2. Contact Potential Difference. Where two different metals are 
placed in contact with one another, a momentary transfer of electrons 
from one to the other will occur if the contacting surfaces are clean. The 
explanation is that the surface-layer nuclei of one material are capable 
of extracting some orbital electrons from 
the other. The transfer of electrons is only 
momentary because the metal which ac¬ 
quires electrons becomes negatively 
charged (and the other positively charged) 
with the result that a potential difference 
exists between the two metals, even 
though they are in contact. 

As applied to the iron-copper junction 
shown in Fig. 2, the iron loses electrons 
to the copper and becomes the positively 
charged metal. The contact junction between the two metals acts as 
though a small emf had been introduced at the boundary surface. In 
metals this boundary emf is usually referred to as contact potential 
difference. 

Contact potential differences are usually only a fraction of a volt in 
magnitude and, except in special cases, do not make themselves felt in 
electrical circuits. If, for example, the opening between Fe and Cu in 
Fig. 2 were closed, another boundary emf (equal in magnitude and 
opposite in polarity to the one shown) would be introduced into the 
closed loop. No current would flow in the loop, and the two boundary 
emf’s would remain concealed unless special methods were employed to 
detect their presence. 

Contact potential differences can be measured in terms of the electric 
field established at the opening between the metals but only with 
difficulties which attend this indirect measurement. Contact potential 
differences do, however, manifest themselves in two different ways which 
we shall consider: the Peltier effect and the Seebeck effect. 

3. The Peltier Effect. If current is caused to flow across the 
boundary between two dissimilar metals as shown in Fig. 3, it is 
found experimentally that heat is developed at one junction at a 
rate which is greater than the RP rate. (See page 94.) The other 
junction actually absorbs heat from the .surrounding air (or other 
medium), thus indicating that the surface is being cooled by the 
passage of current. 

The heating at one boundary and the cooling at the other may be 
explained in terms of boundary emf^s. If, as shown in Fig. 3, an abrupt 
potential drop is encountered at the iron-copper (FelCu) boundary, the 


Open 




Boundary 

emf 


Copper-[l 


+lron 


Closed 

junction 

Fig. 2. Illustrating contact 
potential difference. 



390 


BOUNDARY ELECTROMOTIVE FORCES 


positive charge in passing from iron to copper must lose energy. The 
energy lost by the charge in passing the Fe|Cu boundary is the result 
of the charge changing from potential Ei to a lower potential E 2 . This 
loss in energy appears as heat at the boundary in accordance with the 
relationship: heat energy = {Ei — E 2 )Q joules. 

The charge in passing/rom copper to iron (that is, passing the Cu|Fe 
boundary) is abruptly raised in potential if a boundary emf exists as 

indicated at the Cu|Fe junction in 
Fig. 3. The energy content of the 
charge Q is therefore raised as it 
passes from copper to iron, and this 
energy comes from the heat energy 
of the surrounding medium. The 
Cu|Fe boundary functions as a 
miniature refrigerator. 

The boundary emFs are directed 
as shown in Fig. 3 because, if the 
direction of current is reversed, say 
by reversing the polarity of the battery, the two junctions interchange 
roles. With the current reversed, the upper junction shown in Fig. 3 
becomes a Cu|Fe boundary and absorbs heat from the surrounding me¬ 
dium, thus indicating that charge is being raised in potential as it 
crosses this boundary. 

The generation or absorption of heat energy at the boundaries of two 
dissimilar metals by the passage of current is called the Peltier effect. 
The voltage difference which appears at a boundary can be measured in 
terms of the heat energy developed or absorbed at the boundary per 
coulomb of charge passing the boundary and is called the Peltier emf. 
Thus 

Wh 

Peltier emf = — volts (1) 

Qb 

where TFb is the number of joules of reversible heat energy developed or 
absorbed at the boundary in time 
Qb — I M \s the number of coulombs passing the boundary in 
time At, 

The Peltier emf is the net potential difference which exists at a current- 
carrying boundary, and the fact that it is lower in magnitude than the 
open-circuit contact potential difference indicates that the steady flow 
of electrons across a boundary lowers the contact potential difference 
from its open-circuit value. 


Heating 
Fe I Cu 
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The Peltier effect is of little or no importance from an engineering 
point of view because the heat energy (developed or absorbed) at a 
boundary is so very small that difficulty is experienced in measuring it 
accurately. The fact that the effect exists, however, is evidence that 
boundary emf’s (or contact potential differences) exist at the junction 
of two dissimilar metals. 

Example. It is found experimentally that 10 amp passing a Cu|Fe boundary 
for 100 sec absorbs 0.17 g-cal of heat from the surrounding medium. 

Let it be required to evaluate the Peltier emf at the boundary. Since 

(No. of) g-cal = 0.2388EQ 

Peltier E — -- = 0.000712 volt 

0.2388 X 1000 

4. The Seebeck Effect. If the copper-iron junctions shown in Fig. 4 
are at the same temperature, the boundary or junction emf^s cancel 
when considered around the closed loop. If 
one traces the loop in the counterclockwise 
direction, for example, he finds that the volt¬ 
age drop at the lower (Fe|Cu) boundary is 
canceled by the voltage rise at the upper 
(Cu|Fe) boundary. 

If, however, one junction is heated as indi¬ 
cated'in Fig. 4, a current will circulate in the 
closed circuit because a boundary emf is a 
function of the temperature of the boundary. 

Mildly heating the upper boundary in Fig. 4 
while holding the other boundary at some 
lower temperature increases the boundary emf 
at the hot junction. The result is that a net 
voltage rise is encountered in tracing the loop 
in the counterclockwise direction. Current 
flows in the direction of net voltage rise, which in this case is from the 
cold junction to the hot junction in the copper as indicated in Fig. 4, 
provided the temperature is not greater than about 500°C. (See Prob.' 
3 at the close of the l^hapter.) 

The thermoelectric effect described above is often referred to as the 
Seebeck effect. The two principal uses of the Seebeck effect are: (1) 
measuring temperature (at one junction) in terms of the voltage de¬ 
veloped in the circuit (see Fig. 5); (2) measuring high-frequency alter¬ 
nating currents in terms of the direct thermoelectric current (see Fig. 6). 

In measuring temperature, one junction is usually kept at a constant 



Fig. 4. 


The Seebeck 
effect. 




392 


BOUNDARY ELECTROMOTIVE FORCES 


temperature of 0°C and the other junction is placed at the point where 
the temperature is desired. The net voltage is then measured with some 
device which is capable of measuring millivolts, usually with a potentiom- 




Fig. 6. Thermocouple method of measuring high-frequency alternating current. 
In (6) is shown a vacuum therrnotdement as used in Weston thermo-milliarnmeters 
and voltmeters. (Courtesy of Weston Eleciricsil Instrument Corp.) 


eter of the kind shown in Fig. 5-a. With the aid of a calibration chart, 
the voltage reading obtained by the Seebeck effect corresponds to a 
particular value (or values) of temperature. 

In measuring high-frequency alternating currents, the hot junction 
is thermally connected to a resistor through which the high-frequency 
alternating current flows. The other junction (shown as the cold junction 





SEEBECK VOLTAGE AS A FUNCTION OF TEMPERATURE 393 


in Fig 6) is usually left at room temperature, and the thermoelectric 
current which flows in the closed loop is read by means of a d-c milliam- 
meter. Since the efTective or ampere value of the alternating current is 
desired, the d-c milliammeter may be calibrated with direct current 
flowing through the heating resistor, thereby avoiding the necessity of 
a calibration chart. 

Example. Temperature Measurements. The potentiometer shown in Fig. 5-a 
is a null-reading device in which the main circuit current /main is standardized 
to a high degree of accuracy by means of the standard cell Eg. This standard 
cell has an open-circuit voltage which is known to about 1 part in 10,000. 
(See Section 9 of this chapter.) 

If, as shown in Fig. 5-a, Eg has a known voltage of 1.0183 volts and /main is 
to be standardized at 0.00100 amp, Rah is set to the 1018.3-ohm position, 
marked Rs in Fig. 5-a. Then with switch closed in the s position, /main is 
standaidized to the desired value by adjusting rheostat c until /« = 0. This 
null reading is indicated by a sensitive galvanometer in the G position. 

After /main ^^s been standardized as indicated above, any small voltage like 
the Seebeck voltage shown in Fig. 5-a may be balanced against a known 
i^*/main voltagc dlop simply by moving switch Sw to the x position and adjust¬ 
ing Rai^ (to Rx) until again zero current flows tlirough the galvanometer G. 

If, for exami)le, /mam Fig. 5-a is first standardized to 0.0010 amp and then 
switch Sw is changed to the x position, it may be found that Rab = Rx must 
be adjusted to 2.000 ohms in order to make Ix — 0. By Olim’s law 

Ex = Rxl = 2,000 X 0.0010 = 0.0()20 volt or 2 mv 

Transferring this value of voltage to the calibration chart shown in Fig. 5-b 
informs us that the temperature of the hot junction is 200°C. 

6. Seebeck Voltage as a Function of Temperature. Seebeck or thermal 

voltages arc widely used in the measurement of temperatures both, in 
industry and in scientific research. Thermal emf’s are independent of 
the lengths and cross-sectional areas of the wires used to make the 
thermocouples. The fact that thermocouples can be made of small wires 
(often No. 30 AAVG) makes it possible to imbed the test junction in 
places that would be inaccessible to an ordinary mercury-in-glass 
thermometer. Various metal combinations like nickel-platinum and 
copper-advance are employed. (Advance is a nickel-copper alloy, the 
characteristics of which are shown in Table I, page 81.) 

The graph of thermal emf versus temperature is, in general, non¬ 
linear, as shown in Fig. 5-b. The graph is, however, a smooth curve 
which is either concave downward (as in Fig. 5-b) or concave upward 
depending upon the metal combination employed. Over limited ranges 
of temperature, the thermal emf may be represented quite accurately as 
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the sum of a linear term and a squared term as shown below. 

Ex-y = aT + hT^ microvolts (2) 

where a and h are constants and T is temperature in centigrade degrees 
of the test junction, the other junction being held at 0°C. The subscript 
x—y refers to the two metals used to form the thermocouple. 

The constants a and b in equation (2) must be evaluated from ex¬ 
perimental information. If, for example, a copper-advance couple is 
checked against a standard thermometer it is found to yield thermal 
voltages of 

380 microvolts at 10°C temperature difference 
2000 microvolts at 50°C temperature difference. 

Hence 

At 10X\ i/cu-ad = «(10) + ?>(100) = 380 yv 

At 50°C, £:cu-ad = «(50) + 6(2500) = 2000 

from which a = 37.5 and b = 0.05 for J5Jcu-ud ^'^pi'essed in microvolts. Thus 

^^ou-ad = 37.5T + O.OUT^ y.v (3) 

Equation (3) fits the actual curve (luite closely over the temperature 
range from 0°(/ to 100°(^ For example, at 100°C the above equation 
yields 

i5^’cu-ad = 3750 + 500 = 4250 fiv 

whereas an actual calibration point at 100°(" yields 4200 uv. 

For accurate work over wide ranges of temperature, it is desirable to 
have a large-scale calibration chart of the particular thermocouple which 
is in use since impurities in the metals may cause slight deviations in 
the voltage versus T graph. 

6. Electrolytic Conductors. In order to appreciate the operating 
principle of a battery even in a general way, it is necessary first to 
consider the nature of the liquid or semi-liquid conductors which are 
used in batteries. Liquid conductors are usually referred to as electrolytic 
conductors because chemical reactions of some kind invariably attend the 
passage of current through liquid conductors. 

A centimeter cube of distilled water will exhibit a resistance of 
approximately 5 X 10^ ohms between opposite faces—about 3 X 10^^ 
times the resistance of a corresponding cubic volume of copper. If, 
however, a small quantity of soluble acid, base, or salt is added to the 
distilled water, the resistance or resisitivity is greatly reduced. Sulphuric 
acid may, for example, be added until the specific gravity is about 1.2, 
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and the resistivity will be lowered to about 1.3 ohms/cm^. Or potassium 
chloride may be added to reduce the resistivity of the distilled water 
from 5 X 10^ ohms/cm‘^ to about 10 ohms/cm^. 

The resistivity of a solution varies widely with the concentration of 
the solution and with temperature. In general, electrolytic conductors 
have negative temperature coefficients of resistivity; the higher the 
temperature, the lower the resistivity. 

When a soluble material dissociates in the presence of water, elec¬ 
trically charged atoms (or groups of atoms) are formed. An example of 
this type of dissociation (for the case of a potassium chloride solution) 
is shown in Fig. 7. Potassium atoms lose electrons to the chlorine atoms 
during the dissociation process, and as a result the solution contains 
both positive and negative ions which act as charge carriers. If a potential 



Fig. 7. Aqueous solution of potjussium chloride containing ions and Cl“ ions. 

difference is applied to the electrodes as shown in Fig. 7, the + carriers 
(K'^) move in the +S direction and the — carriers (Cl~).in the — S 
direction. 

The (diarge carriers being atomic in form cannot actually enter the 
metal electrodes l)ut they do carry on the conduction process in the 
circuit where the electrons in the metallic portion of the circuit leave 
off, that is, at the boundary surfaces between the metal electrodes and 
the liquid portion of the circuit. An electron, upon arriving at the 
negative electrode of Fig. 7 on its journey from the negative terminal 
of the battery (or other emf source), is met by a potassium ion (K*^) 
and is taken into the solution by K"^. But for every electronic charge 
taken into the solution at the negative electrode, one is given back to 
the metallic portion of the circuit at the positive electrode by Cl”. Thus 
a continuous flow of current is maintained in the circuit of which the 
electrolytic conductor is a part. 

Although the resistance of an electrolytic conductor may be written as 



( 4 ) 
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the resistivity p must be a space-averaged value along the 1 (or S) 
direction to account for the variable ion concentration which exists in 
the electrolyte. In Fig. 7, for example, the potential gradient in the 
electrolyte produces concentration of ions near the negative electrode 
and a concentration of CP ions near the positive electrode. 

7. Elementary Primary Cells. Where two different metals are sepa¬ 
rated from one another by an electrolytic conductor, an effect similar to 

that of contact potential difference occurs. 
Electromotive forces are established at the 
boundary surfaces between the metal elec- 
trcKles and the electrolyte.^ If the metal 
electrodes are similar, no resultant emf is 
developed terminal-to-terminal because the 
boundary emf’s cancel one another. But if 
the metals are dissimilar, a resultant emf 
is developed terminal-to-terminal as indi¬ 
cated in Fig. 8. 

In contrast to the contact potential difference between metal surfaces, 
the potential difference established by an electrolytic cell will deliver 
energy (in the form of Ell) to an extei'nal (^iixaiit. This energy comes 
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Fig. 8. Illustriiting bound¬ 
ary emf’s in an electrolytic 
cell. 
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Fig. 9. 



A copjK^r-zin(! j)rimary cell. 


from the chemical decomposition of one or both of the metallic electrodes. 
If, for example, the electrolyte shown in Fig. 9 is a dilute solution of 
H2SO4, the positive ions are hydrogen nuclei (H"^) and the negative ions 
are doubly charged sulphate ions (S 04 ~). The ions travel to the 
copper electrode if an external circuit is connected to the terminals of the 

^ With certain types of electrolytes, the situation is somewhat less definite than 
indicated here. Boundary emf’s may be established within the electrolytic conductor 
itself by rather sharply defined layers of the electrolytic conductor. In the early 
telegraph cells having copper and zinc electrodes and a sulphate solution, for example, 
a boundary emf existed between the layers of (!Opper sulphate solution and zinc 
sulphate solution which divided rather sharply due to gravity. These cells were 
called ‘ ‘ gravi ty ’ ’ cells. 
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cell, and the SO 4 " ions travel to the zinc electrode under the influence 
of the potential gradients developed by the boundary emf’s. As illus¬ 
trated in Fig. 9, the plus ions are driven from — to + in the emf source 
developed at the copper electrode, and the negative ions are driven from 
+ to — by the emf source developed at the zinc electrode. Essentially, 
the emf\s within the cell result from the chemical affinities of the different 
boundary surfaces for one another. 

The ions upon arriving at the copper electrode acquire an electron 
to form an atom of hydrogen, and two of these atoms in turn combine 
to form a molecule of diatomic hydrogen gas, H 2 . If nothing is done to 
prevent the formation of hydrogen gas at the copper electrode, this 
electrode will become coated with hydrogen-gas bubbles, and the cell 
in this condition is reduced to a hydrogen-zinc cell effectively. The gas 
formation (called polarization) increases immensely the internal re¬ 
sistance of the cell which in turn destroys the usefulness of the cell as a 
current source. 

The SO4 ’ ions upon arriving at the zinc electrode combine with zinc 
to form zinc sulphate, ZnS 04 . It is this reaction which decomposes the 
zinc electrode. The number of coulombs that a cell can deliver depends 
upon the reserve amount of decomposable chemical material available 
within the cell. In a primary cell, the decomposed material cannot be 
reformed on the electrodes by the passage of current in the reverse 
direction as it can in a secondary or storage cell. 

The Electromotive Force Series. The open-circuit voltage of a primary 
cell is dependent chiefly upon the metal electrodes which are used and 
only slightly upon the type of electrolyte which is used. The potential 
difference developed by the copper-zinc cell shown in Fig. 9, for example, 
is about 1.1 volts regardless of the electrolyte employed in the cell. The 
potential differences developed by the various metals operated in con¬ 
junction with a standard electrode^ have been measured. An abbreviated 
list of these potential differences is given on page 398. 

If two different metal electrodes are immersed in an electrolyte of 
uniform con(;entration, the potential difference established between the 
electrodes will be approximately the algebraic difference of the potentials 
in that list. The electrode which is the higher in the list will be the 
positive terminal of the cell. 

Example. Let it be required to find the amount of zinc decomposed in the 
copper-zinc cell shown in Fig. 9 by the passage of 10,000 coulombs through the 

2 See Handbook of Chemistry and Physics for a description of the standard electrode 
which consists essentially of a hydrogen gas film which is formed on a platinum 
electrode. 
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cell. (This number of coulombs might, for example, be the result of 2 amp 
flowing through an external circuit for 5000 sec.) 

Each coulomb of charge passing through the cell requires that 6.25 X 10^^ 
or l/(1.6 X 10“^®), electronic charges be transferred through the electrolyte. 

One zinc atom is decomposed by each SO4 ~ ion which brings 2 electrons 
into the solution during the formation of ZnS04. Hence the number of zinc 
atoms dissolved by the passage of 10,000 coulombs is 


10^(6.25 X 10'") 

zinc atoms =- 

2 


= 3.12 X 10^2 


The atomic weight of zinc (see Appendix B) is 65.38; meaning that 
6.03 X 10^^ atoms of zinc weigh 65.38 g. Hence the weight of a zinc atom is 


weight 

atom 


65.38 

6.03 X 102'^ 


= 10.85 X 10-23 


g 


and the weight of the dissolved zinc is 

weight of zinc = (3.12 X IO22)(10.85 X 10-23) = 3.39 g 

Problems of this kind may be solved without tlie detailed analysis given 
above by means of Faraday’s laws which are stated in Section 11. The advan¬ 
tage of the present type of solution is that it shows in detail the decomposition 
of the zinc electrode atom hy atom, and it is in this manner that the electrode 
is actually decomposed. 


Platinum 

Silver 

Mercury 

Copper 

Standard 

Lead 

Iron 

Zinc 

Manganese 


Pi 

Ag +0.84 “ 
Hg +0.80 “ 
Cu +0.34 “ 
0.00 

Pb -0.14 “ 
Fe -0.40 
Zn -0.76 ‘‘ 
Mn -1.0 “ 


H H tl 

H (t n 

<( <( <( 

H (( u 

U it it 

it li it 


+0.87 volt. (r(4ative to standard electrode) 

<< ii it a 


8. The Dry Cell. Most commercial primary cells are constructed as 
shown in Fig. 10 where, as indicated, the positive electrode is carbon 
and the negative electrode takes the form of a zinc (jontainer. This cell 
develops an open-circuit voltage of about 1.5 volts and is made in a 
variety of sizes. In the 2.5-in. by O-in. size, a cell in good condition will 
deliver between 20 and 30 amp if the terminals are short-circuited 
through a low resistance ammeter. The internal resistance of the cell 
under these conditions is less than 0.075 ohm. 

The term dry cell is a misnomer because moisture is essential to the 
celPs operation. The electrolyte takes the form of a moist paste con¬ 
taining ammonium chloride (NH4CI) and zinc chloride (ZnCl 2 ). In 
order to minimize the detrimental effects of polarization, the carbon 
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electrode is surrounded by a porous mass consisting of granular carbon 
and manganese dioxide, Mn 02 . The manganese dioxide functions as an 
efficient depolarizer by absorbing the gas that would otherwise collect at 
the carbon electrode and seriously interfere with the operation of the 
cell as a current source. 

Various chemical reactions occur when the cell is delivering current. 
One of the primary reactions is the dissolution of the zinc electrode by 
the Cl” ions to form zinc chloride, ZnCD. The following chemical formula 
sums up the more basic transformations that occur when the cell is 
delivering current: 

Zn + 2 NH 4 CI + 2 Mn 02 ZnCh + 2 NH 3 + Mn 203 + H 2 O (5) 

We may interpret the right-hand member of the above formula to mean 
that zinc chloride, ammonia gas, man¬ 
ganic oxide, and water are formed in 
the cell when it delivers current. These 
compounds are formed at the expense of 
the zinc, ammonium chloride, and the 
manganese dioxide which are present 
within the cell. 

Some zinc is dissolved even when the 
cell is on open circuit. This type of dis¬ 
solution results from local action, a name 
given to undesirable secondary reac¬ 
tions. Local action at the zinc electrode 
is caused principally by impurities in the 
zinc; itself. "Jliese impurities, finding 
themselves in contact with the electro¬ 
lyte, establish local emf cells at the sur¬ 
face of the zinc and cause deterioration of that surface. Owing princi¬ 
pally to local action, an ordinary dry cell has a shelf life of only about 
two years. 

9. The Weston Standard Cell. In Fig. 5-a is shown a cell marked Eg. 
This cell is used to standardize the current in the main circuit of the 
potentiometer, and this current in conjunction with the highly cali¬ 
brated resistor Rah can be used to measure unknown voltages and to 
calibrate electrical instruments to a high degree of accuracy. If it is 
assumed that Rah can be calibrated and reliably read to one part in 
10,000 (as it can in a good potentiometer), it becomes desirable to have 
a constant and reproducible source of emf which has the same order of 
accuracy as Rah- Emf cells designed to have these characteristics are 
called standard cells. 



Zinc contoiner 

Moist posts 

Depolarizer 
Carbon electrode 


Fig. 10. Essential elements of an 
ordinary dry cell. 
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Since a constant voltage is desired from a standard cell, this type of cell 
is never used as a source of current because polarization affects its terminal 
voltage. 

The open-circuit voltage developed by the Weston standard cell 
shown in Fig. 11 possesses l)oth constancy and reproducibility over 
relatively long periods of time. IVo types of Weston standard cells are 
made: the saturated or normal cell and the unsaturated cell. The emf 
developed by a normal Weston cell at 20°C is so very close to 1.01830 
volts and is so definitely reproducible that 1 volt has been legally defined 
in this country as 1/1.01830 part of the potential difference developed 
by this cell at 20°(1 This cell consists of mercury and cadmium electrodes 
in an electrolyte of cadmium sulphate, and the entire cell is made 


Seal 


Cadmium sulphate 
crystals 

Mercurous sulphate 
Mercury- 



Cadmium sulphate 
solution 


Cadmium sulphate 
crystals 

— Codmium -amolgom 


Fig. 11. ICsscntial clcincnts of a Weston standard cell. 


according to a set of prescribed specifications. The U. S. National Bureau 
of Standards adopted the Weston normal (;ell as a standard of voltage 
in 1911. 

The unsaturated cell is widely used in calibration laboratories because 
its emf is practically unaffected by temperature changes from 0°C to 
40°C. Its open-(drcuit voltage may vary from cell to cell by a few parts 
in 10,000, but this variation is of no importance since the potential 
difference, whatever it may be, can be calibrated in terms of the emf of 
the normal cell. This calibration is usually performed at the Bureau of 
Standards, and each cell then carries with it a certificate of its open- 
circuit voltage to five or six significant figures. 

10. Lead-Acid Storage Cells. The commonly used lead-acid storage 
cell has a positive electrode of lead peroxide (Pb 02 ) and a negative 
electrode of lead (Pb) immersed in a dilute solution of sulphuric acid 
(H2SO4). Porous insulators or separators are generally used between 
the plates even though these separators are not shown in Fig. 12. 

Under normal conditions the cell develops a potential difference of 
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about 2 volts. This voltage depends to some extent upon the density or 
specific gravity of the acid electrolyte as shown below. 


Concentration of Electrolyte 

Emf 

Specific 

Per Cent by 

per Cell in 

Gravity 

Weight of H 2 SO 4 

Volts 

1.050 

7.31 

1.903 

1.100 

14.33 

1.956 

1.150 

20.91 

2.000 

1.200 

27.32 

2.045 

1.250 

33.33 

2.091 

1.300 

39.19 

2.138 


On discharge, the ions in the electrolyte travel toward the positive 
Pb 02 plate, and the SO 4 ' ions travel toward the negative Pb plate; 
and as a result lead sulphate is formed at each plate during the dis¬ 
charge period. The cell gradually loses voltage as the sulphation of the 
plates continues. If, however, the cell is subjected to a charging current 
(one which is opposite in direction to the discharge current), the lead 



Fig. 12. Simplified diagram of the lead-acid storage cell. 

sulphate (PbS 04 ) is changed back into Pb 02 at the positive plate and 
back into Pb at the negative plate. Thus the cell is returned to its 
original state and is said to be charged and is ready for another dis¬ 
charge period. 

The principal chemical reactions that occur at the electrodes of the 
lead-acid storage cell may be summed up in the following chemical 
equation which may be read from either left to right or from right to left: 

discharge 

PbOz + 2 H 2 SO 4 + Pb PbS 04 + 2 H 2 O + PbS 04 ( 6 ) 

+plate electrolyte —plate charge -|-plate dilution —plate 

As indicated in the above equation, w^ater is formed during discharge, 
and this water dilutes the electrolyte. The state of charge of the cell is 
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usually measured by means of a hydrometer which indicates the specific 
gravity of the electrolyte. 

The capacity of a lead-acid cell is usually rated in ampere-hours, the 
ampere-hour rating depending largely upon the number and size of the 
plates. In testing a cell, it is customary to discharge the cell at a steady 
value of current which is equal to [(rated amp-hrs)/5] until the voltage 
of the cell drops to 1.7 volts. Thus the discharge period is approximately 
5 hours in accordance with the automotive code which specifies the 
manner in which automobile batteries are to be tested. 

The actual number of ampere-hours of charge delivered to the test 
circuit by the cell during the discharge period is arbitrarily selected as 
100 per cent charge or 100 per cent output. The cell can deliver some¬ 
what more than the arbitrarily selected 100 per cent charge, but to 
extend the discharge period beyond the point where the voltage per 
cell is less than 1.7 volts shortens the life of the cell. 


Example. A 50-amp-hr lead-acid storage cell is assumed to be fully charged 
with an open-circuit voltage of 2.10 volts. Upon dis(*haigo at a 10-amp rate, 
it is found experimentally that: 

(1) The terminal voltage drops abruptly to 2.07 volts at the start of the 
discharge period. 

(2) The cell delivers 10 amp steadily for 4.(S hr before its terminal voltage 
drops to 1.7 volts. 

(3) The time-averaged voltage during this test is 1.96 volts. 

After the dis(*harge test described above has been performed, the cell is 
charged at a 10-amp rate until the specific gravity of the (dectrolyte is brought 
up to its original value. This test shows that: 

(1) 5.3 hr are required to bring the cell back to a full state of charge. 

(2) The time-averaged voltage during this 5.3-hr period is 2.35 volts. 

From these data we conclude that: 

(1) internal resistance of the ceil 


( 2 ) 

(3) 


^Int. ~ 


amp-hr efficiency = 


watt-hr efficiency = 


2.10 - 2.07 
10 


= 0.003 


ohm 


10 X 4.8 
10 X 5.3 


0.905 (or 90.5 per cent) 


1.96 X 10 X 4.8 
2.35 X 10 X 5.3 


0.755 (or 75.5 per cent) 


The values given above are comparable to those of the cells employed in 
automobile storage batteries. 


11. Faraday’s Laws of Electrolysis. The electrochemical reactions 
that occur at a boundary surface between a metallic conductor and an 
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electrolytic conductor were established about 1833 by Faraday. He 
found that an ion (in the electrolytic conductor) upon arriving at the 
metal electrode might be: 

(1) deposited upon the electrode, or 

(2) discharged at the electrode and then dissolved, or 

(3) liberated from the electrolytic cell in the form of gas. 


The mass M of the ions deposited, dissolved, or liberated is: 

(1) proportional to the quantity of charge Q crossing the boundary; 

(2) proportional to the mass (or ionic weight w) of the ion; 

(3) inversely proportional to the number of electronic charges carried 

by the ion, that is, the valence of the ion, v. 


These facts are known as Faraday^s laws of electrolysis and may be 
summed up in the form of a single ecjuation as 


1 w 

~cE C? (coulombs) S 
J V 


( 7 ) 


where 7 is a physical constant, numerically equal to the number of 
coulombs required to deposit or liberate w/v g (or 1 gram-equivalent) 
of any substance. 

In the deposition of silver (having an atomic weight of 107.880 and a 
valence of 1), careful measurements show that 1 coulomb of charge 
deposits 0.0011180 g of silver. Hence 

^ ^ ^ coulombs/g for silver (8) 


7 is actually a physical constant which represents the number of ions 
in w grams of the ionic substance (6.03 X 10^^) divided by the number 
of electronic charges per coulomb (6.25 X 10'*^). Letting an electronic 
charge be symbolized by Q,., 




or 


M 


— X (6.03 X lO^^) 
ion 


Qe 


Q = 


ion 


6.03 X 10^^ 
Qe 

Q 


6.03 X 10^^ 
6.25 X 10^® 


(F = 96,500 (to three significant figures) (9) 


Thus it may be seen that T is a constant which is far more universal in 
scope than equation (8) indicates.® 

* The illusion is usually given in elementary texts that T is dimensionally equiva- 
lent to charge. 
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The relationship stated in equation (7) is not dependent upon the 
type of electrolyte or upon the type of electrodes employed. Neither is 
it dependent upon the rate at which the charge passes the boundary, 
although this time rate of charge (or current) may affect the ‘^single- 
valueness” of the chemical reactions which occur at the boundary. 

Example. The two electrolytic cells shown in Fig. 13 have the following 
constituents: 

Anod(i Cathode Ek^ctrolyte 

Cell a Silver Platinum Silver nitrate solution 

Cell b Copper Copper Copper sulphate solution 

The electrode at which current enters a cell (or vacuum tube) is called the 
anodej and the electrode at which the current leaves is called the cathode. 


+i +i +i 



(Q) (b) 

Fig. 13. Two ehictrolytic^ cells in series. 


The primary reactions or chemical changes that occur at the four bound¬ 
aries shown in Fig. 13 are listed below: 

Boundary Chemical Changes 

Ag I AgNOs NO.3"— ♦ NO3— > AgNOa, where Ag is taken from the anode material. 
AgNOa dissociates: 

AgN() 3 -> Ag++ NO3- 

AgNOa 1 Pt Ag+--^ Ag and is deposited upon the cathode in th(^ form of silver 
plate' 

Cu I CUSO4 SO 4 —> SO 4 — > CUSO 4 where Cu is taken from the anode material. 
CuSO 4 d isso c i at cs: 

h CuS04-> Cu+++ SO4- - 

CUSO 4 I Cu Cu"^"^—♦ Cu and is dt^posited upon the cathode in the form of copper 
plate. 

Let it be required to find the mass of the material which is deposited or 
dissolved at each of the four boundaries shown in Fig. 13 as a result of a 
steady current of 1 amp flowing through the cells for a period of 3 hr. 

The quantity of electricity crossing each boundary is 

Q = 1 X 3 X 3600 = 10,800 coulombs 
By equation (7), the mass of material at each boundary is 


M = 


10,800 w 
96,500 ^ V 


w 

0.112- g 
V 
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w, the atomic weight of each element or group of elements, and r, the valence 
of each element or group of elements, may be found in Appendix B. 

In determining the weight w of NO3, for example, we add the atomic weight 
of N (14.0) to the atomic weight of 30 (48.0) to obtain 62.0. The valence v 
of NO3 is 1 since it combines with silver, Ag, which has a valence of 1; or, 
electrically speaking, the valence v in equation (5) is the number of electronic 
charges carried by the ion which, in the case of NOs", is 1 and, in the case of 
SO4 , is 2. 

Thus 

(The amount of nitrate, NO 3 , at anode is ( 0.112 X 62)/l = 6.94 g. 

^ \The amount of Ag deposited on cathode is (0.112 X 107.88)/! =* 12.07 g. 

, (The amount of sulphate, SO 4 , at anode is (0.112 X 96.06)/2 = 5.38 g. 

\The amount of Cu deposited on cathode is ( 0.112 X 63.57)/2 = 3.56 g. 

Many commerieal processes make use of the electrolysis principle 
stated in equation (7). Metals are often refined by the plating process 
described in the above example. In this case the impure metal occupies 
the anode position, and a starting sheet on which the refined metal is 
plated is employed as the cathode. 

Among the metals which can be electrolytically extracted from their 
ores are gold, silver, copper, zinc, nickel, cadmium, and aluminum. 
Other essential products which are electrolytically produced are hydro¬ 
gen, oxygen, chlorine, calcium, sodium, potassium, lithium, barium, 
magnesium, and nitrogen. This list is far from complete and serves only 
to show the scope and commercial importance of the subject of electro¬ 
chemistry. 

12. Undesirable Electrolysis. Although the process known as elec¬ 
trolysis serves many useful purposes, it can under certain circumstances 
become a destructive agency. This situation sometimes arises along the 
ground return path of electrical circuits which are grounded at two or 
more points. If the circuit conditions are such that the grounded points 
(if left ungrounded) are at significant potential differences, earth currents 
will flow between these points when they are grounded. Earth currents, 
in selecting the path of least resistance between the grounded points, 
may enter and leave metallic conductors that are imbedded in moist 
earth. If direct current is involved, as in many traction systems, the 
earth currents may cause serious damage to water pipes and the like. 
The situation is represented schematically in Fig. 14. 

The area (or boundary) where positive current enters the imbedded 
conductor in Fig. 14 is relatively unaffected by the current since this 
area functions as a cathode boundary on which positive ions (which 
are contained in +A/) are deposited. The boundary at which AI 
leaves the imbedded conductor, however, functions as an anode boun- 
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dary. At this boundary the ions in the A/ path attack the metal and 
dissolve it. 

With alternating current, both boundaries are affected but the de¬ 
composition is only about 1 per cent of that at a d-c anode boundary 


+1 



under otherwise similar conditions, since metal dissolved on one-half 
cycle of the alternating current is redeposited (or replated) during the 
next half cycle. 

PROBLEMS 

1. The Peltier emf at the junction between two dissimilar metals is known to be 
1 mv when 10 amp are crossing the juncdion or boundary surface. 

What heat eiu;rgy is generated (or absorlxul) at llie boundary in 5 min? Express 
the result in gram-calories. 

2. For a copper-advance tlu'rmocHRiph* it is known that. A'cu-ad = 2000 ptv at 
50°C and 4200 jjlv at lOO^C. 

(a) Write A'cu-aii =f “ Mv, where a and h are expressed numerically. 

(h) How does th(* calculat(Hl value of J^cu-&a a-f 300°C (as obtained from the 
above equation) compare with the experimentally determined value of j&cu-ad 
which is known to be 14,800 fiv at 300°C? 

3. From the calibration curvti shown in Fig, 5-b, i>ag(^ 392, we note that 

/icu-Fe = 1-25 mv at 100°C -fi'cu-Fe = 2.0 mv at 200°C 

(а) Write Ecu-Fe — + hT^ /xv from the above data, expressing a and b 

numerically. 

(б) At what temperature of the hot junction is the change of voltage with respect 
to temperature (dE/dT) equal to zero, as evaluated from the equation found in (a), 

(c) From the equation found in (a), at what temperature of the hot junction 
(other than 0°C) is the net emf of the copper-iron thermocouple equal to zero? 

(d) Compare the calculated values found in (6) and (c) with the corresponding 
values read from the actual voltage-temperature graph of the copper-iron couple 
shown in Fig. 15. 
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4. The thermal voltage developed by the hot junction of a nickel-lead thermo¬ 
couple (with the cold junction held at 0°C) is 

^Ni-Pb = 18T + 0.018^2 

where T is in centigrade degrees. Positive current flows in the nickel from the cold 
junction to the hot junction if the circuit is closed. The corresponding equation for a 
platinum-lead thermocouple is 

^Pt-Pb = 3T + 0.013T2 )uv 

with positive current flowing through the platinum from cold junction to hot junction 
if the circuit is closed. What temperature is required at the hot junction of a nickel- 
platinum thermocouple to develop a voltage of 1.5 mv? Cold junction at 0°C. 



Fig. 15. Seebeck voltage develo])ed by a copper-iron thermocouple. See Prob. 3. 

5. What is the resistance of the electrolytic conductor shown in Fig. 12, page 401, 
if the metal plates are separated from one another by a distance of 0.20 cm and each 
active plate face has an effective area (presented to the elec,trolyte) of 100 sq cm? 
The resistivity of the ele(;trolyte is 1.5 ohms/cm^. 

6. A saturated solution of sodium chloride (NaCl) is known to have resistivities 
expressed in ohms per centimeter cube: 

P = 5.6 at 10°C p = 4.4 at 20°C p = 3.6 at 30°C 

What is the temperature coefficient of resistivity of this electrolyte at 20°C? ^Compare 
with the temperature coefficient of resistivity of copper at 20°C, which is 0.0039. 

7. (a) What is the approximate potential difference developed by a primary cell 
consisting of silver and copper electrodes immersed in a dilute solution of hydro¬ 
chloric acid, HCl? Which electrode is positive? 

(h) Repeat (a) if the copper electrode is replaced with an iron electrode. 
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8. Find the mass of zinc dissolved from the zinc electrode of an ordinary dry cell 
during a 10-hr period in which the cell delivers a steady current of 2.0 amp. 

9. What is the cost per kilowatt-hour (for the dissolved zinc alone) of the energy 
delivered by the dry cell in Prob. 8 if zinc costs $0.30 per lb and the time-averaged 
terminal voltage of the dry cell during the 10-hr period is 1.4 volts? 

10. One type of radio battery consists of 45 small dry cells connected in series to 
give an open-circuit voltage of 67.5 volts. The useful life of these batteries when 
delivering a 10-ma load current is 15 hr. If the batteries cost $1.50 each, what is the 
cost per kilowatt-hour of the elec.trical energy generated by these batteries? 

11. What mass of silver is deposited on the cathode (the Pt electrode) in Fig. 13-a 
by the passage of 10 amp for a period of 19,700 sec? 

12. How many atoms of silver are deposited at the cathode in Prob. 11 during the 
19,700-sec period? (Remember that in 107.88 g of silver there are 6.03 X 10^^ atoms 
of silver.) 

13. An electrolytic? rcifining tank has an anode of imi)ure copper, an electrolyte of 

acidified copper sulphate (CUBO 4 ), and a cathode of pure copper in the form of a 
starting sh(?(*t.. The ions present in the electrolyte; arc; Cu"*'"^ and S ()4 . 

What (iathode area must be cunployed if tlie 
current density at the cathode is not to excecid 
0.03 amp/s(] cm, if the (;opper is to be refiiuui at 
the rate of 1 lb (or 453.6 g) per hr? 

14. An electrolytic cell is formed with a zinc 
plate as anode, a platinum plate as cathode, and 
an electrolyte of zinc chloride, ZnCl 2 , as shown 
in Fig. 16. A steady cairrent of 2 amp is sent 
through the cell in the Zn-to-Pt direction for 13 
hr and 24 min. 

(a) If the redaction at the platinum cathode is simply 

Zn’'"+-^ Zn 

find the number of grams of zinc delivered to the cathode. 

(h) If the react ion at the zinc anode is simply 

2Cr+ Zn -> Z 11 CI 2 

find the mass of zinc chloride (ZnCl 2 ) formed at the anode. 

15. Secondary reactions frequently occur at the boundary surfaces between the 
eh'ctrolytic conductor and t he electrod(;s of a cell. For the case considered in Prob. 14 
(Fig. 16), zinc oxide (ZnO) and hydrogen gas (H 2 ) can be produced at the platinum 
eloctrode under the correct conditions of temperature, concentration of electrolyte, 
and current density. If the reactions at the platinum electrode are assumed to be 
entirely of the form 

Zn++-f H 2 O -> ZnO + 2H 

find the mass of the zinc oxide (ZnO) formed and the mass of the hydrogen gas (H 2 ) 
liberated at the cathode boundary in Fig. 16 by a steady current of 2 amp flowing for 
13 hr and 24 min. 


+I +I 
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16. What amount of lead is reduced to lead sulphate at the negative electrode of a 
lead-acid storage cell over the period of time in which the cell delivers 150 amp-hr? 

17. A three-cell, lead-acid automobile storage battery has an open-cinmit voltage 
of 6.30 volts. The internal resistance is 0.0020 ohm per cell. 

(a) What is the terminal voltage of this battery when it is delivering 200 amp to 
the starter motor? 

(h) Assuming that the internal resistance remains constant at the value 0.002 ohm 
per cell, what maximum horsepower can be deliv(5red to an external load by this 
battery? (746 watts s 1 hp.) 

18. Two emf cells Ea and Eb having internal resistances of Ha and Rb respectively 
are connected to a load resistance Rl^ Show that the load (iurrent is 

EaRh + EhRa 

^ RaRb + RaRl + RbRl 

19. There are available N emf cells, each having an open-circuit voltage of e volts 
and an internal resistance of r ohms. It is desired to arranges them in the series- 
parallel combination (of n* cells per series path in Up parallel paths) which will 
deliver the greatest power to a specified load resistances Ri. 

(a) Specify the number of parallel paths as a function of A, r, and Rl. 

(h) Specify the number of cells in series per path, iia, as a function of A, r, and Rl, 

20. Show that the maximum power delivered to the load resistance in Prob. 19 is 

Ne^ 

R max. “ watts 
4r 

21. The number of cells available in Prob. 19 is 16. The open-circuit voltage of 
each cell is 2 volts, and the internal resistance of each cell is 0.10 ohm. The load 
resistance Rl is 0.40 ohm. 

(a) What arrangement of the cells will give maximum load power? 

(h) What is the maximum power that can be deliveied to the load? 

(c) What power will be delivered to the 0.4-ohm load resistor if the 16 cells are 
arranged in 4 parallel groups, each of these groups consisting of 4 cells in series? 
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1. Classification of Resistive Circuit Elements. The current passing 
through some types of resistive circuit elements is not directly pro¬ 
portional to the voltage drop across the element. Under these conditions, 
the resistance (ft = U//) is variable, the graph of I versus V is not a 
straight line, and the resistance is said to be non-linear. Resistors which 
exhibit non-linear resistance are called varistors to distinguish them 
from the ordinary metallic and carbon resistors which, over reasonably 
small ranges of temperature, exhibit essentially constant resistances. 

Varistors may be non-linear to the extent of passing current effectively 
in only one direction, in which case they are referred to as unilateral 
circuit elements. Thus variable resistors may be classified as: 

(1) Symmetrical or bilateral varistors where current passes equally 
well in either circaiit direction and where temperature is not a controlling 
factor. 

(2) Negative-temperature-coefficient resistors or “thermistors^' where 
small increases in temperature produce significantly large decreases in 
resistance. 

(3) Unilateral varistors where current passes effectively in only one 
direction. 

The electrical characteristics of these resistors will be considered 
briefly in this chapter. Graphical methods will be used to solve circuit 
problems where one or more of these variable resistors are present in the 
circuit and, since these same methods are applicable to vacuum-tube 
circuits, the tube wdll be treated as a non-linear circuit element. In this 
connection, it should be noted that, whereas the vacuum tube is a non¬ 
linear unilateral d-c circuit element, it can under certain operating con¬ 
ditions be treated as a linear unilateral a-c circuit element. (Sec Sections 
12 and 13.) 

2. Symmetrical or Bilateral Varistors. A non-linear resistor which 
passes current equally well in either circuit direction is called a symmetric 
cal or bilateral varistor. By non-linear is meant that the current-voltage 
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graph of the resistor, when plotted in rectangular coordinates, is not a 
straight line. 

Thyrite is probably the most widely used of the symmetrical varistors. 
Thyrite consists of a large number of granules of silicon carbide (the 
familiar abrasive) bonded together by plastic clay. Each silicon carbide 
granule touches its neighbors in only a few small contact areas, as shown 
in Fig. 1-a. Since experiments show that the resistivity of silicon carbide 
itself is small and independent of voltage, the non-linear portioA of Fig. 
1-b does not originate in the granule itself. The fact that the resistance 
drops very markedly in the middle portion of Fig. 1-b is due to localized 
contact resistance between the different granules. This localized contact 
resistance is distinctly non-linear, decreasing sharply for increasing 



Fig. 1. Resistance of thyrite as a function of volta^o. 

values of potential gradient. The manner in which the overall resistance 
of a thyrite resistor varies with terminal voltage is shown in Fig. 2. 

Thyrite resistors are used chiefly as protective devices in electrical 
circuits. They are usually made in the form of disks, the thicknesses of 
which range from about 0.02 in. to 1 in. At voltage gradients in the 
neighborhood of 100 volts/in., the thicker disks approach being in¬ 
sulators because under these conditions the current flow is only about 1 
ju amp/sq in. of disk area. If, however, the voltage gradient is increased 
to 1000 volts/in., the current flow is about 0.1 amp/sq in. Thus a 10-fold 
increase in voltage results in a 100,000-fold increase in current, and it 
is this characteristic which is made use of where thyrite resistors are 
employed as protective devices. 

Within the useful range of operation of thyrite resistors, the current- 
voltage relationship may be approximated quite closely by 

I = (1) 

where K and n are sensibly constant if the temperature is constant and 
the (zb) signs indicate that the current flows in either direction de- 
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pending upon the polarity of the applied voltage V. K depends largely 
upon the dimensions of the resistor, and n usually varies between about 
4 and 5 depending upon the particular technique employed in manu- 
facturing the thyrite. 

The accuracy with which equation (1) defines the I-V relationship 
for any particular resistor may be determined by plotting / versus V 



on log-log paper. If the resulting graph is reasonably straight over the 
operating range of the resistor, equation (1) is applicable, and the 
exponent n may be evaluated as the slope of the / versus V graph. This 
method of evaluating n follows directly from the straight-line equation 
of log I versus log V wdiich is obtained by taking logarithms of both 
sides of equation (1). Thus 


log I = n log V + log K (2) 

and the value of n may be obtained directly as the slope of the I versus 
V graph on log-log paper. If, for example, the values of I shown in Fig. 
2 at 7 = 80, 90, 100, 110, and 120 volts are plotted on log-log paper as 
shown in Fig. 3, the result is a straight line having a slope of 5. Hence 
n for this particular thyrite resistor is 5, and the value of K in equation 
(1) may be evaluated at some typical voltage point as 



3.33 

100 ^ 


= 3.33 X 10“"^® 
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For the thyrite resistor having the I versus V characteristic shown in 
Fig. 2 

I = (3.33 X l(r^^)V^ amp (3) 

where V is expressed in volts. 

The manner in which a thyrite resistor may be employed to protect a 
circuit element against accidental voltage surges is indicated in Fig. 4. 

The circuit element R in Fig. 4 is protected 
in the sense that the thyrite resistor Rt, by 
virtue of its steep I versus V characteristic, 
prevents V from becoming excessively large 
even though the potential difference at points 
a and h is accidentally increased to 10 or 20 
times its normal value. The details of this 
type of protection are given in the follow¬ 
ing example. 
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Example. It will be assumed that the thyrite 
resistor Rt in Fig. 4 has the I versus V charac¬ 
teristic shown in Fig. 2. Under normal operating 



loon 


Fig. 3. Graphical evaluation 
for n in equation (1). 


Fig. 4. A thyrite resistor Rt employed iis a pro¬ 
tective element. 


conditions, the voltage across element R is essentially 30 volts, since Rt takes 
only 8 ma at 30 volts and R takes 300 ma at 30 volts. 

If the voltage across points a and b in Fig. 4 were accid(?ntally raised to 
450 volts (owing, possibly, to cross-connections witli another circuit), the 
voltage across element R would rise to 300 volts if the protective resistor Rt 
were not present. With Rt in the circuit, however, the voltage V is defined 
by Kirchhoff^s voltage law to be 

50/ + F = 450 volts 

where 

/ = /«, + /«= (3.33 X 


The value of in this particular case is obtained from equation (3). It 
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follows directly that 

50 (3.33 X 10“'+ ~-j + y = 450 

from which 

7 = 111 volts (rather than 300 volts) 

In a similar manner it may he shown that voltage V in Fig. 4 rises to only 
about 137 volts if the potential difference between points a and b is raised to 
1000 volts. 

3. Graphical Solution of a Series Circuit. Many cases arise in engineer¬ 
ing practice where a non-linear resistor is operated in series with a 
linear resistor across a fixed voltage. A common example is that shown 
in Fig. 5-a where the plate-to-cathode path of the vacuum tube is in 
series with a fixed resistor Rl. The non-linear J versus V characteristic 



(a) (b) 


Fig. 5. A simple vacuum-tube cii-cuit and the corresponding thyritc-rcsistor circuit, 

of the tube is usually available in the form of a graph which is furnished 
by the manufacturer of tlie tube, and the problem is to find 1 when E 
and R are specified. For the present, a thyrite resistor will be used as 
the non-linear jesistor in place of the plate-to-cathode path of the 
vacuum tube. (See Fig. 5-b.) Later the same type of graphical analysis 
as used to find I in Fig. 5-b will be used to find 1 in Fig. 5-a. 

It is plain that in Fig. 5-b 


RI+V = E 

(4) 

R1 + RtI = E 

(5) 


As it stands, equation (5) cannot be solved directly for I because Rt 
depends for its value upon the magnitude of /. Equation (4), however, 
may be used to effect a solution for I if the / versus V graph of the non¬ 
linear element is available. It will be assumed that this graph is available 
in the form of the curve shown in Fig. 6. 

Since the origin of V is at the left end of the voltage axis in Fig. 6 and 
since we know from equation (4) that RI — (E — 7), it is a simple 
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matter to mark off E volts on the voltage axis and erect an I versus 
{E — V) graph from this point as shown in Fig. 6. The current in the 
series circuit is then defined by the intersection of the 1 versus V graph 



and the / versus {E — V) graph since the current I is common to both 
E, and Rf The details of a numerical case are outlined below. 


Example. In the circuit arrangement shown in Fig. 5-b, let JS' = 130 volts, 
R — 100 ohms, and the I versus V characteristic be defined by the curve 
shown in Fig. 6. 

(1) E is marked off on the voltage axis at the 130-volt point as shown in 
Fig. 6. 

(2) The I versus {E — F) characteristic is a straight line since R is assumed 
to be a linear resistor. Therefore, V may be assumed to have any value what¬ 
soever (less than 130 volts) and a point on this straight line may be found. 
This point, together with point (E, 0) defines the straight-line I versus 
(E — V) graph. If, for example, we let F = 90 volts for the purpose of finding 
this one point. 


I 


130 - 90 
100 


0.40 amp [froni equation (4)] 


(3) After drawing the straight line through the points (130,0) and (90,0.4), 
the current in the series circuit is found to be 0.45 amp at the intersection of 
the I versus F and the / versus (E — V) graphs. 
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In vacuum-tube circuit analysis the I versus {E — V) graph is called the 
d-c load line, and the I versus V graph is the plate current characteristic of 
the tube. If the simple graphical analysis employed here for the thyrite resistor 
is understood, no difficulty will be experienced in drawing d-c load lines for 
vacuum tubes. 

If the linear resistor R in Fig. 5-b is replaced with a non-linear resistor, the 
graphical solution given above applies equally well provided the I versus Y 
graph of this second non-linear resistor is substituted for the 1 versus (E — 7) 
graph shown in Fig. 6. 

4. Negative-Temperature-Coefficient Resistors. Where the operation 
of a resistive circuit element is primarily dependent upon the temperature 
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Fig. 7. One form of NTC resistor. 


of the resistor, the element is called a thermal resistor or thermistor. 
Thermal resistors having relatively large negative temperature co¬ 
efficients of resisitivity are sometimes sold under the name of 
units. They are used extensively as temperature indicators and temper¬ 
ature compensators as well as in time-delay and other control devices.^ 

Many types of thermal resistors have been developed. Most of them 
are made from the oxides of heavy metals like iron, nickel, manganese, 
and uranium. These oxides are imbedded in a ceramic binder which 
often takes the form of plastic clay. The resulting resistor may take the 
form of a tiny bead mounted in an evacuated glass envelope, or it may 
take the form of the NTC units shown in Fig. 7. 

^ Small tungsten-filament lamps and small fuses are sometimes employed as 
positive-temperature-coefficient resistors to achieve the same results, but these units 
are not so sensitive to temperature changes as are the NTC units. 
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The manner in which the resistivity of a uranium oxide (UsOg) 
resistor varies with temperature is shown in Fig. 8. At 0°C, this resistor 
has a resistivity of 50,000 ohms/cm^. (It should be noted that the 
ordinates of Fig. 8 are plotted to a logarithmic scale.) The resistivity 
decreases rapidly as the temperature rises, reaching 2800 ohms/cm^ at 
100°C, 420 ohms/cm‘^ at 200°C, and 100 ohms/cm^ at 300°C. 

The temperature coefficient of resistivity of any material is defined as 
the per unit change in resistivity per degree change in temperature. 



Fig. 8. Variation of resistivity of uranium oxide with temperature. 


(See Chapter IV.) Applying this definition to a dz50°C interval about 
0°C in the case of the uranium oxide resistor, we find 

^ ^ 10,200 - 250,000 ^ 

- r_50-) 50,000(100) 

Thus the temperature coefficient of resistivity of the oxide resistor is 
seen to be roughly ten times greater in magnitude than that of many 
pure metals, which is about +0.0042. 

It has been found from experiment that the resistances of many NTC 
resistors obey the relationship 
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where 72^ is the resistance at T° Kelvin (or T°K) 

^ 3 O 30 k is the resistance at 303°K or 30°C 

T is the temperature of the resistor in degrees Kelvin 

Cy h, and s are constants for any particular type of oxide resistor. 

Two of the most widely used oxide resistors have the following con¬ 
stants:^ 

C b s 

Typel 171,280 1306.5 2.8638 

Type 2 141,600 1509.6 2.9477 

Equation (6) is employed only where a high degree of accuracy is re¬ 
quired since the expression is rather awkward to manipulate arithmeti¬ 
cally. It is used, however, by some manufacturers of radiosondes, the 
small radio transmitters which are sent into the upper atmosphere by 
balloon to record weather conditions. In the following section, a formula 
for r is given which, although somewhat less accurate than eejuation 
(6), is much easier to manipulate. 

6. Exponential Formula for Thermal Resistors. The following relation¬ 
ship is often employed in specifying the resistance of an NTC resistor at 
any temperature T in terms of the resistance at some other temperature 

Rt = (7) 

where Rt is the resistance at T° Kelvin 

R[) is the resistance at some specihed temperature Tq 
T is the temperature in degrees Kelvin at which R r is sought 
is a constant, over a limited range of temperature. 

Equation (7) differs from the more exact form shown in equation (6) 
in that the variable T appears only in the exponent of equation (7), 
whereas it appears in both the exponent and in in equation (6). The 
fact that appears in the denominator of the more exact expression 
indicates that R t actually decreases at a greater rate than that specified 
in equation (7). 

To show that equation (7) is a reasonably accurate relationship 
over a limited temperature range, it is simply necessary to plot R r versus 
the variable \/T as shown in Fig. 9. Values of R t and \/T are obtained 
from the experimentally determined data shown in Fig. 8. It will be 

^ These data were furnished by Mr. C. B. Pear, formerly Director of Research at 
the Washington Institute of Technology. 
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observed that between 0°C and 150°C the semi-log plot oi Rt versus 
l/T is very close to a straight line. Also between 150°C and 400°C, the 
plot is essentially linear. It will be noted, however, that the slope of the 



Fig. 9. Graphical method for evaluation of 


line (from which 0 is determined) is greater at the higher temperatures, 
indicating that R t actually decreases at a rate which is greater than that 
defined by 

If, in equation (7), it is recognized that is a constant, say 
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K, it is plain that 


log = (/8 log e) (^ ) + log K 


(-;) 


= (0.4343 /3) 


© 


+ logK 


(8) 


and that 0.4343)3 is the slope of the log Rt versus 1/T plot shown in 
Fig. 9. For the temperature interval between 0°C and 150°C, 

Alog/^r 1 

^-1° ^ ^ (0.4343)(0.78 X 10-) = 

and for the temperature interval between 150®C and 400°C, 

-.400 . 1 

^Ji50 ” (0.4343) (0.62 X 10“^) ” 

Closer agreement between two successive 0^8 may be had by selecting 
smaller temperature intervals, but for most practical work where thermal 
resistors are involved the temperature intervals selected above give the 
desired degree of accuracy. 


Example. Assume that the resistance of a uranium oxide resistor is known 
to be 25,000 ohms at 0°C and that the value of ^ for this particular resistor 
is known to be 2950°K. 

Let it be required to find the resistance at 100°C, employing equation (7). 
i2ioo®c = = 25,000 


= 25,000 


25,000 

18.2 


= 1370 ohms 

The actual resistance of this resistor is known to be 1400 ohms from the original 
data presented in Fig. 8. 

6. Temperature Measurements with Thermal Resistors. Since the 
resistance of a thermal resistor varies so widely with temperature, the 
resistor used in conjunction with a microammeter provides a simple 
means of measuring temperature. Either the series circuit shown in Fig. 
10-a or the bridge circuit shown in Fig. 10-b may be employed for this 
purpose. 

The objection to the series-circuit arrangement is the scale crowding 
that occurs near the lower part of the scale. This scale crowding can be 
overcome with the bridge type of circuit shown in Fig. 10-b. In either 
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type of circuit, care must be exercised in the design so that the current 
flowing through the NTC resistor will produce no appreciable self¬ 
heating within the resistor; otherwise the resistor is an unreliable temper¬ 
ature indicator. 


I volt 


' 10 volts 

(0) (b) 

Fig. 10. Temperature indications using NTC resistors. 

Example. It will be assumed that the NTC resistor shown in Fig. 10 has 
the following characteristics: 

50,000 ohms (or 50^) at 0°C lOK at 50°C 2.5K at 100°C 

Circuit calculations for the arrangements given in Fig. 10-a and Fig. 10-b 
will show; 



Series Circuit (Fig. 10-a) 

I = 20 /xamp at 0°C 
I = 100 /xamp at 50°C 
I = 400 /iamp at 100°C 

The advantage of the bridge type of 
results. 


Bridge Circuit (Fig. 10-b) 

I - 0 at 0°C 
I = 77 )uamp at 50®C 
I = 121 juamp at 100®C 

circuit is clearly evident from these 


7. Temperature Compensation. The,effects of the positive temperature 
coefficient of resistivity of metallic conductors may be compensated 
for with negative-temperature-coefficient resistors. The general scheme 
is shown in Fig. 11 where the metallic resistors Ra and Rs are each 
assumed to have a resistance of 100 ohms at 20°C. As indicated in Fig. 
11, these metallic resistors vary in resistance from 90 ohms at — 20°C 
to 120 ohms at 100°C. In other words they have positive temperature 
coefficients (referred to — 20°C) of 


120 - 90 
~ 90 X 120 


= +0.00278 


By paralleling Rg in Fig. 11 with /^ntc> a resistance combination is 
obtained which has a negative temperature coefficient of the appropriate 
magnitude to make the overall resistance R essentially constant over the 
temperature range from — 20°C to 100°C. 
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8. Other Uses of Thermal Resistors. Of the various practical applica¬ 
tions of thermal resistors, only two will be considered here. The operation , 
of a thermal resistor as a time-delay device is illustrated in Fig. 12. 
When switch S in Fig. 12-a is closed, the final or steady-state current 
through the load may be delayed for several seconds or even minutes 
by means of /2 ntc- Initially the thermal resistor exhibits a very high 
resistance, and only a relatively small amount of current is allowed to 
pass through the load; but in time this small current heats the thermal 
resistor sufficiently to lower its resistance, thereby allowing larger 
values of load current to flow in the circuit. 

In actual practice, the load shown in Fig. 12-a might be the winding 
of a relay, the contacts of which close a second circuit when the current 
through the relay winding reaches a value somewhat less than the final 
value of current shown in Fig. 12-b. In this way the second circuit 
cannot be completed until some specified time has elapsed after switch 



Fig. 12. A thermal resistor operating as a. time-delay device. 


S in Fig. 12-a is closed. If this switch is ganged with the main switch of 
the second circuit, the second circuit will not be actually completed until 
the relay in Fig. 12-a operates. Delay mechanisms of this kind are 
widely used in vacuum-tube circuits where a particular sequence of 
switching operations is necessary to prevent damage to the tubes. 

Thermal resistors are symmetrical varistors which can be used equally 
well in either a-c or d-c circuits. The driving voltage E in Fig. 12-a 
might, for example, be an alternating emf, and the device would function 
in the same general manner as for the direct emf which is shown. The 
application showm in Fig. 12 operates on the principle of self-heating 
of the thermal resistor. In other applications the desired result is ob¬ 
tained by indirect heating of the thermal resistor as indicated in Fig. 13. 

The a-c output voltage of the amplifier shown in Fig. 13, Fout, is used 
to heat the thermal resistor /2 ntc> thereby reducing the magnitude 
of 1?ntc when Fout reaches some preassigned value. A study of the 
input circuit of Fig. 13 will show that, for a fixed value of Fin will 
depend upon the magnitude of R^tc- The lower the magnitude of 
the greater is the voltage drop in the Ri resistor, and the smaller 
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the value of Fin- For low values of and Fout, the heating effect is so 
small that R^tc is very large, the result being that very little of the 
signal voltage is lost in But when Es becomes so large that it 
tends to overload the amplifier, Fout. heats /^ntc to point where a large 



Fig. 13. A thermal resistor operating as an automatic control of the voltage which 
can be developed across Ri,, 


percentage of the signal voltage Es is dissipated in Ri and never reaches 
the input terminals of the amplifier. Hence R^tc operating in con¬ 
junction with R\ functions as an automatic control for the amplifier. 

If the amplifier shown in Fig. 13 is a speech 
amplifier, Es is the output voltage of the 
microphone and is the loudspeaker; and 
the feedback path from Fout fo R^tc will 
function as an automatic volume control of 
the loudspeaker output. 

9. The Copper Oxide Rectifier. The es¬ 
sential features of a copper oxide rectifier 
unit are shown in Fig. 14. This unit consists 
of a disk of sheet copper, one face of which 
has been so oxidized that a layer of red cuprous oxide is formed on this 
face. A layer of conducting material is sprayed or otherwise applied to 
the outer surface of this oxide, and this layer is known as the outer 
contact. 

The boundary between the copper and the cuprous oxide exhibits a 
peculiar property which is akin to contact potential difference. (See 
Chapter XIV.) If a potential difference is applied between terminals A 
and B of the unit shown in Fig. 14, it is found that the current is not 
proportional to the applied voltage and that the polarity of the applied 
voltage has a marked effect upon the magnitude of the current. It is 
found that the current in the conducting direction (that is, from oxide 
to copper across the CUO 2 ICU boundary) is from 100 to 1000 times 
greater than the current in the reverse direction for the same magnitude 
of applied voltage. This effect is illustrated in the / versus F graph of 
Fig. 15 where the reverse current is shown as the dashed line in the third 
quadrant. In reading Fig. 15, it should be noted that the scale of the 


Conducting^ 

direction 


AE 


Cu 




lopper oxide 

Fig. 14. Copper oxide recti¬ 
fier. 
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reverse current (that is, positive current across the CulCu 02 boundary) 
is magnified 100 times relative to the scale of the forward current. 

Experiments have shown that, as conductors of electricity, the body 
of the oxide and the outer contact obey Ohm^s law and that the non¬ 
linearity shown in Fig. 15 is due to the peculiar conductivity at the 
boundary between the copper and the copper oxide. This boundary 



Fia. 15. / versus V graph of coppcM’ oxide rectifier. 

functions to oppose the passage of current in the copper-to-copper oxide 
direction, that is, the passage of current from terminal B to terminal A 
in Fig. 14. 

For most practical purposes, the copper oxide rectifier may be con¬ 
sidered as a unilateral circuit element because the reverse current is so 
small relative to the forward current. The principal use of the copper 
oxide rectifier in elementary circuits is that of changing alternating 
current to direct current. 

Example 1. Simple Rectification, If an alternating potential difference is 
used to energize the circuit shown in Fig. 16, it is plain that the current 
through the 0.2-ohm load resistor will be essentially in the BC direction 
because of the rectifying properties of the AB element. 

Let it be required to find the time-averaged value of current flowing through 
the 0.2-ohm load resistor in Fig. 16 for the specified value of voltage 

e = 1.5 sin (3770 volts 
and for a rectifier disk area of 1 sq in. 


( 9 ) 
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Since the voltage applied to the series circuit is precisely defined at any 
time t by equation (9), and since the / versus V characteristic of the non¬ 
linear element is given in Fig. 15, the problem is essentially the same as that 
outlined in Section 3. The current flowing in the series circuit at any time t 
(after the beginning of a cycle of the applied voltage) may be found by the 



Fig. 16. A simple rectifier circuit and graph of rec^tified current. 


graphical method shown in Fig. 6. After a series of these constructions is 
performed, the time-averaged value of current in the series circuit may be 
readily determined. The details are shown in tabular form below. 


Time t, 

(3770 

e (volts) 

i (amperes) 
from grap}u(!al 

seconds 

Radians 

Degrees 

from equation (9) 

constructions 
shown in Fig. 15 

0 

0 

0 

0 

0 

TiTO^ 

0.2615 

15 

Cl = 0.39 

0.2 

1 

0.5230 

30 

€2 = 0.75 

0.8 


0.7845 

45 

C 3 = 1.06 

1.6 

■gricr 

1.0460 

60 

C 4 = 1.30 

2.2 


1.309 

75 

C5 = 1.45 

2.6 

1 

IS'TO 

1 .'570 

90 

C6 = 1.50 

2.7 


The next quarter-cycle follows from symmetry, and the backward current 
(in the time interval t = M 20 to f = Kio sec) is too small to be graphed in 
the i versus t plot shown in Fig. 16-b. 

The time-averaged value of the current-time graph shown in Fig. 16-b, 
when considered over any integral number of cycles, is about 0.73 amp. It is 
this value of current that a permanent-magnet type of ammeter would register 
if placed in series with the circuit shown in Fig. 16-a. 

Rectifiers for use at higher voltages are obtained by placing several copper 
oxide disks in series. 

Example 2. The Bridge-Type Rectifier. Four copper oxide rectifying disks, 
arranged as shown in Fig. 17-a, may be inserted into an a-c circuit in such 
a way that the value of the alternating current flowing in the circuit can be 
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read on a d-c instrument. In studying the circuit arrangement shown in Fig. 17, 
it should be recognized that current can flow effectively only from the copper 
oxide to the copper; in Fig. 17-b this conducting direction is indicated by the 
arrow head which is associated with each of the four rectifying disks. 

When terminal X in Fig. 17 is positive relative to terminal Y, positive 
current passes from X to Y by way of the XWZY path which is through the 
d-c instrument in the -f to — direction. During the following half-cycle of 
alternating current, terminal Y is positive relative to terminal X, and a posi¬ 
tive current flows from Y to X by way of the YWZX path which is also through 
the d-c instrument in the -f to — direction, tending to make the instrument 
read up-scale. 

By proper calibration, the d-c instrument may be made to read the effective 
value of the alternating current direc.tly in am})eres. This type of instrument is 



Fig. 17. A (common method of moasui'ing alternating current 
with a d-c instrument. 


usually calibrated for sinusoidal current variations, and if the current varia¬ 
tion which is being measured differs from a sinusoidal time variation the 
calibration will, in general, be in error. Since most of the alternating currents 
encountered in practice are approximately sinusoidal and since the arrange¬ 
ment shown in Fig. 17 is relatively inexpensive, this method of measuring 
alternating (mrrent is often used where a high degree of accuracy is not 
required. 

10. The Physical Operation of a Diode Rectifier. A diode is a vacuum 
tube (or gas-filled tube) having two active electrodes, a plate and a 
cathode. The cathode of the ordinary diode must be heated; either 
directly as in the filamentary cathode shown in Fig. 18-a or indirectly 
as illustrated in Fig. 18-b. The heater voltages shown in Fig. 18 are 
often a-c voltages having effective values of either 2.5, 5, or 6.3 volts 
obtained from the secondary windings of small transformers which are 
energized from ordinary 115-volt, 60-cycle supply lines. 

The diode has many uses in electronic circuits, all of which depend in 
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one way or another upon the rectifying property of the diode. A diode 
may be substituted for the copper oxide rectifier in Fig. 16-a, and the 
general performance of the circuit remains unchanged; the reason being 
that the diode passes positive current only from plate to cathode. The 

electrons emitted by the heated 
cathode of the diode are a 
source of negative charge car¬ 
riers which travel in the cath- 
ode-to-plate direction within 
the tube when the plate is 
positive relative to the cath¬ 
ode. This flow of electrons is 
equivalent to positive current 
flowing from plate to cathode. 
When the plate is negative relative to the cathode, the electrons are 
repelled by the negative plate, and in effect the circuit is opened, thus 
preventing any appreciable amount of current from flowing in the 
circuit. The backward or reverse current in high-vacuum diodes is 
much less than the backward current of the copper oxide rectifier. 
(See Fig. 15.) 

The current-voltage relationship of most high-vacuum diodes takes the 
same general form as given in equation (1), namely, 

I = KV^ (for+F only) (10) 

provided the temperature of the cathode is sufficiently high to maintain 
a copious supply of electrons. The value of K depends upon the size of 
the electrodes, that is, upon the dimensions of the plate and the cathode. 
The exponent n in equation (10) varies from about 1.25 to 2 in practical 
diodes depending largely upon the configuration of the plate and the 
cathode. For concentric cylindrical electrodes, it has a theoretical value 
of 1.5. 

If K and n in equation (10) are known or if the I-V characteristic 
of the diode is available, the problem of finding the rectified current in 
Fig. 18 differs in no essential respect from that given in Example 1, 
page 425. 

Filtering networks consisting of series inductors and shunt capacitors 
are often employed to smooth out the rectified current shown in Fig. 
16-b to a degree that, for most practical purposes, the rectified current 
is continuous and devoid of pulsations. The inductors are placed in 
series with Rl in Fig. 18, and the capacitors are placed in parallel with 
Rl to obtain the desired smoothing effect. The detailed analysis of the 
smoothing network is reserved for later courses since it logically follows 
or is a part of the a-c circuits course. 


+ 1 -^ + 1 -^ 




(0) (b) 

Fig. 18. Diode rectifiers. 
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11. Triode Plate Characteristics and D-C Load Lines. The three- 
electrode vacuum tube shown in Fig. 5-a is called a triode. The triode 
differs from the diode by the grid which is inserted between the plate 
and the cathode. The grid is an open mesh, often a helically wound coil 
of wire. The electrons emitted by the cathode can pass through the grid 
provided the voltage of the grid relative to the cathode is not sufficiently 
negative to prevent the positive plate from attracting electrons to it. 

The current which flows in the plate circuit of Fig. 5-a (/&) is plainly 
dependent upon the voltage of the grid relative to the cathode and upon 



Fic. 19. Plato characteristics of a typo 6C5 vacuum tubo. 


the voltage of the plate relative to the cathode. Thus for zero grid voltage 
{Egk Ec = 0 in Fig. 5-a), the plate current Ih versus Eb obeys equa¬ 
tion (10) and takes the form of the Ec — 0 curve shown in Fig. 19. If, 
however, the grid voltage Ec is adjusted to some negative value, say 
— 4 volts, the electric field established in the region between the grid 
and the cathode prevents the electrons from passing to the plate until 
the plate voltage reaches some finite positive value. For Ec = ~4 volts 
in Fig. 19, the h versus Eb curve shows that the plate voltage Eb must 
be positive relative to the cathode by approximately 70 volts before any 
appreciable amount of plate current flows. For plate voltages higher 
than 70 volts, the plate current increases with Eb as shown by the 
JSc = —4 volts curve of Fig. 19. 

If the grid is made still more negative relative to the cathode (say 
Ec — —S volts), still higher plate voltages are required to obtain plate 
current. As shown in Fig. 19, no appreciable amount of plate current 
flows for Ec = —S volts until the plate voltage is higher than 125 volts. 
For plate voltages higher than 125 volts, the plate current increases 
with Eb as shown by the Ec - S curve of Fig. 19. 
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The graphs of plate current Ii versus plate voltage Ei, for various grid 
voltages Ec are called the plate characteristics of the tube, and it is this 
set of graphs which is usually employed in analyzing the circuit behavior 
of triodes. The first problem in triode analysis is usually that of determin¬ 
ing the direct current which flows in the plate circuit when the plate supply 
voltage Ehby the grid voltage Ecj and the d-c load resistance Rl are 
specified. (See Fig. 5-a.) The determination of the plate current under 
these specified conditions is essentially the same as that shown in Fig. 6. 

Example. In Fig. 5-a, it will be assumed that the plate supply voltage is 
Ebb — 360 volts, the grid voltage is Ec = — 4 volts, and the d-c load resistance 
is = 35,000 ohms. 

Let it be required to find the plate current If, which flows in the cinmit of 
Fig. 5-a, assuming that the triode is of the 6C5 type, the plate characteristics 
of which are shown in Fig. 19. 

(1) Efefe is located at 360 volts on the Ef, axis of Fig. 19. 

(2) Some arbitrary voltage, say 160 volts, is laid off to the left of Ebb = 360 
volts, and one point on the d-c load line is located as 


If, = - = 0.0046 amp (or If, — 4.6 ma) 

^ 35,000 I V 6 

at Eh = 200 volts. 

This point {Eh = 200 volts, /?, = 4.6 ma) and the point {Eb = 360 volts. 
If, — 0) determine the d-c load line as shown in Fig. 19. 

(3) The intersection of the d-c load line with the Ih-Eb characteristic of 
the triode (for Ec = — 4 volts) determines the current which flows in the 
series circuit of Fig. 5-a which includes Ebb, Riy and the plate-to-cathode path 
of the triode. 

(4) As shown in Fig. 19, the current in the series circuit is /bo = 6 ma, and 
the voltage drop across the tube is Ebo = 150 volts. 

The point Eb„, I bo is called the d-c operating point of the triode. 

12. The Triode Parameters: gjny and fx. A study of the plate charac¬ 
teristics given in Fig. 19 will show that the plate current of a triode (ib) 
is a function of both the plate voltage and of the grid voltage. Any 
change in plate current Aib is therefore dependent upon changes of plate 
voltage Aei and upon changes of grid voltage ASc. Thus 


Aib = fci Aeb + ^2 Acc 


( 11 ) 


where ki is the change in 4 produced by a change in eb only, 
k 2 is the change in ib produced by a change in Cc only, 
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In practice, the reciprocal of fci, Aeb/^iby is usually employed to 
specify the variational plate resistance or internal a-c resistance of the 
triode. By definition, the a-c or variational plate resistance of a vacuum 
tube is 


Tp 


Aeb” 


ec “Constant 


^or Tp 


dib) 


( 12 ) 


The mutual conductance or transconductance between the plate 
(current) and the grid (voltage) is, by definition, 

Qm = (or Pm = (13) 

Jej, s=con8tant \ 

If the plate voltage eb is changed, the plate current can be brought back 
to its original value (thus making Aib = 0) by an appropriate change in 
grid voltage, Acc. Letting Aib in equation (11) equal zero, there is ob¬ 
tained for finite changes in et and Cc* 


or 


0 = — Aeb + Qm 

Tp 

Acb 

"7 ~ QmTp ~ M 

ACc 


(14) 

( 15 ) 


where is called the amplification factor of the tube. The magnitude of /x 
specifies the ratio of plate voltage change (Ae?,) to grid voltage change 
(Acc) reeiuired to maintain constant plate current {Ait = 0), a positive 
increase in ct requiring a decrease in ec and vice versa as indicated by 
the minus sign in equation (15). 

The tube parameters are usually determined directly from the plate 
characteristics of the triode as jllustrated in Fig. 20-a. Thus for the 
operating point {Ebo, ho) in this figure. 


gm 


Aib 

ACc 


(0.010 - 0.0024) 
[- 2.0 - (- 6 )] 


0.0019 mho 


Tp 


^ _ (254 - 100) 

Aib ~ (0.016 - 0.001) 


10,300 ohms 


A* 


^ _ (192 - 112) 

Acc [—6 — (- 2 )] 


(16) 

(17) 

( 18 ) 


If the numerical values employed in the equations are properly identified 
on Fig. 20-a, the graphical method of determining p^, tp, and m will be 
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self-evident. The value of Qm in equation (16), for example, is determined 
by measuring the current difference between Ec — —2 volts and Ec = 
— 6 volts at constant plate voltage, Eho - 150 volts. The smaller the 
increments of grid voltage, the more accurate will be the value of gm- 
In practice, the mutual conductance of a tube is specified in micromhos. 

The actual values of and gm depend upon the operating plate 
current I ho^ Tp decreasing as I bo (or Ebo) increases and g^ increasing as 



Ebo 

(0) (b) 

Fig. 20. Evaluation of and ju from the plate characteristics of the tube 

together with the variations of Qmy rp, and /x relative to changes in ho and Ebo- 

I bo increases. These variations in and gm for the type 6C5 tube are 
illustrated in Fig. 20-b. It will be observed that m = Vpgm is reasonably 
constant over a wide range of plate current. 

The variational (or a-c) resistance Vp is the internal resistance of the 
tube to the passage of small values of alternating current. The mutual 
conductance gm specifies the degree to which a change in grid voltage 
can effect changes in plate current. The amplification factor /x is a 
measure of the ultimate voltage gain that can be obtained from the tube 
when it is used as an amplifier. (See Section 13.) Numerical values of 
Tpj gmy and /x are usually specified by the manufacturer of the tube at 
two or three typical operating points. If, for any reason, these particular 
operating points cannot be used conveniently, the actual values of gm 
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and Tp may be obtained directly from the plate characteristics as shown 
in equations (16) and (17). 

Reference to Fig. 20-b will show the wide variations in Qm and Tp 
that occurVhen the d-c operating point is changed. Failure to recognize 
these wide variations may lead to serious errors in vacuum-tube circuit 
analysis. 

13. The Equivalent Plate Circuit Theorem of a Triode. If a time- 
varying voltage is introduced into the kg branch of Fig. 5-a, this voltage 
will effect changes in the plate current Mb which flows through the load 
resistor Rl. Under normal operating conditions, the resulting varia¬ 
tional (or a-c) voltage which appears across Rt is many times larger 
than the voltage introduced into the kg branch of the network. When 



Fig. 21. A triode operating as a simple amplifier. 


operated in this manner, the triode becomes a voltage amplifier, and as 
such it is used to amplify weak signal voltages to a point where the 
amplified voltage is sufficiently strong to drive loudspeakers, recorders, 
and other mechanisms.^ 

The great advantage of the triode as a voltage amplifier is that very 
little power is required from the voltage source which is undergoing 
amplification. Since the signal voltage is introduced into the kg path as 
shown in Fig. 21-a and since the grid g is maintained negative relative 
to the cathode k, no appreciable amount of current flows in the 
path provided the a-c signal voltage e* does not have a maximum 
magnitude which exceeds the bias voltage Ec> (See Fig. 21-b.) Under 
these conditions, the grid is never positive relative to the cathode, 
and no appreciable amount of current flows in the fc-Cs-gf branch of 
Fig. 21-a. The voltage source is therefore required to furnish only an 

^ The triode is also widely used in current amplifiers, power amplifiers, oscillators, 
modulators, demodulators, and in various other ways. The explanation of these 
devices constitutes an essential part of a course in engineering electronics. 
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inappreciable amount of power to the branch since edg is 

negligibly small if ig is negligibly small. 

The variational grid voltage causes a variational component of 
plate current ip to flow in the plate circuit. (See Fig. 21-b.) The varia¬ 
tional component of plate current is superimposed on the d-c component 
Iho which is defined in magnitude by Ebb, Ec, and 72 l as shown in Fig. 19. 
Thus the total plate current flowing when a signal voltage Cs is present is 

ib ~ Jbo “i~ ip (Ifl) 


where ho is the steady operating current and ip is the variational or a-c 
component of the total plate current 
Since ho is essentially constant, the change in ib is equal to ip and, 
from equation (11), 


1 

Atb — tp — Acb "h Qm Acc 

Tp 


( 20 ) 


The total voltage from plate to cathode of the triode is 

eb — Ebb — RiJb ( 21 ) 


where Ebb is the constant plate supply voltage as shown in Fig. 21-a. 
Hence 


ACb ~~~ R'Ij^p 

and, from equation (20), 

. Rhip , 

I Qm^s 


( 22 ) 

(23) 


where e, is the change in grid voltage ACc, and gm is the mutual con¬ 
ductance of the triode. Thus 


. QrnTp^s 

^ Rl, + Tp Rl + Tp 


(24) 


which is called the equivalent plate circuit theorem of a triode. In words, 
this theorem states that the triode may be replaced by a voltage source 
equal to /x^s in series with the a-c resistance of the triode r^, the assump¬ 
tion being that only the a-c operation of the tube is of importance. The 
a-c circuit diagram of the triode is shown in Fig. 22 where the pk path 
of the actual tube is replaced by a voltage source in series with the 
a-c resistance of the tube, Vp. 

Either instantaneous, effective, or maximum values of current and 
voltage may be used in equation (24). Where sinusoidal variations of 
are encountered, it is customary to write equation (24) as 

T - 
Ip — 


R "1“ T Tn 


(24-a) 
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where Es and Ip are the effective values of the signal voltage and a-c 
plate current respectively. 

The output voltage in Fig. 21-a is 


■^out Ejjlp 


(25) 


where the minus sign accounts for the physical fact that, when ip in¬ 
creases, eh decreases owing to the increased voltage drop across Rl» ^ 


study of the relative polarities given 
in Fig. 22 will show that, when Eg 
and i^out are both measured relative 
to the common cathode, point fc, £?out 
goes down in potential when Eg goes 
up in potential and vice versa. 

From equation (24-a) it follows 
that 



k 

Fig. 22. Equivalent a-c circuit of a 
triode. 


_ —jiEgRL 

Rl + Tp 


(26) 


The voltage gain of the triode is the ratio of the output voltage jEout to 
the signal voltage i/s; or 

Ij. ’A ■^'out y>R>L 

voltage gam 4 = — = - - — — (27) 

^8 El I 

It will be observed that the voltage gain approaches the amplification 
factor of the tube m as an upper limit when i?L is very much greater 
than Tp. 

The above analysis is valid only when the triode is operated with a 
negative grid voltage and with Eho and I ho of such values that the plate 
characteristics (ih versus eh) are reasonably straight and parallel in the 
vicinity of the operating point {Eho, I ho) • Furthermore the maximum 
magnitude of the signal voltage must be sufficiently small to keep the 
change in grid voltage within the limits where the ih versus eh curves 
are equally spaced. If these conditions are not met, the triode operates 
as a non-linear circuit element, and special graphical methods must be 
employed in order to analyze and predict the circuit performance of the 
tube. These special graphical methods will not be considered here. 

Example. Let it be assumed that the triode shown in Fig. 21-a is a 6C5 
which is operated as follows: 

Ec = —4 volts Ebb = 360 volts Rl = 35,000 ohms e, = 4 sin (50000 volts 

It is required to find the voltage gain of the triode operating under these 
conditions. 
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For the specified value of the grid voltage swings between 0 and —8 
volts since 


ec. - Ec + — —4 + 4 sin (50000 volts 


The ib-eh curves for this condition of operation are reasonably straight and 
parallel as shown in Fig. 19; hence equation (27) is applicable in finding the 
voltage gain of the amplifier. 

From the calculations given in Section 12 (or from Fig. 20) we note that 
for the operating point = 150 volts, Ibo = ^ ina: 

Tp — 10,300 ohms /x = 20 

Hence the voltage gain of the triode is 

^ . JlA. . _ , _ 5 

Ri. + r^ 35 + 10-3 

The value 15.5 for the voltage gain may be interpreted physically by referring 
to Fig. 19 and noting that the grid voltage varies between 0 and —8 volts. 
The path of operation of the tube is along the d-c load line. [See equation (21).] 
When Cc. = 0, ei — 85 volts, and when e,, = —8 volts, et = 210 volts. Since 
the output voltage is Aet, 

AEout = 85 - 210 = -125 volts 

and since the corresponding change in grid voltage is 


AEc = 0 — ( — 8) = 8 volts 


A - ^out 

AEr, 


m 

8 


15.6 


which compares favorably with the value of voltage gain previously 
determined. 


In closing this brief introduction to vacuum tube circuit analysis, 
attention is called to the fact that the ixEs voltage generator of Fig. 22 
can be readily transformed into an equivalent gmEs current generator 
by the method suggested in Section 17 of Chapter VI. With either type 
of generator, the unilateral nature of the transmission which takes place 
/rom grid to plate must be recognized. When the tube is operated as 
indicated in Figs. 21 and 22, a signal voltage introduced into the grid 
circuit (the k to g path) manifests itself in the form of an amplified 
voltage at the plate of the tube, that is, across the load resistor Rl. An 
a-c voltage introduced in series with Rl will not, however, be trans¬ 
mitted backward through the tube to the grid terminal except for the 
incidental transmission which trickles through the plate-to-grid capaci¬ 
tance. 
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14. The Transistor.'* In 1948, the Bell Telephone Laboratories 
demonstrated a new type of amplifying unit which contained neither 
a vacuum nor a cathode heater. This unit consists essentially of a piece 
of semi-conductor (like germanium) to which two point contacts or 
‘‘cat's whiskers" are applied as shown in Fig. 23. 

The point contacts (one called the emitter and the other the collector) 
are separated from one another by so small a distance (0.002 in.) that 
the boundary layer rectifying properties of the germanium at the 
collector are affected by the potential gradient established at the surface 
area of interaction by the emitter. The change produced in the molecular 
structure of the boundary layer in the immediate vicinity of the emitter 
by the input current results in a corresponding and amplified change in 



the output current. Thus the output or load current can be controlled by 
the input current, and current amplifications of 100 to 1 have been 
obtained, in experimental models. 

The similarity in the amplifier circuits shown in Figs. 21 and 23 is at 
once apparent, and it is reasonable to expect that, in the future, the 
transistor will take its place beside the vacuum tube in engineering 
applications where the mechanism of current amplification is involved. 

PROBLEMS 

1. The 7 versus V characteristic of a particular thyrite disk is found experimentally 
to be 


V, 

I, 

F, 

I, 

V, 

I, 

volts 

ma 

volts 

ma 

volts 

ma 

0 

0 

40 

2.56 

80 

40.96 

10 

0.01 

50 

6.25 

90 

65.61 

20 

0.16 

60 

12.96 

100 

100.00 

30 

0.81 

70 

24.01 




Write the equation for 7 as a function of V with 7 given in milliamperes when V is 
expressed in volts. 

2. If a 200-ohm fixed resistor is connected in series with the thyrite disk of Prob. 1 
across a voltage of 110 volts, what current will flow in the series circuit? 

^ See Electrical Engineering, August 1948, page 740. 
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3. If the thyrite resistor of Prob. 1 is placed in series with the thyrite resistor of 
Fig. 6 (page 415) across a voltage 120 volts, what current will flow in the series 
circuit? 

4. A 1000-ohm fixed resistor, the thyrite resistor of Prob. 1, and the thyrite 
resistor of Fig. 6, page 415, are connected in series across a voltage of 100 volts. 

What current will flow in the series circuit? 

5. The resistance of a particular iron oxide thermal resistor is known to be 20,000 
ohms at 30°C. Find the resistance at 200°C by means of equation (6), page 417, if 
C = 171,280, h - 1306.5, and s = 2.8638. 

6. ;From the definition of the temperature coefficient of resistivity, a, it is plain 
that 

_ J_ ^"1 
~ Rk (ITJt^Tk 

where K refers to some specified temperature. Assuming that the resistance of a 
thermal re.sistor follows the exponential law given in equation (7), page 418, show 
that 

where Tr is expressed in degrees Kelvin. 

7. Find the resistivity temperature coefficient of the uranium oxide resistor of 
Fig. 8, page 417, at 0°C if A(l/T) of Fig. 9 is 0.78 X 10 inverse temperature units 
as indicated in Fig. 9. 

8. A particular thermal resistor has the following temperature-resistance relation¬ 
ship: 

T°C 25 50 75 100 

R ohms 284 99 40 19 

(а) Evaluate & of equation (7), page 418, for this particular temperature range. 

(б) Check the result obtained in (a) by assuming that the 25°C resistance is 
known (284 ohms) and calculating the 100°C resistance with the aid of equation (7). 

9. The resistance of a particular oxide resistor can be represented reasonably 
accurately by equation (7), page 418, between 0°C and 100°C if has the value of 
2730® Kelvin. If the resistance at 0°C is known to be 10,000 ohms, find the temijera- 
ture of the resistor when the resistance has dropped to 1000 ohms. 

10. A particular negative-temperature-coefficient resistor has the following 


temperature-resistance relationship: 

Temperature, Resistance, 

Temperature, 

Resistance, 

®C 

ohms 

®C 

ohms 

-20 

350 

+60 

157 

0 

270 

+80 

143 

H-20 

212 

+ 100 

130 

-1-40 

180 
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This resistor (Entc of Fig. 24) is paralleled with^a 200-ohm alloy resistor R, which 
has a resistivity temperature coefficient which is negligibly small. In series with 
this parallel combination is a copper wound coil Ray the 0®C resistance of which 
is 85 ohms. 

(a) What is the resistance Rzp of Fig. 24 at 
-20°C and at 100°C? 

(b) What is the approximate maximum de¬ 
viation of Rxp in ohms from 200 ohms over 
the temperature range — 20°C to -f-100°C? 

11. The / versus V characteristic of the 
diode shown in Fig. 18-b is 

/ = (2 X amp 

where V is expressed in volts, e = 120 sin (50000 volts; Ri, = 100 ohms. What is the 
time-averaged value of current in the series circuit over one complete cycle of the 
applied voltage c? 

12. A type 6C5 tube is operated under the following conditions: 

Ec == — 2 volts Ebo = 130 volts Rl = 21,000 ohms 
Find the direct opt^rating current I ho and the plate supply voltage Ebb- 

13. What are the values of gm, ^p, and of a typo 6C5 tube operated with a grid 
bias voltage oi Ec — —2 volts and a plate current ho = 8 ma? 

14. Find the effective value of the output voltage £'out in Fig. 21-a if the triode is a 
6C5, Bg — 2 sin (5000 volts, and 

Er. = —2 volts Ebb = 300 volts Ri, = 21,000 ohms 
Neglect the capaedtive reactance of the output condenser. 

15. What is the gain of the amplifier described in Prob. 14? 

16. Transform the /jlEs voltage; generator of Fig. 22 to an equivalent current 
generator, and find the output of this generator in milliamperes if /x = 15, rp = 10,000 
ohms, and Eg — I volt effective. 


Rirrc 



- VV - 

1 65 ohms 


1 otO*C 

V—1 

X 

200 Ohms y 

Fig. 24. 

See Prob. 10. 


(for -hP only) 




APPENDIX A 

Wire Table, Standard Annealed Copper 

American Wire Gage (B & S). English Units 


Gage No. 
A.W.G. 

Diam¬ 

eter in 
Mils at 
20° C. 


Ohms per 

1000 ft.* 
at 20° C. 
(=68°F.) 

Pounds 

per 

1000 ft. 

Feet 

per 

Pound 

Feet per 
Ohm t at 
20° C. 

(= 68° F.) 

Ohms per 
Pound at 
20° C. 

(* 68° F.) 

Pounds per 

Ohm at 20° C. 
(-68°P.) 

Circular 

mils 

Square 

inches 

0000 

460.0 

211600. 

0.1662 

0.049 01 

640.5 

1.561 

20 400. 

0.000 076 62 

13 070. 

000 

409.6 

167 800. 

0.1318 

0.061 80 

507.9 

1.968 

16 180. 

0.000 121 7 

8219. 

00 

364.8 

133 100. 

0.1045 

0.077 93 

402.8 

2.482 

12 830. 

0.000 193 5 

5169. 

0 

324.9 

105 500. 

0.082 89 

0.098 27 

319.5 

3.130 

10 180. 

0.000307 6 

3251. 

1 

289.3 

83 690. 

0.065 73 

0.123 9 

253.3 

3.947 

8 070. 

0.000 489 1 

2044. 

2 

257.6 

66 370. 

0 052 13 

0.156 3 

200.9 

4.977 

6400. 

0.000 777 8 

1286. 

3 

229.4 

52 640. 

0.041 34 

0.197 0 

169.3 

6.276 

5 075. 

0.001 237 

808.6 

4 

204.3 

41 740. 

0.032 78 

0.2485 

126.4 

7.914 

4 025. 

0.001 966 

508.5 

5 

181.9 

33 100. 

0.026 00 

0.313 3 

100.2 

9.980 

3192. 

0.003 127 

319.8 

6 

162.0 

26 250. 

0.020 62 

0.395 1 

79.46 

12.58 

2 531. 

0.004 972 

201.1 

7 

144.3 

20 820. 

0.016 35 

0.498 2 

63.02 

15.87 

2 007. 

0.007 905 

126.6 

8 

128.5 

16 510. 

0.012 97 

0.628 2 

49.98 

20.01 

1592. 

0.012 57 

79.55 

9 

114.4 

13 090. 

0.010 28 

0.792 1 

39.63 

25.23 

1 262. 

0.019 99 

50.03 

10 

101.9 

10 380. 

0.008 155 

0.9989 

31.43 

31.82 

1001. 

0.031 78 

31.47 

11 

90.74 

8234. 

0.006 467 

1.260 

24.92 

40.12 

794.0 

0.050 53 

19.79 

12 

80.81 

6530. 

0.005 129 

1.588 

19.77 

50.59 

629.6 



13 

71.96 

5178. 

0.004 067 

2.003 

15.68 

63.80 

499.3 

0.1278 


14 

64.08 

4107. 

0.003 225 

2.525 

12.43 





15 

57.07 

3257. 

0.002 558 

3.184 

9.858 




3.096 

16 

50.82 

2583. 

0.002 028 

4.016 

7.818 

127.9 

249.0 

0.5136 

1.947 

17 

45.26 

2048. 

0.001 609 

5.064 

6,200 

161.3 

197.5 

0.8167 

1.224 

18 

40.30 

1624. 

0,001 276 

6.385 

4.917 



1.299 


19 

35.89 

1288. 

0.001 012 

8.051 

3.899 

256.5 

124.2 



20 

31.96 

1022, 

0.000 802 3 

10.15 

3.092 

323.4 

98.50 

3.283 


21 

28.46 

810.1 

0.000 636 3 

12.80 

2.452 


78.11 

5.221 

0.1915 

22 

25.35 

642.4 

0.000 504 6 

16.14 

1.945 

514.2 

61.95 

8.301 


23 

22.57 

509.5 

0.000 400 2 

20.36 

1.542 

648.4 

49.13 


0.07576 

24 

20.10 

404.0 

0.000 317 3 

25.67 

1.223 

817.7 

38.96 


0.047 65 

25 

17.90 

320.4 

0.000 251 7 

32.37 

0.969 9 

1 031. 


33.37 

0.02997 

26 

15.94 

254.1 

0.000 199 6 

40.81 

0.7692 

1300. 



0.01885 

27 

14.20 

201.5 

0.000 158 3 

51.47 

0.610 0 

1 639. 

19.43 

84.37 

0.01185 

28 

12.64 

159.8 

0.000 125 5 

64.90 

0.483 7 

2 067. 

15.41 

134.2 

0.007454 

29 

11.26 

126.7 

0.000 099 53 

81.83 

0.383 6 

2 607. 

12.22 

213.3 

0.004 688 

30 

10.03 

100.5 

0.000 078 94 

103.2 

0.304 2 

3 287. 

9.691 

339.2 

0.002 948 

31 

8.928 

79.70 

0.000 062 60 

130.1 

0.241 3 

4145. 

7.685 

539.3 

0.001854 

32 

7.950 

63.21 

0.000 049 64 

164.1 

0.191 3 

5 227. 

6.095 

857.6 

0.001166 

33 

7.080 

50.13 

0.000 039 37 

206.9 

0.151 7 

6 591. 

4.833 

1364. 

0.000 733 3 

34 

6.305 

39.75 

0.000 031 22 

260.9 

0.120 3 

8 310. 

3.833 

2168. 

0.0004612 

35 

5.615 

31.52 

0.000 024 76 

329.0 

0.095 42 

10 480. 

3.040 

3 448. 

0.0002901 

36 

5.000 

25.00 

0.000 019 64 

414.8 

0.075 68 

13 210. 

2.411 

5 482. 

0.000 182 4 

37 

4.453 

19.83 

0.000 015 57 

523.1 

0.060 01 

16 660. 

1.912 

8 717. 

0.000114 7 

38 

3.965 

15.72 

0.000012 35 

659.6 

0.047 59 

21 010. 

1.516 

13 860. 

0.000 072 15 

39 

3.531 

12.47 

0.000 009 793 

831.8 

0.037 74 

26 500. 

1.202 

22 040. 

0.60004588 

40 

3.145 

9.888 

0.000 007 766 

1 049.0 

0.029 93 

33 410. 

0.953 4 

35 040. 

0.00002854 


* Resistance at the stated temperatures of a wire whose length is 1000 ft. at 20*^ C. 
t Length at 20** C. of a wire whose resistance is 1 ohm at the stated temperatures. 
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APPENDIX B 


Chemical Elements Referred to in This Text 


Element Symbol 

Aluminum A1 

Argon A 

Barium Ba 

Beryllium Be 

Boron B 

Bromine Br 

Cadmium Cd 

Calcium Ca 

Carbon C 

Cesium Cs 

Chlorine Cl 

Chromium Cr 

Cobalt Co 

Copper Cu 

Fluorine F 

Gold Au 

Helium He 

Hydrogen H 

Iodine I 

Iron Fe 

Krypton Kr 

Lead Pb 

Lithium Li 

Magnesium Mg 

Manganese Mn 

Mercury Hg 

Neon Ne 

Nickel Ni 

Nitrogen N 

Oxygen O 

Phosphorus P 

Platinum Pt 

Potassium K 

Rubidium Rb 

Scandium Sc 

Silicon Si 

Silver Ag 

Sodium Na 

Strontium Sr 

Sulphur S 

Tin Sn 

Titanium Ti 

Tungsten W 

Uranium U 

Vanadium V 

Xenon Xe 

Zinc Zn 


Atomic 

Number 


Atomic Weight 
(1938) 

Usual 

Valence 

Nature 

26.98 

3 

metal 

39.944 

0 

inert gas 

137.36 

2 

metal 

9.02 

2 

metal 

10.82 

3 

metalloid 

79.916 

1 

liquid 

112.41 

2 

metal 

40.08 

2 

metal 

12.01 

2,4 

metalloid 

132.91 

1 

metal 

35.457 

1 

gas 

52.01 

(2),3,6 

metal 

58.94 

2,(3) 

metal 

63.57 

1,2 

metal 

19.00 

1 

most active 

197.2 

1,3 

metal 


4.003 

1.0081 


126.92 

1 

55.84 

2,3 

83.7 

0 

207.21 

2,(4) 

6.940 

1 

24.32 

2 

54.93 

2,(4,6),7 

200.61 

1,2 

20.183 

0 

58.69 

2,3 

14.008 

3,5 

16.000 

2 

31.02 

3,5 

195.23 

(2),4 


39.096 

85.48 

45.10 

28.06 

107.880 

22.997 

87.63 

32.06 

118.70 

47.90 

183.92 

238.07 

50.95 

131.3 

65.38 


inert gas 

lightest gas 

metalloid 

metal 

inert gas 

metal 

metal 

metal 

metal 

metal 

inert gas 

metal 

gas 

gas 

metalloid 

metal 

metal 

metal 

metal 

metalloid 

metal 

metal 

metal 

metalloid 

metal 

metal 

metal 

metal 

metal 

inert gas 

metal 
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APPENDIX C 


Energy Levels of Orbital Electrons 


Atomic 

Number 

Chemical 

Element 

Nuclear 

Charge 

Different Energy Levels 
(Orbital Electrons in Different Levels) 

K L M N 0 

1 


1 

1 





2 


2 

2 





3 

Lithium 

3 

2 

1 




4 

Beryllium 

4 

2 

2 




5 

Boron 

5 

2 

3 




6 

Carbon 

6 

2 

4 




7 

Nitrogen 

7 

2 

5 




8 

Oxygen 

8 

2 

6 




9 

Fluorine 

9 

2 

7 




10 

Neon 

10 

2 

8 




11 

Sodium 

11 

2 

8 

1 



12 

Magnesium 

12 

2 

8 

2 



13 

Aluminum 

13 

2 

8 

3 



14 

Silicon 

14 

2 

8 

4 



15 

Phosphorus 

15 

2 

8 

5 



16 

Sulphur 

16 

2 

8 

6 



17 

Chlorine 

17 

2 

8 

7 



18 

Argon 

18 

2 

8 

8 



19 

Potassium 

19 

2 

8 

8 

1 


20 

Calcium 

20 

2 

8 

8 

2 


21 

Scandium 

21 

2 

8 

(9) 

(2) 


22 

Titanium 

22 

2 

8 

(10) 

(2) 


23 

Vanadium 

23 

2 

8 

(11) 

(2) 


24 

Chromium 

24 

2 

8 

(12) 

(2) 


25 

Manganese 

25 

2 

8 

(13) 

(2) 


26 

Iron 

26 

2 

8 

(14) 

(2) 


27 

Cobalt 

27 

2 

8 

(15) 

(2) 


28 

Nickel 

28 

2 

8 

(16) 

(2) 


29 

Copper 

29 

2 

8 

18 

1 


30 

Zinc 

30 

2 

8 

18 

2 


31 

Gallium 

31 

2 

8 

18 

3 


32 

Germanium 

32 

2 

8 

18 

4 


33 

Arsenic 

33 

2 

8 

18 

5 


34 

Selenium 

34 

2 

8 

18 

6 


35 

Bromine 

35 

2 

8 

18 

7 


36 

Krypton 

36 

2 

8 

18 

8 


37 

Rubidium 

37 

2 

8 

18 

8 

1 ” 

38 

Strontium 

38 

2 

8 

18 

8 

2 

47 

Silver 

47 

2 

8 

18 

18 

1 


Note: Numbers in parentheses are uncertain. The energy levels given above are lyhat we shall 
call the primary levels of ideal atoms. Experimental evidence points to the fact that the primary 
levels are often broken up into subdivisions and under these conditions the orbital electrons in a given 
primary level will not have exactly the same energy. This can give rise to several types of atoms 
which differ only slightly from the ideal atom but this matter will not be considered in this text. 
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APPENDIX D 


Conversion Chart for Units of Energy 


Multiply 
N umber 

To XNX 

Obtain 

Electron 

Volts 

Ergs 

Joules 
(watt- 
sec or 

newton- 

meters) 

Foot¬ 

pounds 

(ft-lb) 

Gram- 

calories 

(g-cal) 

British 

thermal 

units 

(Btu) 

Kilowatt- 

hours 

(kwhr) 

Electron 

volts 

1 

6.25 X 
10“ 

6 25 X 
10i« 

8.475 X 
10'* 

2(i 16 X 
10‘* 

6594 X 
1018 

2.25 X 
1026 

Ergs 

1.6 X 

1 

10^ 

1.356 X 
10^ 

4 186 X 
10’ 

1055 X 
10^ 

3.6 X 
1018 

Joules 

1.6 X 
io-i» 

lO-*^ 

1 

1,356 

4.186 

1055 

! 

3.6^ 

10“ 

Foot-pounds 

1.18 X 

10-19 

7.367 X 
10“® 

0.7376 

1 

3.087 

778 

2.655 X 
10“ 

Gram-calories 

3.82 X 
10-20 

2.388 X 

10’'** 

0 2388 

0 3239 

1 

252 

8.60 X 
10“ 

British thermal 
units 

1.516 X 
10-22 

9.48 X 
lO-^A 

9.48 X 
10 * 

1.285 X 
10 ^ 

3.97 X 
10“* 

1 

3413 

Kilowatt- 

hours 

4.44 X 
10-26 

2.778 X 

10-14 

2 778 X 
10-^ 

3.766 X 
10“’ 

1.163 X 
10' * 

2.93 X 
10“^ 

1 


(Other conversion factors are given on page 1-140 of Eshbach’s Handbook of 
Engineering Fundamentals.) 


APPENDIX E 

Useful Numerical Values 


Magnitude of the charge of an electron . . . . 1.0 X 10 coulomb 

Mass of an electron .9.1 X lO""®^ kg 


Permittivity of free space (rationalized mks units) 
Permeability of free space (rationalized mks units) 


1 

SOtt X 10^ 
47r X 10" 


= 8.842 X 10“i2 
= 1.257 X 10“® 


Number of circular mils per square inch .... 1.273 X 10® 

Number of circular mils per square centimeter . . 1.973 X 10® 


Resistivity temperature coefficitmt of copper . . . 0.00427 at 0°C 
Resistivity temperature coefficient of copper . . . 0.00393 at 20°C 
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Index 


A (area), 4 
Acceleration, 4, 6 
Admittance, 144 
Ami)ere, 54 
international, 109 
milli-, 54 

Ampere’s law, 209 
Ampere-turn, 200 
Amplification factor (ju), 431 
Ami)lifier, 433, 437 
Analogy, 371 

capacitance-resilience constant, 369 
inductance-mass, 332 
potential gradient-elevation gradient, 
163 

Anode, 404 
Area,. 4, 6 
vector'(A), 16 
Arrow direction, 59 
Atom, 35 
carbon, 37 
excited, 40 
helium, 37 
hydrogen, 36 
ionized, 40 
lithium, 37 
oxygen, 37 
Atomic number, 36 
Atomic structure, 36 
Attenuation, 133 
Attenuation section, 133, 134 

B (magnetic flux density), 215 
Back emf, 271 

B-H curves, 289, 292, 304, 305 
Bilateral elements, 115 
Biot-Savart law, 296 
Boundary emf, 396 

C (capacitance), 353 
Calorimeter, 94 
Capacitance, 353 


Capacitance {Continued) 
coaxial cable, 359 
conductor-to-ground, 362, 364 
parallel plates, 355 
parallel wires, 361 
Capacitor, see Condenser 
Cathode, 74, 404 
Cathode-ray tube, 235, 240 
Coll, dry, 398 
lead-acid, 400 
primary, 396 
standard, 399 
storage, 400 
Charge, electric, 25, 28 
electron, 29, 34 
induced, 161, 363 
projected, 172 
Circuit, magnetic, 286, 295 
parallel, 301 
series, 297 
series-parallel, 302 
resistive, 115 
parallel, 116 
scries, 115 
series-parallel, 119 
Wheatstone bridge, 122 
Circuital law of magnetism, 205 
Circular mil, 79 
Coercive force, 306 
Condenser, 356 
parallel, 357 
series, 357 
Conductance, 117 
mutual {gm)y 431 
trans- (^m), 431 
Conduction, 73 
electrolytic, 73 
electronic, 74, 93 
metallic, 75, 93 
Conductivity ( 7)1 78 
Conductor, 394 
electrol 3 diic, 394 
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INDEX 


Conductor {Continued) 
metallic, 75, 93 
Conservation, of energy, 31 
of flux linkages, 339 
of mass and energy, 44 
of momentum, 23, 341 
Contact potential difference, 389 
Coulomb, 28 
stat-, 28 

Coulombmeter, 108, 177 
Coulomb's law, of electric forces, 26 
of magnetic forces, 197 
Current, 53 
average, 107 
branch, 123 
direct, 54 

displacement, 172, 375 
eddy, 309 
effective, 102, 104 
electron, 74 
instantaneous, 54 
loop, 126 
mesh, 126 
sinusoidal, 105 
Currtiiit density, 76 
Curvilinear squares, 286 
Cyclotron, 243 

D (electric flux density), 168 
Decibel (db), 133 
Delta, 120 

Determinants, 127, 128 
Dielectric, multiide-layer, 358, 360 
Dielectric constant, 27, 28, 179 
Dielectric strength, 72,'179 
Dimensional armlysis, 169, 198, 227, 254 
Dimensions, 4, 5 
Diode, 427 
Dipole, 180 
Direction, arrow, 59 
tracing, 58 

Displacement current, 172, 375 
Double-subscript notation, 137 
Dry cell, 398 

E (voltage rise), 52 
Eddy current, 309 
Eddy current loss, 310 
Efficiency, armature, 240 
transmission, 131 


Electrical energy, 31, 52 
Electrochemistry, 405 
Electrolysis, laws of, 402 
undesirable, 405 
Electrolyte, 396 
Electrolytic conductors, 394 
Electrometer, 176 
Electromotive force, 53 
Electromotive force series, 397 
Electron, 28, 34 
charge of, 29, 34 
deflection of, 2J14, 240 
energy level of, 38, 443 
free, 75 
mass, 34 
orbital, 36 
Electron current, 74 
Electron drift, 77, 92 
Electron volt, 42 
Elements, bilateral, 115 
chemical, 442 
non-linear, 410 
unilateral, 115 
Emf, 53 
back, 271 
boundary, 396 
Energy, 4, 18, 41 
and mass, eciuivalence of, 43 
conservation of, 31 
electric field, 178, 354 
electrical, 31, 52 
heat, 43, 92 
kinetic, 4 

magnetic field, 319 
mechanical, 7, 53 
potential, 4, 25 
radiant, 40 
watt, 4, 55 
Energy Icwel, 38, 443 
Equipotential lines, 87, 166 
Equipotential surfaces, 165, 203 
Equivalence of mass and energy, 43 
Equivalent plate circuit theorem, 433 

y (magnetomotive force), 200 
Farad, 353 

Faraday’s emf law, 258 
Faraday’s laws of electrolysis, 402 
Ferromagnetic materials, 281, 289, 2^2, 
304 
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Field, electric, 161, 187 
magnetic, 196 

Field intensity, electric (fi), 70 
magnetic (H), 215 

Field mapping, 87, 88, 98, 166, 190, 207, 
286, 367 

Flux, electric (^), 170 
magnetic 216, 220 
Flux density, electric (D), 168 
magnetic (B), 216 

Flux lines, magnetic, 196, 216, 293, 294 
Force, coercive, 306 
electric, 162 
electromotive, 53 

lines of magnetic, 196, 216, 293, 
294 

magnetic, 228, 229 
magnetomotive, 200 

G (conductance), 117 
Gauss, 293 
Gauss’s theorem, 173 
Generated voltage, 255 
rules for, 256, 257, 260 
Generator, 31, 53 
a-c, 266 
d-c, 264, 268 
Germanium, 437, 443 
Gilbert, 294 

Gradient, electric potential, 71 
Gram-equivalent, 403 

H (magnetic field intensity), 202 
Heat, mechanical equivalent of, 7 
Henry, 317 
Hysteresis loop, 306 
Hysteresis loss, 307 

I (current), 53 
Image charge, 363, 365 
Impedance, 344, 378 
Inductance, 317, 326; see also Self¬ 
inductance 

as electrical inertia, 332 
determination of, 341, 348 
differential, 327 
incremental, 327 
mutual, 330 
;)arallel, 330 
self-, 317 


Inductance (Continued) 
series, 329 
variable, 341, 345 
Insulator, 72 

Intensity, electric field, 70 
magnetic field, 215 
Ions, 40 

J (current density), 76 
Joule’s law, 94 

Kinetic energy, 4 
Kirchhoff’s current law, 57 
Kirchhoff’s emf law, 57 

L (self-inductance), 317 
Law, Ampere’s, 209 
Biot-Savart, 296 
circuital, 205 

Coulomb’s electric force, 2p 
Coulomb’s magnetic force, 197 
Faraday’s emf, 258 
electrolysis, 402 
Joule’s, 94 

Kirchhoff’s current, 57 
Kirchhoff’s emf, 57 
Lenz’s, 260 
Ohm’s, 78 
superposition, 29 
Length, 1 
Lenz’s law, 260 
Light, velocity of, 41 
Lightning, artificial, 165 
Lightning rod, 161 
Line integral, 18 
Linear networks, 115 
Load line, 415, 429 

M (mutual inductance), 330 
Magnetic battery, 204 
Magnetic compass, 197 
Magnetic circuits, 286, 295 
parallel, 301 
series, 297 
series-parallel, 302 
Magnetic field, 195 
Magnetism, 196 
circuital law of, 205 
residual, 305 

Magnetization curve, see B-H curves 



448 


INDEX 


Magnetomotive force, 200 
Magnets, 199 

Mapping, field,' 87, 88, 98, 166, 190, 
286, 367 
Mass, 3 

and energy, equivalence of, 43 
electron, 34 
Mass number, 35 
Mass unit, 35 
Maxwell, 169, 216, 294 
Mechanical energy, 7, 53 
Mechanical equivalent of heat, 7 
Mesh, 126 
Mho, 117 
Mils, circular, 79 
Momentum, 23, 341 
Motors, 235 
Mutual inductance, 330 

N egati ve-temperature-coefficient 
tors, 416 

Network reduction, 120 
Networks, attenuation, 133 
bilateral, 115 
delta, 120 
linear, 115 

Wheatstone bridge, 122 
wye, 120 
Neutron, 35 

Nodal method of analysis, 139 
Node, 139 

Non-linear elements, 115 
Notation, double-subscript, 137 
NTC resistor, 416 
Nucleus, atomic, 35 

Oersted, 293 
,Ohm, 78 

-centimeter, 79 
-cir-mils per foot^ 79, 81 
Ohm's law, 78 

of magnetic circuit, 288 
Open-circuit voltage, 118 

P (power), 4, 30, 55 
Parallel circuits, 116, 301, 357 
Peltier effect, 390 
Peltier emf, 390 
Permeability, free-space, 197 
incremental, 283 


Permeability (Continued) 
relative, 216, 281 
\ Permittivity, 27 
free-space, 27 
relative, 27, 28 
Planck's constant, 41 
Poles, magnetic, 196 
Potential, electric, 48, 50 
gravitational, 48 
ground, 50 
magnetic, 201 
units of, 51 

Potential difference, 51 
contact, 389 
sources of, 53 
units of, 51 
Potential drop, 51, 58 
Potential energy, 4, 25 
Potential gradient, electric, 71 
magnetic, 202 
Potentiometer, 393 
Power, 4, 30, 55, 238 

maximum transfer of, 132 
Propagation, velocity of, 41 
Proton, 35 

Q (charge), 27 
Quantities, defined, 1, 4 
derived, 4 
fundamental, 1 
physical, 4 
scalar, 3 
undefined, 1 
vector, 2 

R (resistance), 78 
Radiant energy, 40 
Rationalized units, 27 
Reactance, 343, 378 
Rectifier, copper oxide, 424 
diode, 427 
Reluctance, 288 
Residual magnetism, 306 
Resistance, 78, 79 
equivalent, 116 
insulation, 84, 179 
internal, 118 
plate (rp), 431 
Resistivity (p) 78, 79, 80 
coefficient of (of), 82 



INDEX 


449 


Resistivity {Continued) 
table of, 81, 179 
temperature change of, 82 
units of, 79 
ReMor, NTC, 416 
variable, 410 
Right-hand rule, 201 
Right-hand screw rule, 230, 233 

Saturation, magnetic, 290 
Saturation effect, 75 
Seebeck effect, 391 

Self-inductance, 317; see also Inductance 
annular rings, 319 
coaxial cables, 323 
coils, 325 
parallel, 330 
parallel wires, 322 
long solenoids, 325 
series, 329 

Series circuits, 115, 297, 357 
Series-parallel circuits, 119, 302 
Solenoid, 213 
Standard cell, 399 
Statcoulomb, 28 
Statvolt, 51 

Superposition, law of, 29 
Superposition principle, 145 

T (temperature), 1, 7 
T (time), 2 

Temperature coefficients, 81 
Temperature rise, 96, 100 
Theorem, equivalent plate circuit, 433 
Gauss’s, 173 
superposition, 145 
Thevenin’s, 146 
Thermistor, 410 
Thermocouple, 392 
Th6venin’s theorem, 146 
proof of, 149 

Three-wire transmission, 137 
Thyrite, 411 
Time, 2 

Time constant, 338 
Torque, 238 

Transients, 334, 337, 339, 342, 372, 381 
Transistor, 437 
Triode, 429 

Two-wire transmission, 130 


U (magnetic potential drop), 201 
Unilateral circuit elements, 115 
Units, 5, 6, 7, 8, 9 
cgs, 6, 7 
fps, 6, 7 
mks, 6, 7 
rationalized, 27 
unrationalized, 27 
secondary, 8, 9, 293 
transformation of, 9, 10 
Unrationalized units, 27 

V (voltage drop), 52 
Vacuum tube, 74, 414 
Valence, 403, 442 
Varistor, 410 
Vector addition, 13 
Vector area, 16 
Vector cross product, 16 
Vector dot product, 15 
Velocity, of light, 41 
Visible spectrum, 41 
Volt, 51 

electron, 42 
stat-, 51 
Voltage, 51 
average, 259 
generated, 255 
induced, 260 
instantaneous, 255 
Voltage drop, 51, 58 
Voltage rise, 51, 58 

W (energy), 4 
Watt, 55 

Wave length (X), 42 
Weber, 216 
Weight, 3 
atomic, 398 

Wheatstone bridge, 122 
Wire table, 441 
Work, 15 
Wye, 120 

X (reactance), 343, 378 

Y (admittance), 144 

Z (impedance), 344, 378 





